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SERIES EDITOR'S PREFACE 

Approach your problems from the right end 
and begin with the answers. Then one day, 
perhaps you will find the final question. 

The Hermit Clad in Crane Feathers' in R. 
van Gulik's The Chinese Maze Murders. 

It isn't that they can't see the solution. It is 
that they can't see the problem. 

G. K. Chesterton. The Scandal of Father 
Brown 'The poin t of a Pin'. 

Growing specialization and diversification have brought a host of monographs and textbooks on 
increasingly specialized topics. However, the "tree" of knowledge of mathematics and related fields 
does not grow only by putting forth new branches. It also happens, quite often in fact, that 
branches which were thought to be completely disparate are suddenly seen to be related. 

Further, the kind and level of sophistication of mathematics applied in various sciences has 
changed drastically in recent years: measure theory is used (non-trivially) in regional and theoretical 
economics; algebraic geometry interacts with physics; the Minkowsky lemma, coding theory and the 
structure of water meet one another in packing and covering theory; quantum fields, crystal defects 
and mathematical programming profit from homotopy theory; Lie algebras are relevant to filtering; 
and prediction and electrical engineering can use Stein soaces. And in addition to this there are 
such -new emerging subdisciplines as "eX'perimental math~matics", "CFD", "completely integrable 
systems", "chaos, synergetics and large-scale order", which are almost impossible to fit into the 
existing classification schemes. They draw upon widely different sections of mathematics. This pro­
gramme, Mathematics and Its Applications, is devoted to new emerging (sub)disciplines and to such 
(new) interrelations as exempla gratia: 

- a central concept which plays an important role in several different mathematical and/or 
scientific specialized areas; 

- new applications of the results and ideas from one area of scientific endeavour into another; 
- influences which the results, problems and concepts of one field of enquiry have and have had on 

the development of another. 

The Mathematics and Its Applications programme tries to make available a careful selection of 
books which fit the philosophy outlined above. With such books, which are stimulating rather than 
definitive, intriguing rather than encyclopaedic, we hope to contribute something towards better 
communication among the practitioners in diversified fields. 

Because of the wealth of scholarly research being undertaken in the Soviet Union, Eastern 
Europe, and Japan, it was decided to devote special attention to the work emanating from these 
particular regions. Thus it was decided to start three regional series under the umbrella of the main 
MIA programme. 

Geometric inequalities have a wide range of applications, both within geometry itself as well 
beyond the traditional areas of geometry and geometric applications. For example, in the theory of 
complex functions, in the calculus of variations (broadly speaking), in the theory of embedding 
theorems for function spaces, and, more generally, in providing a priori estimates in several areas, 
e.g. differential equations, they are invaluable tools. 

xi 



xii SERIES EDITOR'S PREFACE 

This book is not about these application areas; instead it is a unique and systematic encyclo­
paedic collection of geometric and related inequalities, which, I feel, will be of considerable value to 
mathematicians and scientists of widely varying signatures, not least because the authors have taken 
considerable pains to include also results published in the less accessible languages. 

The unreasonable effectiveness of mathemat­

ics in science ... 

Eugene Wigner 

Well, if you know of a better 'ole, go to it. 

Bruce Bairnsfather 

What is now proved was once only ima­

gined. 

William Blake 

Bussum, February 1988 

As long as algebra and geometry proceeded 

along separate paths. their advance was slow 

and their applications limited. 

But when these sciences joined company 

they drew from each other fresh vitality and 

thenceforward marched on at a rapid pace 

towards perfection. 

Joseph Louis Lagrange. 

Michiel Hazewinkel 



PREFACE 

In the following text we shall use the abbreviation AGI for this book, 
and the abbreviation GI for the book: 

o. Bottema, R. Z. Djordjevie, R. R. Janie, D. S. Mitrinovie, and 
P. M. Vasie. Geometric Inequalities, Groningen, 1969, 151 pp. 
The book GI is very appreciated and has been much quoted in the 

mathematical literature. It contains about 400 varied geometric in­
equalities related to the elements of figures in the plane (triangles, 
quadrilaterals, n-gons, circles), and 225 authors are cited in it. The 
book AGI contains several thousands of inequalities, not only for 
elements of figures in the plane, as GI, but also for elements of 
figures in space and hyperspace (tetrahedra, polyhedra, simplices, poly­
topes, spheres). AGI cites over 750 names, and some of them are cited 
several times. The text has been updated and a lot of the most recent 
results up to the end of 1986 are included in AGI. AGI also contains, 
apart from numerous particular results, various methods for proof and 
for formation of geometric inequalities. This is the essential charac­
teristic of AGI. It also contains many conjectures and unsolved problems 
and, consequently, will serve to provoke and inspire further research. 

AGI is, at first glance, a synthesis of a large number of uncon­
nected results, i.e., a unified and complete exposition of various geo­
metric inequalities. We have insisted on finding the original source of 
each result. so that several historical priorities have been ascertained 
in AGI. AGI contains many new unpublished results addressed to the 
authors from several mathematicians and from the authors themselves. 

Material on which data are difficult to obtain is presented in 
greater detail. It is important to note that results published in 
Chinese, Japanese, SerbO-Croatian, Bulgarian, Romanian, Hungarian and 
Dutch have also been considered. Such results are frequently quite un­
known in the U.S.A., Canada and in Europe. 

Chapters I-XVII were written on the basis of the very extensive 
literature published since 1968. However, many geometric inequalities, 
proved in the 19th and at the beginning of the 20th century, were for­
gotten and some of them later rediscovered. Such results, when they are 
not contained in GI from 1969, are incorporated in AGI. Special atten­
tion was paid to the existence of a triangle (Chapter I), and to the 
transformations (Chapters II, V, VII, XI). The same is true for some 
important geometric inequalities, i.e. the book contains complete re­
views and unified treatments of recent results concerning the following 
inequalities: fundamental inequality - 1.1; Gerretsen's inequalities -
111.4; asymmetric trigonometric inequalities - VI.l and XV.24; Finsler­
Hadwiger's inequality - VII.l and 2; polar moment of inertia inequality -
XI.l, 3 and XVIII.2.22; Erd5s-Mordell's inequality - XI.5 and XV.25; 
Neuberg-Pedoe's and Oppenheim's inequalities - XII.3 and XVIII.4.4; and 
M5bius-Neuberg's and M5bius-Pompeiu's theorems - XIII. Of course, many 
of these inequalities were considered in GI, but after the appearance of 
that book many new related results have appeared. 

xiii 



xiv PREFACE 

Chapters XVIII, XIX, and XX include inequalities about elementary 
figures in three-dimensional and n-dimensional Euclidean space. Here, 
by elementary figures we mean convex polyhedrons and polytopes, surfaces 
and hypersurfaces of the second order and finite sets of points. Thus, 
the inequalities about general convex sets and about regular infinite 
sets of points or other elements (such as tesselations, packings and 
coverings) are not taken into consideration, because there is a very 
abundant monographical literature about these objects. 

The substance of Chapters XVIII-XX has not appeared in such a form 
until now, as opposed to the case of Chapters I-xVII, which were par­
tially covered by GI. Therefore, during the preparation of these three 
chapters we took into consideration not only the recent advances but the 
older results, too. The older inequalities included in Chapter XX have 
been tossed about in a great number of books which will not be cited 
here. We take note only of the book F. G.-M., 'Exercices je geometrie, 4. 
ed., Paris-Tours 1912', which is probably the most complete of all books 
of this kind. 

In the greatest part of the book we arranged inequalities with 
respect to the figures in which they appear, from the most general to 
the most special figures. The single inequalities are arranged with 
respect to the elements of figures which appear in them, and not with 
respect to the logical connections of their proofs. Only the shorter and 
simpler proofs are included in the book. 

With the encyclopaedic content developed above, AGI will be a 
unique book in the existing mathematical literature. The expert will 
find some new material, since a state-of-the-art report has been given 
in the book about the results of geometric inequalities. However, the 
book is intended for a wide circle of readers - for the students attend­
ing high schools, colleges, universities, as well as for teachers and 
professors of colleges and universities. We had in mind that its con­
tent is extremely various - comprising material of very diverse levels 
of comprehension. 

There is a great probability that in voluminous work, such as AGI, 
major or minor errors and various omissions occur. They can be made in 
all steps of the creation and production of a book. It is considered that 
there is no error-free book. In order that the errors in AGI be reduced 
at minimum, the authors turned for help to several mathematicians in 
the world, who offered their advice and criticism. 

During the preparation of AGI the authors were in touch with many 
mathematicians dealing with geometric inequalities who read some of the 
preliminary versions of the chapters or sections of the manuscript and 
gave their comments. This enabled AGI to present a lot of unpublished 
inequalities obtained through private communications which have been 
cited. Thus, a great number of comments given in different stages of our 
work is included in AGI. 

J. F. Rigby has taken part in writing Chapter III, and W. Janous 
in writing Chapter VI. 

W. Janous and C. Tanasescu have given considerable help as they 
have already read the whole manuscript. In many cases they improved the 
text by their suggestions and comments. 

Without their assistance many misprints and even errors would 
probably have remained unnoticed. 

The following mathematicians: A. Bager, K. Baron, S. J. Bilcev, 
O. Bottema, V. Cepulic, H. S. M. Coxeter, H. Demir, V. Devide, L. Fejes­
T6th, J. Garfunkel, J. T. Groenman, S. Iwata, Dj. Kurepa, S. Kurepa, 
V. Mascioni, M. T. McGreggor, D. M. Milo~evic, A. Oppenheim, D. Pedoe, 
M. J. Pelling, K. Post, J. F. Rigby, D. Svrtan, G. Tsintsifas, 



PREFACE 

G. R. Veldkamp, D. Veljan kindly read different portions of AGI in 
various stages of preparations of the manuscript and made valuable 
suggestions, corrections, additions or comments. 

R. R. Janie and B. Crstici assisted in collecting documentary 
material. 

xv 

We have received invaluable help from R. R. Janie, D. Dj. Tosie and 
W. Janous, who have carefully read all the proofs of this book and have 
provided us with useful suggestions. 

The authors feel indebted to all those mentioned above for the help 
which they gave, in one way or another. 

We intend to keep a systematic check of the further develo~ment of 
geometric inequalities, and to make, from time to time, a research­
expository paper, as vlell as perhaps a second edition of AGI, revised 
and updated, if AGI provokes a sufficient interest as a reference tool 
in research work. 

We therefore invite the readers of AGI to send us any comment on 
the content and form of AGI, as well as on the methods used in the book 
so that later editions can be more complete and more accurate. 

In particular, we invite the authors of papers from which some 
results were included in AGI to communicate us comments if their 
contributions are not presented correctly or completely. 

After the appearance of GI (called "Bible of Bottema" in the 
Canadian journal Crux l-1athematicorum) in 1969, during the period from 
1969-1986 a lar~e number of papers and problems concerning geometric 
inequalities were published in mathematical journals and this inspired 
us to compile encyclopaedic work AGI. vIe hope that AGI like GI will 
stimulate and motive new investigations in the development of geometric 
inequalities - branch of mathematics which permanently interested and 
attracted mathematicians from the 18th century to nowadays. \~e consider 
that this book is a good base for the various synthesis of apparently 
unconnected results about geometric inequalities, and also represents 
a rich source book for obtaining some deeper and essential generaliza­
tions. 

The authors also wish to express their appreciation to D. Reidel 
Publishing Company, well known for their high-quality productions, and 
especially to the publisher Dr. D. J. Larner, assistant publisher 
O. A. Pols, as well as the series editor Professor M. Hazewinkel, for 
their most efficient handling of the publication of this book. 

January 1, 1988 
Belgrade/Zagreb 
Yugoslavia 

D. S. Mitrinovie 
Smiljanieeva 38 
11000 Belgrade, Yugoslavia 

J. E. Pec:arie 
Tehnoloski fakultet 
Ive Lole Ribara 126/3 
41000 Zagreb, Yugoslavia 

V. Volenec 
Prirodoslovno-matematic:ki fakultet 
P. O. Box 187 
41001 Zagreb, Yugoslavia 



NOTATION AND ABBREVIATIONS 

In this book the following notations are used (if not stated different­
ly) : 

A, B, C 
a, b, c 
h a' ~, 

ma , ~, 

wa ' wb ' 

R 
r 
s 
r a' r b , 

M a' ~, 

W a' Wb , 

H a' ~, 

0 
I 
H 
G 
I a' I b , 

K 

r 
N 

~1' ~2 
w 
S 

ga' gb' 

n a' 
nb , 

For L. 
P 
R1 , R2 , 

r 1 , r 2 , 

w1 ' w2 ' 

ri, r 2, 
x s -
Z 

h 
c 

m 
c 

w 
c 

r 
c 

M 
c 

W 
c 

H 
c 

I 
c 

gc 

n 
c 

R3 

r3 

w3 

r' 
3 

.a1 y 

vertices or angles of a triangle 
sides BC, CA, AB 
altitudes 

medians 

angle-bisectors 

radius of circumcircle 
radius of incircle 
semi-perimeter 
radii of excircles 

medians extended to the circumcircle 

angle-bisectors extended to the circumcircle 

altitudes extended to the circumcircle 

circumcentre 
inc entre 
orthocentre 
centroid 
excentres 

Lhuilier-Lemoine point 
Georgone point 
Nagel point 
Crelle-Brocard points 

Crelle-Brocard angle 
center of Spieker's circle 
Gerqonne cevians 

Nagel cevians 

area of ABC 
point in the interior of a triangle 
distances from P to the vertices of ABC 

distances from P to the sides of ABC 

angle-bisectors of the angles BPC, CPA, APB 

Cevian segments PD, PE, PF 

s - b, z = s - c 

cyclic sum, for example: Zf(a)=f(a)+f(b)+f(c), 
Zf(b, c)=f(b, c)+ ftc, a)+f(a, b) 

xvii 
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JI 

Q = I (b-c) 2 

MN2 MN2 = I MN I 2 

Mr(X, y, ... ) 

A, B, C, D 
a, b, c, d 
p, q 
L = 2s 
F 

A1 , A 
n 

a 1 , a 
n 

L 2s 
F 
P 

~ PAk 

r k 

wk 

{E} 

a/2b, l/sin A sin B 
{. .. } 

[nl* 

iff 

GI 

SM 

MO 

NOTATION 

cyclic product, for example: JI(bc) 
bc • ca • ab, TIGA = GA • GB • GC. 

mean of order r of the numbers x, 
example for numbers x, y, z 

M (x) M (x, z) ( ) 1/3 y, xyz 
r r 

(1. Ixr) l/r 
3 

JIbc = 

y, For 

for r = 0 

for r f- 0, 
Irl < -!-CO 

min (x, y, z) for r = 
max (x, y, z) for r = -!-CO 

vertices or angles of a quadrilateral 
sides AB, BC, CD, DA 
diagonals AC, BD 
perimeter of ABCD 
area of ABCD 
vertices or angles of an n-gon 

its sides 

its perimeter 
its area 
pOint in the interior of an n-gon 

distance from P to the side a k = AkAk+l 

segment of the bisector of the angle 
~P~+l = 20k from P to its intersection with 

the side a k 

equality is valid if and only if the triangle 
is equilateral 
a/(2b), l/(sin A sin B) 
equality is valid if and only if the conditions 
mentioned inside the accolade are satisfied 
in the paper [n] only the extremal case of the 
inequality was found but this inequality does 
not appear in the paper [n]. 
if and only if 
D. S. Mitrinovic (in cooperation with 
P. M. Vasic), Analytic Inequalities. Berlin­
Heidelberg-New York, 1970. 

O. Bottema, R. Z. Djordjevie, R. R. Janie, 
D. S. Mitrinovie, and P. M. Vasic, Geometric 
Inequalities, Groningen, 1969. 
V. P. Sol tan and S. I. Mejdman, Tozdestva i 
neravenstva v treugol'nike, Ki~inev, 1982. 

A. W. Marshall and I. Olkin, Inequalities: Theorv 
of Majoration and Its Applications, New York­
Lon00n-Toronto-Sydney-San Francisco, 1979. 

Other symbols are defined in the text. 



ORGANIZATION OF THE BOOK 

Besides the Preface, Notation and Abbreviations, and the Indexes, the 
book contains twenty chapters, each of which is divided into a number 
of sections, some of these into subsections some of which in smaller 
divisions. As a rule, the numeration of theorems/remarks is continuous 
throughout a subsection, or a section which does not contain subsections, 
or a chapter which does not contain sections. 

After the end of the chapters I-VIII, XIII and XVIII-XX are quoted 
the bibliographical references. In the other chapters the references are 
mentioned after the sections, subsections or the smaller divisions of 
subsections. 

The abbreviations of the cited journals are given according to 
Mathematical Reviews. 

The book contains 16 figures, and graphs. 

xix 



Chapter I 

THE EXISTENCE OF A TRIANGLE* 

o. Introduction 

This Chapter is concerned with existence of a triangle satisfying pre­
scribed conditions. Of course, it is well-known that a, b, c are sides 
of a triangle if and only if a, b, c ~ 0, b+c ~ a, c+a ~ b, a+b> c. 
If we wanted to rule out degenerate triangles, we would have to omit the 
equality signs. 

Similarly, A, B, C are angles of a triangle if and only if 
A, B, C ~ 0, A + B + C = TI, 

with equality in the first conditions for degenerate triangles. 
Note that apart from the sides a, b, c and the angles A, B, C the 

most important concepts in the geometry of the triangle are the vari­
ables R, r, s, where R is the radius of the circumcircle, r is the 
radius of the incircle and s is the semi-perimeter. The inequality which 
gives the necessary and sufficient condition for the existence of a tri­
angle with given values of R, r, s is known in the literature as the 
'fundamental inequality'. This inequality is considered in the first 
Section of this Chapter, which gives a history of the fundamental in­
equality and some critical analyses. It is interesting to note that this 
important inequality has been rediscovered a number of times in very 
different forms. Further, some authors called this inequality 'Blundon's 
fundamental inequality' although it was known more than a hundred years 
(1851) before the appearance of Blun~on's papers. We also give several 
proofs of the fundamental inequality. Many of these proofs are new. At 
the end of this Section we give ~ geometric interpretation of the fun­
damental inequality [8]. 

The second Section gives a series of results concerning necessary 
and sufficient conditions for the existence of a triangle in terms of 
some other given elements of a triangle. Note that most of these results 
are due to G. Petrov [18], and in the book 'Geometric Inequalities' only 
a few of his results were stated. We hope that this Section, especially, 
will initiate some new contributions. 

The third Section gives results about the existence of a triangle 
whose sides are equal to specified elements of another triangle. This 
part connects numerous isolated results, new; and old, comments, and new 
proofs. Of course, we expect many similar contributions in the future. 

1. The Fundamental Inequality 

1.1. History 

(a) In 1851, as an answer to Ramus' question, E. Rouch~ proved 

* Chapter XIII also contains many criteria for the existence of a tri­

angle and of some other figures in E2 and E3 
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the following result (see also GI 7.11): 

THEOREM A 

(1) 
2 iF 3)1 / 2 10Rr-r -2R(R- 2r) ~F 

( 2 2 f 3)1/2 
~ r 2R + 10Rr - r + 2/R(R - 2r) '. 

If one of the signs ~ in (1) means =, then the triangle is isos­
celes; and vice versa. If both signs ~ in (1) stand for =, then the tri­
angle is equilateral; and vice versa. 

Note that using the formula F = rs, a simple transformation of (1) 
gives the following inequalities 

(2) 
2 2 

2R + 10Rr - r - 2(R 2r)~2 _ 2Rr ~ s2 

~ 2R2 + 10Rr _ r2 + 2(R - 2r)~2 - 2Rr. 

(b) B. Lenoine proved in 1891 the followinq result of R. Sondat 
from 1890 ([2], see also GI 13.8): 

THEOREM B. A necessary and sufficient condition for the existence of a 
triangle with elements R, rand s, is 

(3) 
4 2 2 2 3 

s - 2(2R + 10Rr - r)s + r(4R + r) ~ O. 

Equality in (3) holds only if the triangle is isosceles. 
Note that two other results are also given in [2]. For the funda­

mental inequality the following result is important: 

THEOREM Bl. Let S be the area of the triangle OIH and let a> b > c; 
then 

1° 2R 
2 

sin B - C A - C A - B s -2- sin -2- sin --2-; 

2° 
(b - c) (a - c) (a - b) 

S 
8r 

3° 16S 
2 4 

+ 2 (2R 
2 _ r2)s 2 + r)3. = -s + 10Rr - r(4R 

Remark. The inequalities (1), (2), and (3) are equivalent, and Theorem 
B states that for example (2) is not only valid for every triangle, but 
conversely, if it is satisfied by R, r, and s, there exists a triangle 
with these data. 

(c) Note that Theorem A is stated in the well-known book [3] dating 
from 1896. 

(d) S. Nakajima in 1925 and 1926 ([4], [5]) proved the following 
result: 

THEOREM D. 



THE EXISTENCE OF A TRIANGLE 

with equality if and only if the triangle is isosceles. 
In the proof he used the formula F = rs and Theorem A, but as 

reference for Theorem A he gave [3]. Note that Theorem D is given in 
GI 7.8 but there we had to put s = a + b + c. 

(e) In 1957, R. Frucht [6] proved the following result (GI4.19): 

THEOREM E. If q 

(5) 
1 2 2 1 2 
~ (s + q) (s - 2q) < F < ~ (s - q) (s + 2q) . 

3 

The first (second) equality sign in (5) holds for an isosceles triangle 
whose base is the largest (smallest) of the three sides; of course both 
equality signs apply when the triangle is equilateral, since then q = O. 

(f) In two important papers ([7], [8]) W. J. Blundon has drawn 
attention to these results. He proved the following theorem (see also 
GI5.10): 

THEOREM F. Let (R,r) ~ f(R,r) and (R,r) ~ F(R,r) be homogeneous 
real functions for R, r > O. Then the strongest possible inequalities of 
the form 

(6) feR, r) < s2 < F(R, r) 

are given by 

(7) f(R,r) 2R2 + 10Rr - r2 - 2(R - 2r)~2 - 2Rr, 

and 

(8) F(R,r) = 2R2 + 10Rr - r2 + 2(R - 2r)~2 - 2Rr, 

with simultaneous equality only if the triangle is equilateral. 
Blundon proved his theorem using the identity 

(9) 
4 2 2 2 3 

-s + 2(2R + 10Rr - r)s - r(4R + r) = 

1 2 2 2 
= -(a - b) (b - c) (c - a) 

4r2 

1 2 2 2 
--(x - y) (y - z) (z - x) , 
4r2 

where x = s - a, etc. Note that (9) is a simple consequence of 2° and 3° 
from Theorem Bl. 

Of course, (6) (with (7) and (8» is the inequality (2). Blundon 
gave this form of the fundamental inequality and proved that these in­
equalities are the best possible. 

(g) o. Bottema [9] proved the following theorem (see GI 14.27): 
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THEOREM G. If d denotes the distance between the circumcentre and the 
incentre of a triangle, then 

(10) 3 2 2 3 
(R - d) (3R + d) .:;; 4R s .:;; (R + d) (3R - d) • 

(h) In 1971, o. Bottema [10] considered Blundon's result. He noted 
that this is an old result and he called this result the 'fundamental 
inequality'. Furthermore, he gave the following form of the fundamental 
inequality 

and also a new geometric interpretation of it (see part 2.3). 
(i) R. Frucht and M. S. Klamkin [11] considered the best possible 

inequalities in the form (6), but in the case when f(R,r) and F(R,r) 
are quadratic forms. Their results are generalizations of some in­
equalities of Gerretsen, Steinig and Blundon, but also a correction of a 
result of Blundon. In the proof they used the fundamental inequality. 

(j) Some remarks on Bottema's geometric interpretation of funda­
mental inequality were given in [12]. 

(k) A new proof of the fundamental inequality was given in [13], 
and also a modification of Blundon's proof of Theorem F in [14] (see 
part 1.2 of this Section). 

(1) Equality cases of Theorem E are also valid for inequalities 
(1), (2), and (9), because they are equivalent (see [15]). 

Note that in GI 5.10, 7.11 and 14.27 it is specified that equality 
cases occur if and only if the triangle is equilateral, i.e. when both 
equalities occur. 

A. Lupa~ in [15] also proved the identity (9). 
(m) V. N. Murty [16] gave some remarks about Bottema's geometric 

interpretation of the fundamental inequality. He considered this in­
equality in the forms (11) and 

(12) 
32222 

4R(R - 2r) ~ (s - 2R - 10Rr + r ) , 

which could be deduced easily from (4). 
(n) Two proofs of the fundamental inequality and several similar 

results are given in [17] (see part 3. of this Section). 
(0) Of course, one can formulate several results similar to 

Theorem B. For example, since F = rs, the following two theorems are 
also valid: 

THEOREM 01. A necessary and sufficient condition for the existence of 
a triangle, with elements R, r and F, is that 

(13) 
422 225 3 F - 2r (2R + 10Rr - r)F + r (4R + r) .:;; O. 

THEOREM 02. A necessary and sufficient condition for the existence of a 
triangle, with the elements R, F, and s, is (4) or 

(14) 
4 

s 2(2R2 + lOR ~ - F:)s2 + ~4R + ~)2 .:;; O. 
s 
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Since the set of variables (R, r, s), (R, r, F) and (R, F, s) are 
equivalent, in the following we shall use only the triple(R, r, s). 

1.2. Proofs 

5 

(a) First, we shall give Blundon's proof of Theorem F with Rigby's modi­
fication (see [8] and [14]): 

From the identity (9) it follows that (3) holds, which is equiv-

alent to (2), since inequality (3) is quadratic in s2 
Further, we know that R - 2r ~ 0 (Chapple-Euler's inequality, GI 

5.1), and the distance d between its circumcentre and incentre is given 
2 

by d = R(R - 2r); hence all triangles having given values of Rand r 
can be regarded as having the same circumcircle and incircle. 

A1~~-----------r--------~~A2 

Fig. 1. 

In the figure, circles C and c of radii Rand r have their centres 
a distance d apart. BI Cl and B2C2 (both tangent to circle c) are perpen-

dicular to the line joining the centres of the two circles. 
It is not difficult to show that the triangles AI BI Cl and A2B2C2 

have semiperimeters sl and s2 given by 

2 
sl = f(R,r), 

2 
s2 = F(R,r), 

(since f(R,r) ~ s2 ~ F(R,r), it follows that, of all triangles in­
scribed in C and circumscribed to c, AIBI Cl has the smallest perimeter 

and A2B2C2 the largest). NOw, let s2 ~ ~(R,r) be any inequality valid 

for all triangles. For any given values of R, r (subject to the con-
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dition R ~ 2r ~ 0), we have just seen that there exists a triangle 

A1B1C1 for which s2 = f(R,r). The inequality s2 ~ ¢(R,r) is valid for 

this triangle; hence f(R,r) ~ ¢(R,r). This is true for all values of 
2 

R, r such that R ~ 2r ~ 0, so s -f(R,r) ~ 0 is a better inequality 
2 

than s - ¢(R, r) ~ O. A similar argument holds for F(R, r). 
(b) Note that the major part of the proofs depends upon the fol­

lowing three theorems. Although the results are well-known (see for 
example [17]) we shall give their proofs for the sake of completeness. 

THEOREM 1. (Sturm) The equation 

(15) 
3 2 

t + ut + vt + w = 0, 

with real coefficients u, v, w has real roots t 1 , t 2 , t3 if and only if 

(16) 

Proof. That the equality in (16) holds we can show using the viete 
formulas. Further, if the roots are real, the inequality in (16) is ob­
vious. But, if not, one root is real (say t 1 ) and two are complex con-

jugate (say t2 = A + Bi and t3 = A - Bi, B f 0), and we have 

i.e. the reversed inequality in (16) is valid. 

THEOREM 2. The equation (15) has positive roots if and only if (16) and 

(17) u < 0, v> 0, w < 0, 

hold. 
Proof. If the roots are positive, Viete's formulas give (17). Of 

course the roots are real, so (16) must be fulfilled. 
Conversely, if u, v, w fulfill the conditions (16) and (17), then 

Theorem 1 implies that the roots of (15) must be real. Suppose that 

tl ~ 0, then (17) implies that the expression t~ + ut~ + vt1 + w is 

negative, which is a contradiction. 

THEOREM 3. The roots of the equation: (15) are the lengths of sides of a 
triangle if and only if (16), (17) and 

(18) u 3 - 4uv + 8w > 0 

hold. 
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Proof. Using Viete's formulas we have 

So, (18) must also hold. Since the sides are real and positive, we infer 
that (16) and (17) must hold. 

Now, we give several similar proofs of the fundamental inequality 
which depend on Theorems 1, 2, and 3. 

The following results are known: 
1) a, b, c are roots of the equation (GI, p. 72, [1], [2], [17, 

p.17]): 

t 3 2st2 + (s2 + r2 + 4Rr)t - 4sRr = O. 

2) x, y, z (x s - a, etc.) are roots of the equation (81 p. 72, 
[1 ], [2 ], [17, p. 19]) : 

t 3 - st 
2 

+ r(4R + r)t - sr 
2 

= O. 

3) h , hb , h are roots of the equation ([ 17, p. 21]) : 
a c 

2Rt3 _ (s2 2 
+ 4Rr)t2 4s2rt _ 4s2r2 = O. + r + 

4) r a' r b , r are 
c 

roots of the equation (GI p. 49, [17, p. 23]): 

5) sin A, sin B, sin C are roots of the equation 

2 3 222 
4R t - 4Rst + (s + r + 4Rr)t - 2sr = O. 

6) cos A, cos B, cos C are roots of the equation ( [17, p. 26]): 

4R2t 3 - 4R(R 
2 (s2 2 2 

(2R 
2 2 

+ r)t + + r - 4R )t + + r) - s O. 

7) cotan A, cotan B, cotan C are roots of the equation ([17, 
p. 28]) : 

8) tan A, tan B, tan C are roots of the equation ([17, p. 29]): 

2 2 3 2 2 2 
(s - (2R + r) )t - 2srt + (s - 4Rr - r )t - 2sr = O. 

ABC 
9) tan 2' tan 2' tan 2 are roots of the equation ([17, p. 30]): 

st3 - (4R + r)t2 + st - r = O. 



8 CHAPTER I 

ABC 
10) cotan 2' cotan 2' cotan 2 are roots of the equation ([17, 

p. 32]): 

3 2 
rt - st + (4R + r)t - s= O. 

11) sin2~, sin2~, sin2 ¥ are roots of the equation ([17, p. 34]): 

2A 2B 2C 
12) cos 2' cos 2' cos 2 are roots of the equation ([17, p. 34]): 

Using the substitution t ~ lit, we get the following similar re­
sults: 

13) cosec A, cosec B, cosec C are roots of the equation: 

3 2 2 2 2 
2srt - (s + r + 4Rr)t + 4Rst - 4R = O. 

14) sec A, sec B, sec C are roots of the equation: 

2A 2B 2C 
15) cosec 2' cosec 2' cosec 2 are roots of the equation: 

2A 2B 2C 
16) sec 2' sec 2' sec 2 are roots of the equation 

s 2t 3 - (i + (4R + r)2)t2 + 8R(4R + r)t - 16R2 o. 

17) lla, 1/b, llc are roots of the equation 

4sRrt3 -
2 2 

(s + r + 4Rr)t 
2 

+ 2st - 1 = o. 

18) l/x, 1/y, liz are roots of the equation 

2 3 2 O. sr t - r(4R + r)t + st - 1 = 

19) lira' l/r b , llr are roots 
c 

of the equation 

2 3 2 2 
s rt - s t + (4R + r)t - 1 O. 
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20) l/h , l/hb , l/h are roots of the equation 
a c 

Using the Theorem 1 and any of the above results we get (3) (i.e. 
(2». For example, 1) and 2) were used in [1] (with s ~ F/r) and [9]; 

9 

4) in [13]. Further, using Theorem 2 and any of the results: 2), 3),4), 
9), 10), 17), 18), 19), 20), we get Theorem B directly (i.e. Theorem 01 
and 02). Of course, using Theorem 3 and 1) we can also get Theorem B 
([17, pp. 54-56]). 

1.3. A Geometric Interpretation 

In order to investigate the set of triples (R, r, s) satisfying the fun­
damental inequality (3) i.e. (11), we remark that I is, of course, a 
homogeneous polynomial and hence only the ratios of R, r, and s are of 
interest (see [10] or [16]). Therefore, we introduce variables x> 0 and 
y > 0 defined by 

(19) Rx = r and Ry s. 

This transforms (11) into 

To each R-r-s triangle there corresponds to a point (x, y) of the graph 
of (20) in (the first quadrant of) the cartesian plane; and, conversely, 
to each point (x, y) of the graph of (20) there corresponds infinitely 
many R-r-s triangles (one for each R > 0, for which rand s are then 
given by (19». The graph of (20) is the shaded region in Figure 2. 

Since the left member of (20) can be written (see [16]) as: 

2 2 2 3 
(y - (2 + lOx - x » - 4 (1 - 2x) , 

arc OA1 in the figure is the graph of 

y = /(2 + lOx - x2) - 2(1 _ 2x)3/2, o < x ~ 1/2, 

and arc A1D is the graph of 

y 
/(r2--+--10-x----x~2~)--+--2-(1----2-x-)"3~/~2, o < x ~ 1/2. 

(Bottema [10] has shown that arc OA1 and A1D are parts of a hypocycloid 

of three cusps, or deltoid.) The points of arcs OA1 and A1D correspond 

to isosceles R-r-s triangles; the point Al corresponds to all equilateral 

R-r-s triangles; and the points on the segment OD (which are not part 
of the graph of (20» correspond to degenerate triangles. Arc OAt is 

concave, arc A1D is convex, the line y = 13 (1 + x) is tangent to both 

arcs at A1 , and the line x = 0 is tangent to arc OA1 at o. 
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y 

M (-1,0) x 

Fig. 2. 
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2. The Existence of a Triangle with Given Elements 

As we saw, the theorem which states the existence of a triangle with 
elements R, rand s is the well-known 'fundamental inequality'. Here we 
shall give several similar results with other elements of the triangle. 

1° A necessary and sufficient condition for the existence of a 
triangle with elements a, band wa ' is 

and 

2b~>W . 
2b + a a' 

w > 0 
a 

for 

2b~<w 
2b - a a 

b - a :( O. 

for b - a > 0 

If this condition is fulfilled, then there exists one and only one tri­
angle with these given elements (in the following, for such an assertion, 
we shall write only (All. 

2° A necessary and sufficient condition for the existence of a tri­
angle, with elements b, c and w , is 

a 

o < w < 2bc 
a b + c (Al 

3° A necessary and sufficient condition for the existence of a tri­
angle, with elements a, band m , is 

a + 2b - 2m > 0, 
a 

a 

a - 2b + 2m > 0, 
a 

-a + 2b + 2m > o. (Al 
a 

4° A necessary and sufficient condition for the existence of a tri­
angle, with elements b, c and ma , is 

b + c - 2m > 0, 
a 

b - c + 2m > 0, 
a 

-b + c + 2m > O. 
a 

(Al 

5° A necessary and sufficient condition for the existence of a tri­
angle, with elements a, band r, is 

r > 0, 

If the condition for equality is fulfilled, then there exists only one 
triangle with these given elements; if not, there exist two triangles 
(in the following, for such an assertion, we shall write (B". 

6° A necessary and sufficient condition for the existence of a tri­
angle, with elements a, band h , is 

b;'h >0. 
a 

a 

(Bl 
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7 0 A necessary and sufficient condition for the existence of a tri­
angle, with elements b, c and ha' is 

b ~ h a' c~h >0. 
a 

If, in the case of two possible equalities, only one is fulfilled, then 
there exists one and only one triangle with given elements; if not, 
there exist two triangles (in the following, for such an assertion, we 
shall write (C)). 

8 0 A necessary and sufficient condition for the existence of a tri­
angle, with elements a, band R, is 

a :( 2R, b :( 2R. (C) 

go A necessary and sufficient condition for the existence of a tri­
angle, with elements a, ma and wb ' is 

and 

a + 2m 
2a a > w . 

3a + 2m b' 
a 

a - 2m 
2a a < 

3a - 2m wb 
a 

for a - 2m :( O. 
a 

for a - 2m > 0, 
a 

10 0 A necessary and sufficient condition for the existence of a 
triangle, with elements a, ma and~, is 

3a + 2ma - 4~ > 0, 3a - 2ma + 4~ > 0, 

-3a + 2ma + 4~ > 0. 

11 0 A necessary and sufficient condition for the existence of a 
triangle, with elements a, ~ and me' is 

3a + 2~ - 2mc> 0, 3a - 2~ + 2mc > 0, 

(A) 

(A) 

-3a + 2~ + 2mc > 0. (A) 

12 0 A necessary and sufficient condition for the existence of a 
triangle, with elements a, ha and hb , is 

a ~~. 

13 0 A necessary and sufficient condition for the existence of a 
triangle, with elements a, ~ and he' is 

a ~~, a~h. 
c 

(B) 

(C) 
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14° A necessary and sufficient condition for the existence of a 
triangle, with elements a, ma and R, is either 

a 2 + 4m2 

2R ~ 
a for 2 -I a, 4m 

m 
a 

a 

or 

a 2R = 2mai 

13 

(B) 

in the last case an infinity of solutions depending on a real parameter 
is possible. 

15° A necessary and sufficient condition for the existence of a 
triangle, with elements a, ma and ha , is 

m ~ h • 
a a 

16° A necessary and sufficient condition for the existence of a 
triangle, with elements a, ~ and ~, is 

17° A necessary and sufficient condition for the existence of a 
triangle, with elements a, ma and ~, is 

18° A necessary and sufficient condition for the existence of a 
triangle, with elements h, ~ and ha , is 

19° A necessary and sufficient condition for the existence of a 
triangle, with elements a, ~ and hc ' is 

20° A necessary and sufficient condition for the existence of a 
triangle, with elements a, ~ and R, is 

~ 2R, a';;;; 2R. 

21° A necessary and sufficient condition for the existence of a 

(B) 

(C) 

(C) 

(B) 

(C) 

(C) 
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triangle, with elements a, hb and wb ' is 

a;;" ~, 

22 0 A necessary and sufficient condition for the existence of a 
triangle, with elements a, hb and wc ' is 

a ~ ~I w~ < 2a(a + ~2 _ ~) . 

23 0 A necessary and sufficient condition for the existence of a 
triangle, with elements a, hb and R, is 

2R;;" a, 

2 

h :( a 
b ' 

but for R = ~ there exists only one solution, too. 
2hb 

24 0 A necessary and sufficient condition for the existence of a 
triangle, with elements a, ~ and r, is 

a ;;" ~ > 2r. 

25 0 A necessary and sufficient condition for the existence of a 
triangle, with elements a, ~ and wb ' is 

and 

2~ - a 
o < wb < a 

for 

for ~ - a > 0, 

26 0 A necessary and sufficient condition for the existence of a 
triangle, with elements a, b + c and rna' is 

a < b + c, 2m < b + c, a 

27 0 A necessary and sufficient condition for the existence of a 
triangle, with elements a, b + c and ha , is 

28 0 A necessary and sufficient condition for the existence of a 
triangle, with elements a, b + c and wa ' is 

(Cl 

(B) 

(Cl 

(B) 

(Al 

(C) 

(Bl 

(B) 
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2 2 2 
(b + c) ~ a + 4w , 

a 
2 2 

2(b + c)w > (b + c) - a > O. 
a 

29° A necessary and sufficient condition for the existence of a 
triangle, with elements a, wa and ma , is 

4m2 _ a 2 

ma ~ wa > _...:.a:....4:-m-- > O. 
a 

30° A necessary and sufficient condition for the existence of a 
triangle, with elements a, b + c and R, is 

for 2R ~ a. 

31° A necessary and sufficient condition for the existence of a 
triangle, with elements a, b + c and r, is 

for a > 2r. 

32° A necessary and sufficient condition for the existence of a 
triangle, with elements a, ma and r, is 

33° A necessary and sufficient condition for the existence of a 
triangle, with elements a, ha , and wa ' is 

h ~ w • 
a a 

34° A necessary and sufficient condition for the existence of a 
triangle, with elements a, ha' and R, is 

2 2 
Bh R ~ a + 4h , 

a a 
2R ~ a. 

35° A necessary and sufficient condition for the existence of a 
triangle, with elements a, ha' and r, is 

a > 2r. 

36° A necessary and sufficient condition for the existence of a 
triangle, with elements a, wa ' and R, is 

15 

(B) 

(B) 

(C) 

(B) 

(B) 

(B) 

(C) 

(B) 
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1. 8w R ~ 
2 

+ 4w2 , for a< 2w a ; 
a a a 

2. 2R ~ a, for a;;: 2w , 
a 

where we have two solutions in the case 

8w R:'; 
2 

4w2 a + 
a a 

and one solution in the case 

8w R> 
2 2 

a + 4w 
a a 

37° A necessary and sufficient condition for the existence of a 
triangle, with elements a, wa ' and r, is 

for a > 2r. 

38° A necessary and sufficient condition for the existence of a 
triangle, with elements a, R, and r, is 

for a > 2r; 2R ~ a. 

39° A necessary and sufficient condition for the existence of a 
triangle, with elements a, mc ' and wb ' is 

and 

a - m 

wb > 4a 3a _ 2~ 
c 

a + m 

wb < 4a 3a + 2~ 
c 

for a>m, 
c 

for 

40° A necessary and sufficient condition for the existence of a 
triangle, with elements a, ~, and wa ' is 

a - 2~ 

wa > 4(a - ~) 3a _ 4~ for 

w > 0 a 
for a - 2~ < 0, 

a - 2~ ~ 0, or 

a - ~ > 0, or 

(A) 

(B) 

(A) 

(A) 
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and 

2~ - a 
wa > 4(~ - a) 4~ _ 3a 
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for a - ~ < 0, 

a + 2~ 
wa < 4(a +~) 3a + 4~ (A) 

Remark. The above results are given in the important paper of 
G. Petrov [18]. In GI 13.7 only 2°, 3°, 5°, 24°, 26°, 34°, and 36° are 
stated. 

The following similar result is given in [19]: 
41° A necessary and sufficient condition for the existence of a 

triangle, with elements a, b + C and angle A (0 < A < TI), is 

a < b + c < a/sin(A/2). 

42° [43] A necessary and sufficient condition for the existence of 
a triangle with elements hc ' a + b, C, is 

(a + b) cos ~ ;;;. 2h 2 c· (B) 

43° (GI 13.4). Let p, q be real numbers such that p + q 
a triangle with the sides a, b, c exists if and only if 

for all p, q. 

1. Then 

Remark. V. T. Janekoski [20], showed that Bohr's inequality for 
complex numbers (AI, p. 312): 

and 43° are equivalent. 
44° A necessary and sufficient condition that three positive num­

bers u, v, ware lenghts of the sides of a triangle is [21]: 

222 
u + v - w 

L: ---;::-2u-v--- > 1. 

45° ([41]) Let r a , r b , rc be arbitrary chosen positive numbers. 

Then there exists one and only one (real) triangle whose exradii are 
r a , r b , rc; moreover necessarily 

a = etc. 

1· , 

46° [42] If s, F, and C are given, then there exists a triangle ABC 
if and only if 
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!2(sin C/2 + 1)/F s ~ ~~~~~-=~~~ 
Isin C 

CHAPTER I 

Remarks. 1° [42] For C TI/2 we get that there exists a right tri­
angle with semi-perimeter s and area F if and only if 

s~ (1 +!2)IF. 

2° Note that the following result is equivalent to the last one. 
If s, r, and C are given, then there exists a triangle ABC if and 

only if 

3° The result given in 46° is due to H. Ahlburg, and it is a gener­
alization of a problem given by O. Bottema. 

47° [29] A necessary and sufficient condition for the existence of 
a triangle with altitudes ha , ~, and hc is 

etc. 

Proof. Since b 

Ib - c I ..;; a ..;; b + c (etc.) . 

3. Some other Results 

In this Section we shall give results concerning the existence of a tri­
angle the sides of which are obtained as elements of any given triangle. 

1. Let x ~ f(x) be any non-negative non-decreasing subadditive 
function on the domain [0, 2s]. If a, b, c form a triangle, the f(a), 
f(b), ftc) form a triangle, too. 

Remark. This result is given in GI 13.3. In [22] a special case of 
1. is given, i.e. it is proved fOf a positive increasing function 
x ~ f(x) for which f" (x) < O. Of course, the result from [22] is a 
simple consequence of the well-known Petrovic inequality for convex 
functions (see AI, p. 22). The following special case of the above re­
sult is given in [24]: 

a/ (a + 1), b/ (b + 1), c/(c + 1) form a triangle. 

2. If a triangle is acute, then a 2 , b2 , c 2 form a triangle, too. 
Remark. This is an old result (see for example GI 11.26). 
~riangle whose sides are sin A, sin B, sin C exists. 
Proof 1. This is a simple consequence of triangle inequalities 

a < b + c, etc. and a = 2R sin A, etc. 
Proof 2. ([17]) This follows from Theorem 3 and 5) of 1.2. 

( 13 ) ABC . t 4. GI .6 A triangle whose sides are cos 2' cos 2' cos 2 ex~s s. 
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B' 
Proof. This is a consequence of 3. since A' = (TI - A)/2, 
~B)/2, c' = (TI - C)/2 are angles of a triangle. 

2 A 2 B 
5. (GI 13.5) A triangle the sides of which are cos 2' cos 2' 

2 C . t cos 2 exl.S s. 

Proof. ([17]) This is a consequence of Theorem 3 and 12) of 1.2. 
Remark. Using 5. and 1. for the function f(x) = IX, we get 4. 
Further, we shall show that some results from l21J, l25-27J are 

also consequences of 3. 
6. If 0 < A, B, C < TI/2, then a triangle the sides of which are 

sin 2A, sin 2B, sin 2C exists. 
Proof. This follows from 3., since A' = TI - 2A, B' = TI - 2B, 

C' = TI - 2C are angles of a triangle. 
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7. If 0 < A, B < TI/2, 0 < C < TI then a triangle the sides of which 
are cos A, cos B, sin C exists. . TI 

Proof. This follows from 3., since A' = ~ - A, B' = 2 - B, 
C' = TI - C are angles of a triangle. 

8. A triangle the sides of which are 
. A . B C. 

Sl.n 2' Sl.n 2' cos 2 eXl.sts. 

Proof. This follows from 3., because A , = E. B' B TI + C 
2' = 2' c' = 2 

are angles of a triangle. 
Remark. Of course, using other transformations for angles of a tri­

angle~[28-30] or Chapter V), we can get several similar results. 
Some results of this kind are given in [30]. 

9. If A, B, C are the angles of the triangle ABC, then there exists 

a triangle A'B'C' the sides of which are cos2 ~, cos2 ~, cos2 ~. For 

every angle A ( TI/3 (A ( B ( C) there exists exactly one triangle ABC 
similar to A'B'C' • 

Remark. This extension of 5. is given in [31]. 
A B 

10. The minimlli~ of k(n) such that k(n) + sin n' k(n) + sin n' 
k(n) + sin ~ are sides of a triangle for n > 1 is sin ~. 

n n 
Remark. This result of M. S. Klamkin [32] for n = 1 becomes 3. 

11. If F(G) = u(sin ~ ~ sin~) + v(cos * -cos ~), then for all u, 

v> 0 and n > 1 the triple F(A), F(B), F(C) form a triangle. 
Remark. This result is an answer of Hj. Stocker to the following 

problem posed by M. S. Klamkin ([33]): -
Give a generalization of 3, 4, and 5 which includes all these 

results as special cases. 
For another answer given by G. Bercea, see 36. and [33]. 

A A A 
12. cos (A/A), cos (B/A), cos (C/A) form a triangle for all real 

A > 2. 
Proof. If A > B > c, it suffices to show that 

Since max cos (C/A) = and min (COSA(A/A) + COSA(B/A» occurs for C 0, 
we can only prove that 
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X X 
cos (A/X) + cos (B/X) ~ 1 for A+B=IT. 

For X = 2, the l.h.s. reduces to 1. For larger values of X, the in­
equality immediately follows from the following: 

LEMMA. cos X (A/X) 
X ~ 2. 

(0 ~ A ~ IT) is a non-decreasing function of X for 

For the proof of this Lemma, it is sufficient to prove that 
X 

dy/dX ~ O,where y = cos (A/X). Here y'/y = x tan x + log cos x, where 

x = A/X. Then D (y'/y) = x sec2 x ~ O. Also"log Y is concave (in X). 
x 

Finally, by means of 1.: (cos~ (A/X), cos~ (B/X), cos~ (C/X) are 
sides of a triangle, where X ~ ~ ~ 0, X ~ 2. 

Remark. The above results of P. Erd5s and M.S. Klamkin [34] are 
generalizations of 4. and 5. 

13. ma , ~, mc are sides of a triangle (see [29] and [35] or [36]). 

14. [37] Let c I cb' c be three cevians of a triangle dividing 
a c 

the sides in the ratio v/u where u + v = 1. Then ca' cb' Cc form a 
triangle. 

Proof. Let A, B, C denote three vectors from an origin 0 to the 
respective vertices of a triangle ABC. Now consider the three cevians 

respective endpoints of A, uB + vC; ca' cb' cc' whose endpoints are the 

uC + vA; and C, uA + vB. Since L(uB 
triangle 

+ vC - A) = TI, (c I cb' c ) form a 
a c 

15. A triangle whose sides are 1/ha' 1/~, 1/hc exists. 

Proof 1. This is a simple consequence of a + b ~ c , etc. 

a 
h = 2F I etc. 

a 

since 

Proof 2. Note that 15 is a consequence of Theorems 3 and 20 of 1.2. 

16. x, y, z form a triangle if and only if s2 < 4r(4R - r). 
17. ha' ~I hc form a triangle if and only if 

(s2 2 322 + r2) • + r + 4Rr) < 32s Rr(s 

18. r 
a ' rb ' r form a triangle if and only if c 

(4R 3 2 + r) < 4s (4R - r). 

19. cos A, cos B, cos C form a triangle if and only if 

2R + r < s and 

20. cotan A, cotan B, cotan C form a triangle if and only if 



THE EXISTENCE OF A TRIANGLE 21 

21. tan A, tan B, tan C form a triangle if and only if 

2R + r < s and 

ABC 
22. tan 2' tan 2' tan 2 form a triangle if and only if 

ABC 
23. cotan 2' cotan 2' cotan 2 form a triangle if and only if 

s2 < 4r(4R - r). 

. 2 A . 2 B . 2 C f 
24. Sln 2' Sln 2' Sln 2 orm a triangle if and only if 

Remarks. 1° The above results 16-24 were proved in [17] as conse-
quences of Theorem 3 and 2-4), 6-11 ) of 1. 2. 

2° 24. is our correction of a result from [17] . 

3° 16. and 23. are equivalent since x = r cotan 
A 

2' etc. 

4° 18. and 22. are equivalent since ra = stan i, etc. 

Similarly, using Theorem 3 and 13-19) of 1.2 we can prove the fol­
lowing results: 

and 

25. cosec A, cosec B, cosec C form a triangle if and only if 

2 2 3 2 2 2 
(s + r + 4Rr) < 32s Rr(s + r ). 

26. sec A, sec B, sec C form a triangle if and only if 

s > 2R + r 

(s 
2 2 4R2 )3 < 16R(s2 2 2 2 _ 4R2) + r - (2R + r) «R + r) (s + r 

27. cosec 
2 A 

2' 

2 
+ r 

- 2R(S 
2 

2 B 
cosec 2' 

2 
- (2R + r) ». 

2 C 
cosec 2 form a triangle if and only 

2 A 2 B 2 C 
28. sec 2' sec 2' sec 2 form a triangle if and only if 

if 

-
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29. l/a, l/b, l/c form a triangle if and only if 

(s2 2 + 4Rr)3 < 32s2Rr(s2 + r2) . + r 

30. l/x, l/y, l/z form a triangle if and only if 

(4R + r)3 < 4sr(4R + r - 2s) . 

31. lira' l/rb , l/rc form a triangle if and only if 

2 
s < 4r(4R - r). 

Remark. 31 and 16 are equivalent since l/ra = x/(rs), etc. 

32. If ABC is an acute triangle, then A, B, C form a triangle [30]. 
222 . 

33. a h , b h , c h form a tr~angle. a -0 c 
Proof. (see [26]). This result is a simple consequence of in-

equalities a < b + c, etc., and formulas a 2h a 2Fa, etc. 

34. ~, b + c' a + b form a triangle [39]. 

35. a(s - a), b(s - b), c(s - c) form a triangle [23]. 
S. J. Bil~ev and E. A. Velikova [45] gave the following general­

ization of this result: 
If k ~ 1 is any arbitrary real number, then a(2ks - (k + 1)a), 

b(2ks - (k + l)b), c(2ks - (k + l)c) are the sides of a triangle. 
36. NOW, we shall give a generalization of the well-known Mobius­

pompeiu's theorem. For this result see for example GI 15.5, but this is 
an old result (see [38]). More about M6bius-Pompeiu's theorem will be 
found in Chapter XIII. 

Let D be an arbitrary point in the plane of a triangle ABC and let 
BC = a, CA = b, AB = c, AD = p, BD = q, CD = r. Then ap, bq, cr form a 
triangle. 

Remark. As we said, this result is an answer to a problem of 
M. S. Klamkin (see 11.), i.e. G. Bercea [33] noted that 3., 4. and 5. 
follow from the above result in the cases when D = 0 (circumcentre), 
D = I (incentre) and D = P, where the point P is given by 

PA/(s - a) PB/(s - b) = PC/(s - c) k. 

37. Let a set T be defined by T = {(a, b, c): a, b, c are sides of 
a triangle}. 

1° The set P(c R) defined by P ~ {p:(a, b, c)ET ~ (aP , bP , cP )} 
is given by P = [0, 1]. + + + 

2° Sets U, V and H (c R x R x R ) defined by U = {(a, b, c): (aP , 

bP , cP)ET for every pER+} , V = {(a, b, c) :(aP , bP , cP)fT for every 

P < O}, W {(a, b, c) : (aP , bP , cP)ET for every pER}, are given by 

U {(a, b, c):b c ~ a > 0 v c a> b > 0 va b > c > O}, 
V {(a, b, c):a ~ b c > 0 vb> c a> 0 v c > a b > O}, 



THE EXISTENCE OF A TRIANGLE 23 

W = {(a, a, a):aER+}. 

This result is due to D. D. Adamovic [40]. 
38. [44] If ABC is an acute triangle, then a cos A, b cos B, 

c cos C and a sin A, b sin B, c sin C form triangles. 
39. The following problem is given in [46]: 
(i) Determine all real numbers A such that, whenever a, b, c are the 

lenghts of three segments which can form a triangle, the same is true 
A A A 

for (b + c) , (c + a) , (a + b) • 
(For A = -1 we have 34.) 
(ii) Determine all pairs of real numbers A, ~ such that, whenever a, 

b, c are the lengths of three segments which can form a triangle, the 

same is true for (b + c + ~a)A, (c + a + ~b)A, (a + b + ~C)A. 
40. [47] A triangle whose sides are a + ha , b + ~, c + hc exists. 

REFERENCES 

1. Ramus and E. Rouche, 'Question 233', Nouv. Ann. Math. 10 (1851), 
353-355. 

2. R. Sondat and E. Lemoine, 'Question 1593', Ibid.~ (1890), 49 and 
10 (1891),43-47. 

3. A. Laisant, Geometrie du Triangle, Paris 1896, p. 112. 
4. S. Nakajima, 'Some Inequalities between the Fundamental Quantities 

of the Triangle', T6hoku Math. J. 25 (1925), 115-121. 
5. S. Nakajima, 'Some Relations among~undamental Quantities of a Tri­

angle Inscribed in a Circle', Tokyo But. zassi 35 (1926), 75-86. 
(Japanese). == 

6. R. Frucht, 'Upper and Lower Bounds for the Area of a Triangle for 
whose Sides Two Symmetric Functions are Known', Can. J. Math. 9 
(1957), 227-231. 

7. w. J. Blundon, 'On Certain Polynomials Associated with the Triangle', 
Math. Mag. 36 (1963), 247-248. 

8. w. J. Blunaon, 'Inequalities Associated with the Triangle', 
Can. Math. Bull. 8 (1965), 615-626. 

9. O. Bottema, Nieuw=Arch. Wisk. 13 (1965), 246. 
10. O. Bottema, 'Inequalities for R, r, and s', Univ. Beograd. Publ. 

Elektrotehn. Fak. Ser. Mat. Fiz. No. 338-352 (1971),27-36. 
11. R. Frucht and M. S. Klamkin, 'On Best ~uaaratic Triangle Inequal­

ities'. Geometriae Dedicata 2 (1973),341-348. 
12. I. Paasche, 'Das Bottema-Deltoid als Enveloppe' , Univ. Beograd. Publ. 

Elektrotehn. Fak. Ser. Mat. Fiz. No. 461-497 (1974), 121-125. 
13. M. Marcev, 'Neravenstva mefdu perimet'ra i radiusite na vpisanata i 

opisanata okr'fnost na tri'g'lnika i njakoi sledstvija ot tjah', 
Obucenieto po Mat. 6 (1976), 3-7. 

14. J. F. Rigby, 'Quartic and Sextic Inequalities for the Sides of Tri­
angles, and Best Possible Inequalities', Univ. Beograd. Publ. 
Elektrotehn. Fak. Ser. Mat. Fiz. No. 602-633 (1978), 195-202. 

15. A. Lupa!i', 'Problem 441', Mat. Vesnik 2 (15) (30) (1978),293. 
16. V. N. Murty, 'A New Inequality for R,=r and s', Crux Math. 8 (1982), 

62-68. 
17. V. P. Soltan and S. I. Mejdman, Tofdestva i neravenstva v 



24 

18. 

19. 

20. 

21. 

22. 

23. 
24. 
25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 
33. 

34. 

35. 

36. 

CHAPTER I 

treugol' nike. Kisinev, 1982. 
G. Petrov, '0 podminkach konstrukce trojuhelniku', Casopis pro 
pestovani matematiky 77 (1952), 77-92. 
M. Berman and F. G. B. Maskell, 'Problem 94. The Two-Year Coll.', 
Math. J. ~ (1978), 300-301. 
V. T. Janekoski, 'Neravenstvo na Bohr kako potreben i dovolen uslov 
za egzistencija na triagolnik', Ann. Fac. d"Electrotech. Mec. l'Univ. 

Skopje 4 (1970), 15-18. 
~Janekoski, 'Za eden potreben i dovolen uslov za egzistencija 
na triagolnik', Bull. Soc. Math. Phys. Macedoine 21 (1970),85-87. 
H. Carus and O. P. Lossers, 'Problem E 2823', Ame~ Math. Monthly 
87 (1980), 220 and 88 (1981), 540. 
Ngo Tan and M. S. Klamkin, 'Problem 589', Crux Math. l (1981),307. 
Problem Gy 1489. Koz. Mat. Lap. 47 (1973),77. 
V. T. Janekoski, 'Egzistencija i:nekoi osobini na triagolnici ciisto 
strani se trigonometriski funkcii na aglite od dadan triagolnik', 
Bull. Soc. Mat. Phys. Macedoine ~ (1970),89-95. 
V. T. Janekoski, 'Za nekoi neravenstva inducirani od dadeni triagol­
nici', Ibid. 23 (1972),79-87. 
~. Madevski, TCetirite znacajni tocki vo triagolnikot kako tezista 
na poqodni izbrani masi', Ibid. 20 (1969). 31-46. 
Z. Madevski, 'A Procedure for Obtaining Relations between the 
Angles of a Triangle', Univ. Beograd. Publ. Elektrotehn. Fak. Ser. 
Mat. Fiz. No. 338-352 (1971), 87-88. 
C. Pabst, 'Einige Beziehungen zwischen den drei Hohen und zwischen 
den drei seitenhalbirenden Ecktransversalen eines Dreiecks', Arch. 
Math. Phys. (2) 7 (1889), 10-26. -­
~~Madevski, 'Nekoi metodi za dobivanje relacii megu elementite od 
oden triagolnik', Dissertation, Skopje, 1973. 
o. Bottema and K. Inkeri, 'Problem 353', Nieuw Arch. wisk. 3 (21) 
(1973), 282 and 2 (22) (1974), 183-184. 

M. S. Klamkin, Private communication. 
M. S. Klamkin and Hj. Stocker, and G. Bercea, 'Aufgabe 729', Elem. 
Math. 29 (1974), 155 and 30 (1975), 134-135. 
P. Erd5S and M. S. Klamkin; 'A Triangle Inequality', Univ. Beograd. 
publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 412-460 (1973), 117-118. 
L. Toscano, 'Confronto degli Angoli di un Triangolo con quelli del 
Triangolo delle sue Mediane', Archimede ~ (1956),278-279. 
A. Bager, 'Some Inequalities for the Mediane of a Triangle', Univ. 
Beograd. publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 338-352 (1971), 
37-40. 

37. A. Bager and M. S. Klamkin, 'Aufgabe 677', Elem. Math. 28 (1973), 
129-130. 

38. A. F. Mobius, 'Uber eine Methode, urn von Relationen, welche der 
Longimetrie angehoren, zu entsprechenden Satzen der Planimetrie zu 
gelangen', Berichte Uber die Verhandlungen der Koniglich Sachsischen 
Gesellschaft der Wissenschaften zu Leipzig. Math. Phys. Classe, 
Leipzig (1852), 41-54. 

39. V. Linis and F. G. B. Maskell, 'Problem 14', Crux Math. 1/2 (1975/ 
76), 7 and 28. 

40. D. D. Adamovi6, 'Problem 151', Mat. Vesnik 6 (21) (1969), 470-471. 
41. o. Bottema and H. Eves, 'Problem 786', Crux=Math. ~ (1982),277 and 
~ (1984), 55-56. 

42. 0: Bottema and L. Somer, M. Kantrowitz, and H. Ahlburg, 'Problem 



THE EXISTENCE OF A TRIANGLE 

1004', Crux Math. 11 (1985),15 and 22 (1986),86-89. 
43. A. Vrba and A. Toufara, 'Problem 11'~Rozhledy Mat. Fyz. Praha 58 

(1979/80), 84-86. 
44. 'Problem 2795', Mat. v ~kole 1985, No.5, 60. 
45. S. J. Bil~ev and E. A. Velikova, 'GT (k) - transformation for a 

triangle and some applications'. e 

25 

46. D. S. Mitrinovic and J. E. Pe~aric, 'Problem 1171*', Crux Math. 12 
(1986),204. 

47. v. Vajaitu, Private communication. 
48. K. Herterich, Die Konstruktion von Dreiecken, Stuttgart 1986. 



Chapter II 

DUALITY BETWEEN GEOMETRIC INEQUALITIES AND INEQUALITIES FOR POSITIVE 
NUMBERS 

o. Introduction 

As we noted in Chapter I, many of the geometric inequalities can be re­
stricted to the three main sets of canonical variables, i.e. 

(i) the sides a, b, c, 
(j) the angles A, B, C, 
(k) the circumradius R, inradius r and semi-perimeter s. 

But, it is known that there exists a very simple transformation between 
the sides of a triangle and three non-negative numbers (see the next 
Section), so there exists a duality between all triangle inequalities 
and all inequalities involving three non-negative numbers. 

1. Geometry of the Duality (a, b, c) ~ (x, y, z) 

Let us consider an arbitrary triangle ABC and its inscribed circle 
(Figure 1). 

A 

x 

F 

c 

Fig. 1. 

Since tangents from an external point to a circle are equal in length, 
we have 

AF AE x, BF BD y, CD CE z. 
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Consequently, 

(1) a y + z, b z + x, c=x+y, 

(2) x s - a, y s - b, z = s - c. 

The latter two equations imply that for any triangle ABC, the distances 
of the vertices to the closest points of tangency with the inscribed 
circle are three non-negative numbers x, y, z and, dually, that cor­
responding to any three non-negative numbers x, y, z, there exists a 
triangle whose sides are given by (1). In form (1), the basic triangle 
inequalities a, b, c ~ 0, b + c ~ a, c + a ~ b, a + b ~ c are obviously 
satisfied. 

One of the advantages of this duality is that we can use all the 
inequalities concerning any three non-negative numbers. 

In [1] a table of equivalent forms in terms of (a, b, c), (A, B, 
C), (R, r, s) and (x, y, z) was given. Here we shall give only some 
simple examples. For some other examples see Chapter III. 

(3) 

then 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

If we use the notation 

Q 

L:bc 

abc 

R 

r 

2 
L: (b - c) 

T2 
1 + T2 , 

I1(y + z) 

2 
L:(y - z) 

2. Transformations 

xyz, 

Another advantage of the (x, y, z)-representation is that it is very 
easy to make transformations preserving inequality. If F(x, y, z) ~ 0 
is a valid inequality for all non-negative x, y, z, then so is 
F(x', y', z') ~ 0 where 

(1) x' = Fl (x, y, z), y' 
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and where F1 , F2 , F3 ~ O. One particularly useful transformation is 

obtained by letting FI = l/x, F2 = l/y, F3 = l/z, giving 

(2) T' 
1 

'T'I 
~2 

T' 
3 

As an application to be used subsequently, the dual, via (2), of 
2::;, . 2::;'3 Tl r 3T2 ~s T2 7 T1T3 . 

In terms of the triangle representation, the above reads: 
If F(a, b, c) ~ 0 is a triangle inequality, then so is F(a ' , b ' , c ' ) ~ 0, 
where 

(1) '* a ' F2 (S - a, s - b, s - c) + F3 (S - a, s - b, s - c) , 

b ' F3 (S - a, s - b, s - c) + Fl (s - a, s - b, s - c) , 

c ' Fl (s - a, s - b, s - c) + F2 (S - a, s - b, s - c) • 

In particular, 

(2) a ' 
a 

b ' 
b 

= , 
(s - b) (s - c) (s - c) (s - a) 

c ' 
c 

(s - a) (s - b) 

By multiplying through by 2(s - a)(s - b) (s - c) on the r.h.s., we get 
a similar triangle 

(3) 

Since 

and 

(3) I 

a I = 2a (s - a), b ' 2b(s - b), c ' 2c (s - c) . 

S' - c ' = l (c - a + b) (c + a - b) (and cyclically), 
2 

2 
8~ ~l/s**, we also get 

R' r' S' 

We now list some other simple transformations: 

* The prime on (1)' is to indicate that the latter is a dual of (1). 
** ~1 denotes the area of a triangle whose sides are la, iJb, ~ i.e. 

4~~ = 4Rr + r2 = Lbc - s2 = Lxy. 

~ denotes the area of a triangle whose sides are a, b, c. 
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(4) 
2 

2T2 , T' 
2 

- 2T l T3 , T' T2 T' = Tl - = T2 1 2 3 3 

(letting 
2 2 z2) . Fl = x , F2 Y F3 

(4) , 

2 
- 2TlT3 

2 
- 2T2 

T' 
T2 

T' 
Tl 

T' 
1 2 2 2 3 2 

T3 T3 T3 

(F 1 
2 

l/x , etc.) . 

(5) T' 
3 

- 3T 1 T 2 + 3T 3 ' 
3 2 

- 3T l T2T3 , T' 
3 

Tl T' T2 + 3T3 T3 1 2 3 

(F l 
3 etc.) . x 

(5) , 

T3 
- 3TlT2T3 

2 T3 - 3T l T2 + 3T3 
T' 

2 + 3T3 
T' 

1 T' 
1 T3 2 3 3 = T3 

3 T3 3 

3 
(F l = l/x , etc.) . 

(6) T' 
1 

= 2T l , T' = T2 
2 1 

+ T2 , T' 
3 TlT2 - T3 

(F l Y + z, etc.) . 

(6) , 
2Tl 

2 
TlT2 - T3 

T' T' 
T2 + TlT3 

T' 
1 T3 

, 
2 2 3 2 

T3 T3 

(F l l/y + liz, etc.) . 

(7) T' = 2T2 , T' 
2 

T' 
2 

= T2 + T l T3 , TlT2T3 - T3 1 2 3 

(F l x(y + z), etc.) . 

(7) , 
2Tl 

2 
Tl + T2 TlT2 - T3 

T' =T' T' 
2 

T' 
T3 1 2 3 

3 T3 3 

(F l (y + z)/xyz, etc.) . 
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2 4 2 
(8) T' 2(T1 3T2 ), T' T - 6T1T2 1 2 1 

T' 
2 2 

+ 18T1T2T3 - 4T3 3 
3 T1T2 2 - 4T1 T3 

(F 1 (y 
2 

- z) , etc.). 

3. Examples 

3.1. [1] Using inequality 

(1) 
2 

I (y - z) 

3.2. [1] Using inequality 

(2) (Ix)3 - 27xyz T~ - 27T3 > 0 

we get GI 5.11 and 

(3) (4F)2>27TI(b+c-a)2. 

3.3. [1] Using inequality 

(4) 

CHAPTER II 

2 
+ 9T2 , 

- 27T2 
3 

(i.e. GI 1.4) we can get GI 1.3, 1.15, 5.1, 2.12, 5.30, 5.40, 5.41, 
6.18, 6.21, 6.27. 

3.4. [1] Using Schur's inequality (AI, p. 119) we get 

(5) 

wherefrom it follows GI 1.6, 6.13 and the first inequality in 5.9. 

3.5. [1] Using the inequality 2T~ + 9T3 > 4T1T2 (weaker than (5» we 
get GI 1.4, 8.14 and 

(6) TI(sin B + sin C) > 8 IT sin A. 

3.6. [1] Using the inequality 10T~ > 27T1T3 + 27T3 (weaker than (5» we 
get GI 1.5. 
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3 
3.7. [1] Using the inequality 8T1 + 27T3 ~ 27T1T2 (weaker than (5)) we 
get GI 5.42, 6.16, 5.12. 

3.8. [1] Using inequality 

(7) 

we get GI 1.9, 5.5, 7.2, 10.3, 4.3, 4.6, 4.7, 4.9, 5.34, 5.46. 

3.9. Of course, we can work in the opposite direction, i.e. using well 
known geometric inequalities we can obtain inequalities for positive 
numbers. For example the well known inequality 

GI 2.1 I: sin A :;;; 3/3/2 

gives 

27 IT(y + z) 2 ~ 64xyz (x + y + z) 3 i.e. , 

and these inequalities are equivalent to GI 1.12, 6.15, 5.3, 5.42, and 
4.13 . 

3.10. A. Oppenheim [2] proposed the following problem: 
Suppose that ABC is an acute-angled triangle, then 

(8 ) 
2 2 2 

16 IT cos A + 41: cos B cos C:;;; 1, 

(9) 

31 

Equality occurs when ABC is equilateral or right-angled isosceles and in 
no other case. 
Comment by M. S. Klamkin [3]. 

By virtue of the equality conditions, ABC should be restricted to 
non-obtuse triangles rather than acute triangles. 

In a personal communication, A. W. Walker has pointed out that 
there is a flaw in the published solution (April, 1967, p. 441). 

We now prove (9) first and then show how (8) follows from (9). By 

using the identity 2 cos2 A = 1 + cos 2A and then making the transform­
ation A' = ~ - 2A, etc. (see Chapter VII), (9) becomes (after dropping 
primes) 

(10) 31: cos A ~ 3 + 21: cos B cos C 

where here ABC is a general triangle. In terms of the sides, (10) be­
comes 

(11 ) 
2 5 3 33 2 

3abcl:a c + I:b c ~ 4abcl:c + 21:b c + 6(abc) , 
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which is equivalent to 

(12) 
2 2 

+ 4T1 T2T3 :;;, 
3 2 

T1T2 4T1T3 + 9T3 · 

Since (7) and 

2 2 3 2 
:;;, 0, (13) LY Z (x - y) (x - z) = T2 + 9T3 - 4T1T2 T3 

are valid, it follows that (12) is equivalent to 

(14) 
4 2 2 2 

LX (y - z) + (LXY) (LZ (x - y) ) :;;, 0 

which is obviously valid and consequently weaker than (13). There is 
equality in (14) only if x = Y = Z or if two of x, y, Z vanish which 
corresponds to the equilateral triangle or isosceles right triangle, 
respectively. 

Now using (9), we will establish a stronger inequality then (8), 
i.e. 

(15) 16I1 cos2 A + LCOS 2 A ~ 1. 

2 
Since (see part VII 2): 1 - LCOS A 
to 

2TI cos A, the latter is equivalent 

(16) (TT cos A) (1 - sTI'cos A) ~ o .. 

Since the triangle is non-obtuse, II cos A :;;, O. Also, it is known that 
1 :;;, 8 II cos A. There is equality in (16) only if the triangle is equi­
lateral or if one of the angles is a right angle. This implies that 
there is equality in (8) only if the triangle is an equilateral or a 
right isosceles one. 

Incidentally, (10) is also equivalent to the known inequality GI 
6.12. A stronger related inequality is the second inequality in GI 6.13, 
or equivalently 

(17) 

3.11. The following result was also proved by using the (x, y, z) rep­
resentation ([4], [5]): 

L(4S(S - a»)t :;;, 3 

3a2 
for all 

3 8 
all t ? (log "2)/(log 3"). 

3.12. [9] Using inequalities 

t ~ 0 and 
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we get 

1 
( a) ~"2 ~ E 2· 

a s - r (s - a) 

3.13. [9] Using inequalities 

2 2 2 4 
2Exyz ~ Eyz(y + z ) ~ 2Ex 

we get 

2 2 2 2 1 4 
321'1 ~ E (a + b ) (b + c - a) (c + a - b) ~ 241'1 +"22: (b + c - a) . 

3.14. [9] Let x, y, z be non-negative numbers such that Ex = 1. Then the 
following inequalities are valid 

o ~ Eyz - 2xyz ~ 7/27. 

This result was given in the XXV International Mathematical Olympiad, 
CSSR, 1984. Now, Using substitutions x = (s - a)/s, etc., we get 

Note that many other examples can be found in [1] and [9], and that 
table of non-negative forms is given in [1]. 

4. Some Important Non-Negative Quadratic Forms 

M. S. Klamkin [8] proved the following result: 
Let p, q, r, x, y, z be non-negative numbers. Then 

p z ~ " 1" 2 (1) E q + r y '" L.yz - "2L.X . 

2 
For x = a , etc., Klamkin obtained inequality 

(2) 

where he used (1.8). 
Since the expression on the right-hand side of (1) is symmetric, 

we can use (1) and other identities for a triangle for generating many 
new inequalities. For example, for x = a, etc. we get 

(3) E --p- bc ~ 2r(4R + r). 
q + r 
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Comment by W. Janous. Since F = (bc sin A)/2, etc., (2) becomes [8]: 

(4) E ---p-- cosec2 A ) 2, 
q + r 

which yields 

for p q = r GI.2.50, 
2 ./. 2 2 

for p sin A etc.: 2 ~ E. l/(sin B + sin C), 
2 2 2 2 

for p cos A etc.: 2 ".; E cotan A/(cos B + cos C), etc.D 
We shall note that analogously (3) becomes: 

(5) E ___ P __ cosec A) 4R + r. 
q + r s 

D. S. Mitrinovic and J. E. Pecaric [10] proved the following 
similar results: 

Let p, q, r be real numbers such that p + q > 0, q + r > 0, 
r + p > O. If x, y, z are non-negative numbers, then 

(6) 
p 2 1 2 

E --- x ) Eyz - -2Ex , 
q + r 

with equality if and only if 

(7) p:q:r = (y + z - x) :(x - y + z) : (x + y - z). 

Proof. Using Cauchy's inequality we get 

From equality condition for Cauchy's inequality we get (7). 

(8) 

For x = a 2 , etc. we get the following inequality [10] and [11]: 

E -p-- a 4 ) 8F2. 
q + r 

Equality in (8) is valid if and only if 

(9) 
2 2 2 2 2 2 2 2 2 

p:q:r = (-a + b + c ): (a - b + c ): (a + b - c ). 

Bilcev and Velikova gave many special cases of (8). For example 
the following inequalities are valid [11]: 

3 2 
Ea (s - a) ) 8F , 

422 
Ea /b) (Ea ) /(Ea), 

5 2 
Ea /(b + c) ) 8F , 
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(10) 

3 
L a ~ 2F 

b(a + b) R ' 

2 
La /(b + c) ~ 2F/R, 

They also gave the following inequality [11]: 

L --p- a 2 ~ 2r(4R + r) . 
q + r 

Equality in (10) is valid if and only if 

(11) p:q:r = (-a + b + c): (a - b + c): (a + b - c). 

Of course, this follows from (6) for x = a, etc. 
Remarks. 1° Proof of (6) is similar to Janous' proof of (8). 
2° Tsintsifas [10] gave (8) for positive numbers p, q, r only. 
3° Note that the left-hand sides of (6) and (1) are incomparable 

in general. 
4° In fact, Mitrinovic and Pe~aric [10] proved a more general 

result. 
The following result was also given in [8]: 
Let a, b, c be the sides of a triangle and let x, y, z be real 

numbers. Then 

2 2 2 
Remark. By replacing (x, y, z) by (Xl' x 2 ' x 3 ), i.e. if 

b 

where xl' x2 ' x3 are arbitrary real numbers, we can in a similar way 

consider inequalities for all real numbers. For such results see [1] 
and [6]. 
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Chapter III 

HOMOGENEOUS SYMMETRIC POLYNOMIAL GEOMETRIC INEQUALITIES 

O. Introduction 

P. J. van Albada and K. B. Stolarsky ([1], [2]) noted in 1971 that many 
inequalities in GI, Chapter I, for the sides of a triangle can be re­
written in the form p(a, b, c) > 0 or p(a, b, c) ~ 0 where p(a, b, c) is 
a symmetric and homogeneous polynomial of degree n in the real variables 
a, b, c representing the sides of a triangle. They gave the general 
solution for such inequalities if n ~ 3. 

(1 ) 

Note that the substitutions 

x .!.(b + c - a), 
2 

1 
Y = Z(c + a - b) , 

a = y + z, b = z + x, c = x + y 

z = .!.(a + b - c) 
2 

or 

transform any inequality for the positive numbers x, y, z into an in­
equality for the sides a, b, c of a triangle, and conversely ([3], [4]), 
i.e. (x, y, z) is dual to (a, b, c) (see Chapter II). So, we can con­
sider inequalities P(x, y, z) ~ 0 instead of p(a, b, c) ~ O. 

(2) 

We shall also make use of the formulae 

h = .!. L:a 
2 

s, 

F = rs, 

L:yz '" r(4R + r), 

abc = 4Rrs 

to derive inequalities for R, r, s, and F. 

2 
xyz r s, 

Further, we shall denote the elementary symmetric functions of 
x, y, z by T1 , T2 , T3 , i.e. 

Tl = x + y + z, T2 = yz + zx + xy, 

In some proofs we shall use the following lemma: 

LEMMA. The expression XA - y/XV + ZV (X, Y, Z real) will be non-nega­
tive for all non-negative values of A and V if X ~ 0, Z ~ 0 and 

4Xz - y2 ~ O. 
Proof. XA - Y& + zv = (!XIX - /Z/V)2 + (2/XZ - y)&. 

1. General Results of P. J. van Albada and K. B. Stolarsky 

As we have said, P. J. van Albada and K. B. Stolarsky gave general sol­
utions for inequalities of the form p(a, b, c) ~ 0, i.e. P(x, y, z) ~ 0 
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for n :;;; 3. 

Degree 1. 
It is obvious that such inequalities must be in the form 

t(a + b + c) = 2t(x + y + z) ) 0 

which is true only if t ) o. 

Degree 2. 
Theorem 1. The inequality 

2 
P(x, y, z) = A(Zx - Zyz) + 4~Zyz ) 0 

holds for all non-negative x, y, z only if A ) 0, ~ ) o. 
1 2 

Proof. P(x, y, z) = 2AZ(y - z) + 4~Zyz, and P(l, 0, 0) A, 
P (1, 1, 1) = 12~. 

We deduce using formula (0.1) that 

for all triangles only if A ) 0, ~ ) 0 [1]. 

The polynomials Zx2 - Zyz and Zyz are the basic (symmetric) posi­

tive quadratics for positive numbers, .hilst Za2 - Zbc and _Za2 + 2Zbc 
are the basic (symmetric) positive quadratics for the sides of a tri­
angle. 

2 
Since Zx - Zyz s2 _ 3r(4R + r), we have s2) 3r(4R + r) i.e. 

GI 5.6. 

Degree 3. ([1], [2], [4] ) 
As in [4 ] we write 

U = Zx3 -
2 

Zx (y + z) 

x(x - y)2 + z(y -

v 2 
Zx (y + z) - 6xyz 

w xyz. 

+ 3xyz = Zx (x - y) (x -

z)2 + (x - y) (y 

2 
Zx(y - z) , 

- z) ( 

z) 

x - y + z) , 

lihen x, y, z ) 0 we have U ) 0 (since without loss of generality 
x ) y ) z). This is Schur's inequality (AI, p. 119) with n = 1, and when 
we use (0.1) to express it in terms of a, b, and c we obtain Colins' 
inequality GI 1.6 (this inequality is from 1870). Also V) 0 and W ) 0 
when x, y, z ) O. Any symmetric cubic in x, y, z can be written in the 
form 

P(x, y, z) AU + ~V + VW. 
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THEOREM 2. [4] The inequality AU + ~V + VW ~ 0 holds for all x, y, z 
~ 0 only if A, ~, V ~ o. 

Proof. P(l, 0, 0) = A, prO, 1, 1) = 2~, P(l, 1, 1) = V. 

39 

The polynomials U, V, Ware the basic positive cubics for positive 
numbers. Using (0.1) we deduce that 

~A[_Ea3 + 2Ea2 (b + c) - 9abC] + ~[Ea3 - Ea2 (b + c) + 3abC] 

+ ~[_Ea3 + Ea2 (b + c) - 2abc] ~ 0 

for all triangles only if A, ~, V ~ 0 [1]. 
The three expressions in square brackets in the above inequality 

are the basic positive cubics for the sides of a triangle. 

We have U = s(s2 - 16Rr + 5r)2, giving one of Gerretsen's inequal­

ities s2 ~ 16Rr - 5r2 ([5], GI 5.14 and 5.25), and V = 4rs(R - 2r), 
giving Chapple-Euler's inequality R ~ 2r (GI 5.1) • 

Degree 4 ([2]). 
A real symmetric form of degree 4 can be positive at (1, 1, 1), (1. 1, 0), 
(2, 1, 1) and (4, 3, 2) while negative at (1, 1,1/2). (Note that in 
the previous cases, i.e. n ~ 3, from P(l, 1, 1), P(l, 1, 0), P(2, 1, 1) 
~ 0 it follows that pea, b, c) ~ 0 ([2]). 

Indeed, define a symmetric form of degree 4 by 

Pea, b, c) 

where A = 103/34, B -4, C = 2, D = 3. Then P(l, 1, 0) = 1/17, P(l, 1, 1) 
3/34, P(2, 1, 1) = 275/34, and P(4, 3, 2) = 1815/34, but P(l, 1, 1/2) 

= - 1/544. 

2. Special Inequalities 

In [1], [3], [6], [8], and [9] 'special' inequalities were considered, 
i.e. inequalities for which equality occurs when x = y = z, or when a = 
b = c, i.e. when the triangle is equilateral. 

Degree 2 [6]. 
THEOREM 3. The complete set of special quadratic inequalities is given 
by 

i.e. 

/ 
Degree 3 [6]. 

A > 0, 

(cf. Theorem 1). 

THEOREM 4. The complete set of special cubic inequalities is given by 
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AU + llV ~ 0, A, II ~ o. 

This result follows immediately from Theorem 2; in [6] the in­
equalities are expressed in the form 

a. ~ 0, s ~ -4a.. 

Degree 4 [1], [6], [9]. 
We shall give the formulation of the result from [9]. Write 

4 3 2 2 
A = Ex - Ex (y + z) + Ex yz = Ex (x - y) (x - z) 

B 

C 

122 
= 2E (y + z - x) (y - z) , 

,,22,,2 1",2( )2 
~y z - ~x yz = 2~x y - z • 

Then A ~ 0, B ~ 0, C ~ 0 are special quartic inequalities for non-nega­
tive x, y, z. In fact A ~ 0 and C ~ 0 for all real x, y, z; A ~ 0 is 
Schur's inequality (AI, p. 119) with n = 2. Any special symmetric 
quartic inequality for positive numbers has the form 

AA + liB + \lC ~ o. 

THEOREM 5. The inequality AA + liB + \lC ~ 0, holds for all x, y, z ~ 0 
only if A ~ 0, \I ~ 0, II ~ -/XV. 

Proof. Write AA + liB + \lC = f(x, y, z), and suppose that f(x, y, z) 
~ 0 for all positive x, y, z. Then A = f(l, 0, 0) ~ 0 and \I = f(O, 1, 1) 
~ O. Also 

this expression is positive for all positive x, y only if II + !XV ~ O. 
Hence the given conditions for f(x, y, z) ~ 0 are necessary. 

To show that the conditions are sufficient, we observe that 

f(x, y, z) AA - IAVB + \lC + (ll + /XV)B 

and AA - IAVB + \lC ~ 0 by the lemma since 

2 
3 «x + y + z) (y - z) (z - x) (x - y» ~ O. 

Alternatively, 

The polynomials A, Band C are the basic positive special quartics 
for positive numbers. To obtain the basic positive special quartics for 
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triangles, we use (0.1): 

Also 

and 

B 

143 2 
C = 4(La - La (b + c) + La bc). 

A 
4 2 2 2 

s - r (20R - r) s + 4r (4R + r) ;;. 0 

B 
2 2 

4r ((R + r) s - r (4R + r) ) ;;. 0 

222 
C = r «4R + r) - 3s ) 

which gives /3s ~ 4R + r, i.e. GI 5.5. 

Degree 6 [8], [9]. 

[6, 6.5] 

[6, 6.7] 

41 

2 
Inequalities of type s ~ q(R, r) where q is a quadratic polynomial, and 

also various inequalities connecting the angles of a triangle, can be 
reduced to special sextic inequalities in x, y, Z without any terms in-

volving LX6 or LXS(y + z). 

Write 

J 
4 2 LX (y + 2 Z ), 3 3 3 

K = XYZLX , L = LY Z , 

2 222 M XYZLX (y + z), N X y Z and 

p J - 2K - 2L + 2M - 6N = (y -
2 z) (z 

2 
- x) (x - y) 2 

Q K - M + 3N XYZLX(X - y) (x - z) = xyzU 

T L - M + 3N LYZ(YZ - zx)(yz - xy) 

S M - 6N = XYZLX(y -
2 

z) = xyzV. 

Then P ;;. 0, Q ;;. 0, S ;;. 0, and we obtain T ;;. 0 if we replace x, y, Z by 
yz, ZX, xy in the inequality U ;;. O. Also 

P 

Q 
2 2 2 

F (s - 16Rr + sr ) 
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T 
3 3 2 2 

r (4R + r) - F (16Rr - Sr-) 

We can write 

P 
2 2 2 22 3 

-4r ({s - 2R - 10Rr + r) - 4R{R - 2r) ) 

2 
-4r I, say; 

I ~ 0 is the fundamental inequality for R, rand s (see Chapter I). 

From T ~ 0 we deduce s2 ~ (4R + r)3/{16R - Sr), but this is weaker 

than Gerretsen's inequality s2 ~ 4R2 + 4Rr + 3r2. 
Any special symmetric sextic inequality for positive numbers, with 

no terms involving LX6 or LXS{y + z), has the form 

P{x, y, z) = ap + SQ + YT + oS ~ O. 

THEOREM 6. The inequality ap + SQ + yT + oS ~ 0 holds for all non-nega-
tive x, y, z only if a, S, Y~ o and 0 ~ -/SY. 

Proof. Suppose that P{x, y, z) ~ 0 for all positive x, y, z. Then 

P{x, 1, 0) = x 2 {a{x - 1)2 + yx), 
-4 1, 0) hence so x P{x, ... a as x'" 00; 

a ~ O. Also x-4p{x, 1, 1) ... S as x ... 00; hence S )0, and p{O, 1, 1) = y; 
hence y ~ O. Since S, y ~ 0, we can write 

2 2 rr;- 2 
P{x, y, z) = y (x - y) ({xvB - y/y) + 2{0 + /sy)xy). 

This expression is positive for all positive only if 0 ~ -/BY Hence the 
given conditions for P{x, y, z) ~ 0 are necessary. 

To show that the conditions are sufficient, we observe that 

P{x, y, z) = ap + (6Q - /BYs+ yT) + {o + /BY)S 

and 

SQ - /Sys + yT ~ 0 when S, y ~ 0 

by the lemma, since 

because R - 2r ~ O. 

3. Best Possible Inequalities 

Suppose that X ~ 0 and Y ~ 0 are two inequalities that hold for (let us 
say) all non-negative x, y, z, where X and Yare expressions in x, y, z 
and Y is not a constant multiple of X. If X ~ Y for all non-negative x, 
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y, z, with strict inequality for certain values of x, y, z, we say that 
Y ~ 0 is a better inequality than X ~ O. 

Two meanJ.ngs can be given to the term "best possible inequality" in 
a set of inequalities (see [7], [8], and [9]). Let us say that an in­
equality is best possible in the weak sense if no inequality in the set 
is better, and best possible in the strong sense (we shall write only 
best) if it is better than every other inequality in the set. 
---- These definitions can be extended to inequalities in (a, b, c) or 
in (R, r, s) etc. Our definition precludes us from saying that kX ~ 0 is 
better than X ~ 0 when 0 ~ k < 1. 

Degree 2 [3]. 
The only symmetric terms are linear combinations 
lowing theorem is a consequence of Theorem 1. 

2 
of T1 and T2 . The fol-

2 
THEOREM 7 (a) The best inequality of the type T1 ~ UT2 is 

this is equivalent to 

(b) within the set of all symmetric quadratic inequalities in non-
2 negative x, y, Z, ~x LYZ ~ 0 and LYZ ~ 0 are best possible only in 

the weak sense, since neither is better than the other. 

Degree 3. 
Frucht and Klamkin ([3], [7]) considered inequalities of types T~ ~ aT3 , 

~D T3~ . T1T2 7 ~T3 and 1 7 vT1T2 + wT3 ; they showed that the best inequalit~es 

of these types are 

T3 ~ (U + 4v ~ 
2 2 

1 27T3 0 or s ~ 27r ), 

T1T2 ~ 9T 
3 

(V ~ 0 or R~ 2r) 

and 

(U ~ 0). 

We can also consider inequalities of other types; for instance, the 
best inequality of type 

is 
3 1 2 

~x ~ 2LX (y + z) • 

These results, and the next theorem, are consequences of Theorem 2. 

THEOREM 8. Within the set of all symmetric cubic inequalities in x, y, z, 
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u ~ 0, V ~ 0 and W ~ 0 are all best possible in the weak sense. 

Degree 4. 
THEOREM 9 [3]. The best inequality of the type 

is 

Note also that some other results are obtained in [3]. Klamkin also 
showed that there is no best possible inequality in the strong sense in 
the class 

but the following result is valid ([9]): 

THEOREM 10. Within the set of all special symmetric inequalities, the 
inequalities AA - !AVB + VC ~ 0 (A, V ~ 0; A, V not both zero) and 
B ~ 0 are all best possible in the weak sense. 

Proof. This is a simple consequence of Theorem 5. 

Degree 5 [3]. 
5 

Any symmetric polynomial of degree 5 is a linear combination of T1 , 
322 

T1T2 , T1T3 , T1T2 , and T2Tr Klamkin uses the phrase "an inequality for 

(I, J, K)" to mean an inequality of the type I ~ uJ + vK. He has given 
a series of results for degree 5. For example, he has proved 

3 2 
while~ the best inequality for (T 1T2 , T2T3 , T 1T2 ) reduces to the best 
inequality from Theorem 8. 

Degree 6. 
First, we shall give the following result: 

THEOREM 12. Within the set of all special symmetric sex tic inequalities 

in x, y, z with no terms involving Zx6 or Zx5 (y + z), the inequalities 
BQ - I6y S + YT ~ 0 (B, Y ~ 0; B, Y not both zero)" P ~ 0 and S ;;;. 0 are 
all best possible in the weak sense. 

This is easily proved by the method of [9]. 
Some best possible inequalities in the strong sense, with some of 

6 4 2 2 3 3 
the possible seven terms: T1 , T1T2 , T1T2 , T2 , T1T3 , T1T2T3 and 

2 
T3 , are 

given in [3]. Here we shall give some of these results. 
The best inequalities relating pairs of the above terms are well 

known and are consequences of the previous pairs. An exception is 



HOMOGENEOUS SYMMETRIC POLYNOMIAL GEOMETRIC INEQUALITIES 

the pair (T~, T~T3) for which there is no inequality. 

3 2 
For (T2 , T3 , T1T2T 3 ) the best inequality is 

4. Generalization of Gerretsen's Inequalities 

45 

Gerretsen's inequalities, ascribed to Steinig in GI 5.8 and 5.17 and in 
[9] and [iCl], but obtained earlier in a different form by Gerretsen [5] 
(GI 5.14 and 5.25) are 

(1) 

(2) 2 2 2 
G2 = 4R + 4Rr + 3r - s ~ O. 

The first has already been obtained as a consequence of U ~ 0, and the 
second follows from P + 4T ~ 0 (see Section 3 of this Chapter). Gerretsen 
proved these inequalities by considering expressions for the squares of 
the distances of the incentre of a triangle from the orthocentre and the 
centroid (these squares must be non-negative). Of course, these inequal­
ities follow very simply from the fundamental inequality (see Chapter I): 

2R2 + tORr - r2 + 2(R - 2r)/R(R - 2r) 

4R2 + 4Rr + 3r2 - ((R - 2r) -

2 2 2 - IR (R - 2r)) .;;; 4R + 4Rr + 3r ; 

2R2 + 10Rr - r2 - 2(R - 2r)/R(R - 2r) 

((R - 2r) 

W. J. Blundon [11] stated incorrectly that Gerretsen's inequalities 

are the best possible inequalities in the class q(R, r) .;;; s2.;;; Q(R, r), 
where q(R, r) and Q(R, r) are quadratic forms with real coefficients. 
R. Frucht and M. S. Klamkin [7] gave correct results. Here we shall give 
the formulations and methods of J. F. Rigby ([8], [9]). 

As we stated before, to investigate inequalities 

(3) 
2 2 2 

s .;;; AR + ~Rr + (27 - 4\ - 2~)r , 

where the coefficients of r2 has been chosen to give equality when x = y 

= z, we multiply by F2 and use (0.2) to obtain sextic inequalities in 
x, y, z of the type discussed in Section 3. 
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THEOREM 13 [8], [9]. An inequality of type (3) holds for all triangles 
only if it has the form 

+ f:r(R - 2r} 

where 0 ~ 8 ~ 1 and £ ~ o. 
Within this set of special inequalities, those with f: 

best possible in the weak sense. 
The next result is proved in a similar way. 

THEOREM 14 [8], [9]. An inequality of type 

222 
s ~ AR + VRr + (27 - 4A - 2v}r 

holds for all triangles only if it has the form 

o are all 

(5) 
2 2 -1 2 2 2 2 2 

s ~ (1 - w) (-4w R + 4(4 + w - W }Rr - (5 + 8w + 3w }r ) 

- f:r(R - 2r} 

where 0 ~ w < 1 and f: ~ O. 
Within this set of special inequalities, those with f: = 0 are all 

best possible in the weak sense. 
For e = W = f: = 0, fro~ (4) and (5) we get Gerretsen's inequal­

ities. 
The inequalities (4) and (5) have also been proved by Frucht and 

Klamkin [7]. They also showed that these inequalities are a consequence 
of the fundamental inequality. 

Note that (4) and (5) can be expressed as a single set of inequal­
ities: 

THEOREM 15. 

+ r(R - 2r}v ~ 0 

for all A, V, V ~ O. 
If A < V we put A/V = 8 2 , V/(v - A} = £, to obtain (4); if A> v 

2 
we put viA = W , v/(A - v} = £ to obtain (5); if A = v we obtain 

2 
4A(R - 2r) + vr(R - 2r} ~ o. 

When V 0, the inequality in Theorem 15 can be written as 

where G1 ~ 0 and G2 ~ 0 are Gerretsen's inequalities. Also 
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so Theorem 15 can be proved directly from the Lemma, and we have inci­
dentally found another way of writing the fundamental inequality I ~ 0: 

THEOREM 16. (a) An inequality of type s ~ AR + ~r holds for all tri­
angles only if it has the form 

s ~ 2R + (313 - 4)r + a(R - 2r) + Sr 

where a, S ~ 0, so that in this set of inequalities 

(6) s ~ 2R + (313 - 4)r 

is best possible in the strong sense. 
(b) An inequality of type s ~ AR + ~r holds for all triangles only 

if it has the form 

s ~ 313r - a(R - 2r) - Sr 

where a, S ~ 0, so that in this set of inequalities 

(7) s ~ 313r 

is the best possible in the strong sense. 
These best-possible inequalities are derived in [10] and [11]. We 

obtain (6) in the form 

by putting 8 0, s = 1213 - 20 in (4); we obtain (7) in the form 

s2 ~ 27R2 by putting w = 0, s = 16 in (5). Hence (6) and (7) are not 
best possible even in the weak sense when we square them; this is be­
cause we then consider them within a much wider set of inequalities. 
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Chapter IV 

DUALITY BETWEEN DIFFERENT TRIANGLE INEQUALITIES 
AND TRIANGLE INEQUALITIES WITH (R, r, s) 

1. Some General Considerations and Some Applications 

A very useful method in proving geometric inequalities is the trans­
formation of any triangle inequality 

where (ui ' Vi' Wi) (i = 1, ... , n) are sets of triangle elements, into a 

triangle inequality with (R, r, s). 
For example, if the following identities hold 

(2) (i = 1, ... , n), 

then (1) becomes 

(3) F(gl (R, r, s), ••• , gn (R, r, s» ~ O. 

In many cases this inequality is equivalent to a known (R, r, s)­
inequality (Chapple-Euler, Gerretsen or fundamental inequality, for 
example) • 

Thus, corresponding identities playa very important role for 
proving geometric inequalities. Some of these identities are given in 
11.3., and some others will be given in the next part of this chapter. 

Of course, we can directly use any identity in order to generate 
geometric inequalities. For example, assume that we have an identity 

(4) f(u, v, w) = g(G(R, r), H(s» 

and an inequality 

(5) H(s) ~ T(R, r). 

If g is nondecreasing in the second variable we get 

(6) f(u, v, w) ~ g(G(R, r), T(R, r» 

and the reverse inequality if g is nonincreasing in the second variable. 
Similarly, if we have an inequality 

(7) G(R, r) ~ V(s) 

and if g is nondecreasing in the first variable, then 
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(8) f(u, v, w) ,.;; g(V(s), R(s» 

or the reverse inequality if g is nonincreasing in the first variable. 

EXAMPLES: 1° (GI 5.14, Gerretsen): 

Proof. Since (II 3.10) i.e. Ea 2 = 2s2 - 8Rr - 2r2, is valid, using 
the well known Gerretsen inequalities GI 5.8, i.e. 

2 2 2 r (16R - 5r) ,.;; s ,.;; 4R + 4Rr + 3r 

we get the above inequalities. 
Remark. Of course, we can obtain very many such inequalities (see 

Chapter X of the book). 
2° (R. R. Janie, Univ. Beograd. publ. Elektrotehn. Fak. Ser. Mat. 

Fiz. No. 498-541 (1975), 183): 

If a triangle is non-obtuse, then the following inequality is valid 
(A. W. Walker, 'Problem E 2388', Amer. Math. Monthly 79 (1972), 1135): 

222 
s ~ 2R + 8Rr + 3r • 

Using this inequality and 

E b + c 
a 

we obtain 

b 2 3 + 2r2 E~~R + Rr 
a Rr 

In the same way we obtain 

E~";; 
b + C 

R2 + 8Rr + 4r2 
22' 

2R + 10Rr + 4r 

from the identity 

E~ = 1(1 + 2r(3R + 2r) ). 
b+c 2\ 2 s + r(2R + r) 

Remark. For some other similar results for special triangLes see 
Chapter X. 

Further, we shall note that inequalities of the form (3) are hom­
ogeneous, so using the substitutions 

(9) x = r/R and y = siR, 

this inequality becomes 
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(10) Fl (fi (x, y), ••• , f~(x, y» ;;;. 0 

i.e. 

(11) F2 (X, y) ;;;. O. 

For example, we showed in II 2.3. that the fundamental inequality 
can be written in the form 

2 22 2 2 2 2 
(x + y) + 12x - 20xy + 48x - 4y + 64x ..; O. 

Geometrically, this condition is described by the figure on page 10. 
J. Garfunkel and G. Tsintsifas in an unpublished paper 'Inequal­

ities through R-r-s triangles' used the same condition but they worked 
differently: 

It is not difficult to prove the following proposition. Let C be a 
conic and f(x, y) = 0 its equation, let Ml (x l , Yl)' M2 (x2 , Y2) be two 

interior pOints of C (if C is an hyperbola Ml , M2 belong to the interior 

of the same branch), then f(x 1 , Yl)f(x2 , Y2) > O. 

The idea of the method will be shown by one of their examples: 
For every triangle ABC 

(12) L cos A - L cos B cos C ;;;. 3/4. 

It is known that 

L cos A = R + r 
R 

and L cos A cos B 
2 2 

x + Y 
4 - 1 

(see the next part of this chapter). Therefore, (12) is equivalent to 

(13) 2 2 
x + y - 4x - 5 ..; O. 

Inequality (13) is true for all nonexterior points of the circle x2 + y2 
1 313 . - 4x - 5 = O. But, the points 0(0,0),0(0,2), Al (2' --2-) (see F~gure 2 

on page 10) are included in that circle. Hence, our conclusion follows 
immediately. 

Remarks. 1° We shall note that the above inequality can be proved 
by using the well known Gerretsen and Chapple-Euler inequalities: 

2 2 2 2 2 
s ..; 4R + 4Rr + 3r = 5R + 4Rr - r - (R - 2r) (R + 2r) ..; 

which is equivalent to (13). 
2° Garfunkel and Tsintsifas used their method for proving some 

inequalities for special triangles, too. 
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2. Some Equivalent Forms 

(1) The sides of any triangle are the roots of the equation 

t 3 _ 2st2 + (s2 + r2 + 4Rr)t - 4sRr = O. 

Proof. Using the identities 

a = 2R sin A = 4R sin ~ cos ~, s - a 

we get 

sin 
2 A ar 2 A a(s - a) 

2= 4R(s a) 
, cos 2 4Rr -

ar a(s - a) sin 
2 A 2 A 

4R(S - a) 
+ 

4Rr 2+ cos 
2 

which is equivalent to 

a3 _ 2sa2 + (s2 + r2 + 4Rr)a - 4sRr = o. 

A 
r cotan 2 ' 

i.e. 

1, 
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Similarly, we can prove that band c satisfy the same condition. 
By using Viete's formulas, we directly obtain 

(2) La = 2s, 

(3) Lbc 
2 2 

s + r + 4Rr, 

(4) abc 4sRr. 

Now, we shall give some other identities. 

(5) 
2 2 2 

La = 2(s - r - 4Rr) • 

Proof. Using the identity 

and (2) and (3), we obtain (5). 

(6) 
3 2 2 

La = 2s(s - 3r - 6Rr) . 

Proof. Using the identity 

and (2-4) we get (6). 
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(7) 

(8) 

(9) 

(10) 

(11 ) 

(12) 

2 2 
IT(a + b) = 2s(s + r + 2Rr). 

Proof. This is a similar consequence of the identity 

IT(y + z) 

s2 + r2 + 4Rr 
4Rrs 

Proof. This is a consequence of the identity 

Proof. This is a consequence of the identity 

2:~= T/T3 • yz 

1 (s2 
2 2 

- 4Rr + r ) 
2:2" = 4Rrs Rr 

a 

Proof. This is a consequence of the identity 

Proof. This is a consequence of the identity 

-1 
a 

-1 -1 
b ,c are the roots of the equation 

322 2 
4srRt - (s + r + 4Rr)t + 2st - 1 = O. 

Proof. By the substitution t ~ lit, we get (12) from (1). 
Remarks. 1° Using Viete's formulas, we can get (8) and (9) from 

(12) . 
2° Similarly, we can qet several similar results (see III 3.). 

(13) x, y, z (x = s - a, etc.) are the roots of the equation 

53 
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t 3 _ st2 + r(4R + r)t - 2 
sr o. 

CHAPTER IV 

Proof. By the substitution t ~ s - (s - t), we get (13) from (1). 
-- -1 -1 -1 

(14) x, y , z are the roots of the equation 

(15) 

(16) 

2 3 2 
sr t - r(4R + r)t + st - 1 = o. 

Proof. By the substitution t ~ lit, we get (14) from (13). 

Consequences of (13) and (14) are for example: 

L:xy 

2 
xyz = r s, 

2 
4Rr + r ; 

which is the well known Heron formula 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

F = Is(s - a)(s - b)(s - c). 

s2 - 2r(4R + r) ; 

s(s2 - 12Rr); 

L:! = 4R + r 
x sR 

L:~ = 1 
xy 2" 

r 

L: __ a_ = 
s - a 

4R - 2r 
r 

2 
4s(R L:_a_= -

s - a r 

L: c 
(s - a) (s - b) 

2 
L: c 

(s - a) (s - b) 

r) 

2(4R 
sr 

4(R + 
r 

+ r) 

r) 

(26) sin A, sin B, sin C are the roots of the equation 

Proof. If we put a 2R sin A, etc., (1) becomes (26). 



DUALITY BETWEEN DIFFERENT TRIANGLE INEQUALITIES 

(27) 

(28) 

(29) 

(30) 

(31 ) 

(32) 

(33) 

l: sin 
s 

A 
R 

l: sin B sin C 

sr 
IT sin A = --2 

2R 

2 
2 

l: sin 
s 

A 

3 s(s 
l: sin A 

2 
s + 4Rr + r 

4R2 

- 4Rr 
2 

- r 

2R2 

2 
6Rr 

2 - - 3r ) 

4R3 

IT(sin A + sin B) 

2 

s4 _ (BRr + 6r2)s2 + r2(4R + r)2 

8R4 

(34) cos A, cos B, cos C are the roots of the equation 

Proof. By summing the equation a = 2R sin A and s - a 

and expressing sin A and cotan ~ by cos A, we get 

2R/(1 - cos A) (1 + cos A) + r/~ ~ ~~: ~ = s 

wherefrom by squaring we get 

+ (2R + r)2 _ s2 = o. 

55 

A 
r cotan "2 

Similarly we can prove that cos B and cos C satisfy the same condition, 
too. 

(35) 1: cos A 
R + r =---

R 

(36) 1: cos A cos B 
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(37) IT cos A 
2 2 

s - (2R + r) 
2 

4R 

(38) 

(39) 

(40) n(cos A + cos B) 

- s 
2 

2 
+ s r 
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(41) cosec A, cosec B, cosec C are the roots of the equation 

(42) 

(43) 

(44) 

(45) 

3 2 2 2 2 
2srt - (s + r + 4Rr) t + 4Rst - 4R = O. 

Proof. By the substitution t ~ lit we get (41) from (34). 

-2 2 
l: cosec A 

s + r 
2sr 

l: cosec B cosec C 

l: 
2 

A 
(s2 + r 

cosec 

l:sin A + sin B 
sin C 

+ 4Rr 

2R 
r 

2 
+ 4Rr) 

2 
- 16s2Rr 

4s2R2 

(46) sec A, sec B, sec C are the roots of the equation 

2 232222 2 
(s - (2R + r) )t - (s + r - 4R)t + 4R(R + r)t - 4R 0; 

(47) l: sec A 
s2 + r2 _ 4R2 

2 2 
s - (2R - r) 

(48) l: sec B sec C 
4R(R + r) 

2 2 
s - (2R + r) 

(49) 
(s2 + r2 _ 4R2)2 _ 8R(R + r) (s2 - (2R + r)2) 

2 2 2 
(s - (2R + r) ) 
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2 2 _ 4R2) 
(50) LCOS A + cos B (R + r) (s + r 

- 3; cos C 2 (2R + r)2) R(S -

(51) II sin A + sin B =~ 
cos A + cos B r 

(52) sin 
2 A 

sin 
2 B 

sin 
2 C 

2' 2' 2 are the roots of the equation 

23 2 2 2 2 
16R t - 8R(2R - r)t + (s + r - 8Rr)t - r = O. 

f S ' A 1 2 ,2 A by th b t't ' t 1 2t Proo. ~nce cos = - s~n 2' e su s ~ ut~on -+ -
we get (52) from (34). 

(53) 

(54) 

(55) 

(56) 

(57) 

(58) 

(59) 

(60) 

(61 ) 

(62) 

,2A 2R-r 
Ls~n 2=~ 

4 8R2 2 2 
L sin A ___ +_r-::-_-_s_ 

2 = 8R2 

2 A 2 2 2 
L sin B s + r 

2 sin 2= 
16R2 

2 2 

- 8Rr 

A B 2 c cos 2' cos 2' cos 2 are the roots of the equation 

2 2 2 2 
8R(4R + r)t + (s + (4R + r) )t - s 

2 A 4R + r 
LCOS 2=~ 

L 2 B 2 C s2 + (4R + r)2 
cos 2 cos 2 = 16R2 

0; 

2 A 2 B 2 C 
cosec 2' cosec 2' cosec 2 are the roots of the equation 

23 2 2 2 2 
r t - (s + r - 8Rr)t + 8R(2R - r)t - 16R 0; 

2 A s2 + r2 - 8Rr 
L cosec 2 = 2 

r 

2 B 2 C 8R(2R - r) 
L cosec 2 cosec 2 = 2 

r 

2 A 2 B 2 C 
sec 2' sec 2' sec 2 are the roots of the equation 
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23 2 22 2 
s t - (s + (4R + r) )t + 8R(4R + r)t - 16R 0; 

(63) 
2 2 

~ 2 A s + (4R + r) 
L. sec "2 = 2 

s 

(64) 
2 A 2 B 8R(4R + r) 

Z sec 2 sec "2 = 2 
s 

(65) Z cos 2A 

Proof. This follows from (38), since cos 2A 2 cos2 A - 1. 

(66) Z sin 2A 

(67) IT sin 2A 

4 TI sin A 
2rs 

R2 

8IT sin A IT cos A 
2 2 

sr(s - (2R + r » 
4 

R 

(68) cotan A, cotan B, cotan C are the roots of the equation 

2 2 2 2 2 
(s - r - 4Rr)t + 2srt + (2R + r) - s o. 

Proof. If sin 
A 

A and cotan "2 are expressed in terms of cotan A, then 
A 

2R sin A + r cotan "2 = s becomes 

Ii + 

2R 
2 

cot:an 
s - r cotan A. 

After squaring and simplifying we get that cotan A is a root of the 
above equation. The same is valid for cotan Band cotan C. 

2 2 
- 4Rr s - r 

2sr 
(69) Z cotan A 

(70) TI cotan A 

2 
(2R + r)2 s -
2sr 

(71) L: cotan2 A 

(72) IT(cotan A + cotan B) 
sr 
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(73) 

(74) tan A, tan B, tan C are the roots of the equation 

2 2 3 2 2 2 
(s - (2R + r) )t - 2srt + (s - 4Rr - r )t - 2sr O. 

Proof. By the substitution t ~ lit we get (74) from (68). 

(75) ~ tan A = ~ __ 2_s_r ___ ~ 
s2 _ (2R + r) 2 

(76) ~ tan A tan B 
s2 r2 _ 4Rr 

2 2 
s - (2R + r) 

(77) 
22 2 2 2 2 

4s r - 2(s - r - 4Rr)(s - (2R + r) ) 
2 2 2 

(s - (2R + r) ) 

(78) 
2 2 2 2 2 

8sr(s r - 3R (s - (2R + r) » 
2 2 3 

(s - (2R + r) ) 

(79) II(tan A + tan B) 

(80) ~ cotan 2A 
sr 

+ ---:..::.,2;;---"""2 
(2R + r) - s 

(81) IT cotan 2A 
222 222 

(2s - (2R + r) - r - 4Rr) - 16s r 
2 2 

16sr(s - (2R + r) ) 

(82) 
ABC 

tan 2' tan 2' tan 2 are the roots of the equation 

3 2 
st - (4R + r)t + st - r = O. 

Proof. If in 2R sin A + r cotan ~ = s the functions A ~ sin A and 
A 2 A 

A ~ cotan 2 are expressed in terms of tan 2' after simplifying, we find 

that tan ~ is 
B 

tan 2 and tan 

the root of the above equation. The same is valid for 
C 
2· 

(83) ~ tan ~ = 4R + r 
2 s 
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(84) IT A r 
tan 2 = -

5 

(85) 
A ~) 4R 

IT (tan 2 + tan 
2 5 

(86) 
2 A (4R + r)2 - 25 

2 
l: tan 

2 2 
5 

(87) l: 
3 A (4R + r)3 - 12s2R 

tan 
2 3 

s 

(88) 
ABC 

cotan 2' cotan 2' cotan 2 are the roots of the equation 

3 2 
rt - st + (4R + r)t - s ~ o. 

Proof. By the substitution t ~ lit we get (88) from (82). 

(89) l: cotan ~ = IT cotan ~ = : 

(90) 

(91) 

(92) 

(93) 

(94) 

(95) 

l: 
B C 4R + r 

cotan - cotan - = ------
2 2 r 

2 
2 

- 2r(4R + r) 
l: 

A s 
cotan 

2 2 
r 

3 s(s 
2 

- 12Rr) 
l: 

A 
cotan 2 3 

r 

A B 
IT (cotan 2 + cotan 2) 4sR 

-2-
r 

l:a sin A 
2 2 

s - r - 4Rr 
R 

tan ~ B 
+ tan 2 cotan 

l: ___ a __ = l: 2 l: 
s - a C 

tan 2 

A B 
2 

+ cotan 2 4R -
C 

cotan 2" r 
2r 

(96) l:a tan ~ = 2(2R - r) (V. Bobancu, Gaz. Mat. (Bucharest) B 20 

(1969), 482); 

(97) r a , r b , rc are the roots of the equation 
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3 2 2 2 
t - (4R + r)t + s t - s r = 0, 

Proof. From elementary geometry it is well known that 

r 
~ = __ s_ i.e. 
r s - a 

-1 
x 

r 
a 

=-
rs 

If we put this expression in (14), we get (97). 

-1 -1 -1 are the t f th t' (98) ra ' rb ' rc roo s 0 e equa ~on 

(99) 

(100) 

(101) 

(102) 

(103) 

( 104) 

(105) 

(106) 

(107) 

(108) 

(109) 

(110) 

s2rt3 2 2 
(4R + r)t - 1 - s t + 

Er 4R + r; 
a 

Erbrc 
2 

s ; 

2 
IIr i.e. 

a 
s r, 

2 2 2 
Er (4R + r) - 2s ; 

a 

E~ = .!. 
r r a 

E_l_ = 
rbrc 

1 
E2" = 

s 

r 
a 

rb + r 
E 

r 
a 

2 

c 

2 
4s R; 

4R + r 
2 

s r 

- 2r(4R + r) 
2 2 

s r 

4R - 2r 
r 

Some interesting consequences are 

0; 

61 
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(111 ) 

( 112) 
r + r 

E ___ a__ = E b e 
s - a r 

a 

(113) ha , ~, he are the roots of the equation 

Proof. From the equality aha = 2F = 2sr we get a = 2sr/ha , i.e. 

ha 2sr/a, so from (12) we get (113). 

(114) 

(115) 

( 116) 

(117) 

i.e. 

(118 ) 

(119) 

(120) 

(121 ) 

(122) 

(123 ) 

-1 -1 -1 
ha ' ~ , he are the roots of the equation 

Eh 
a 

1 2 2 
= 2R (s + r + 4Rr) ; 

2 
2s r/R; 

2 2 
ITha = 2s r /R, 

F /1. RITh ; 
2 a 

2 1 2 2 2 2 
Eh = ---2 ((s + r + 4Rr) - 16s Rr) ; 

a 4R 

E~ = 1. 
h r 

a 

0; 

3 1 2 2 3 2 2 2 222 
Eh ---((s + r + 4Rr) - 24s Rr(s + r + 4Rr) + 48s R r ); 

a 8R3 

2 
E_l_ = s 
~hc 
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(124) 

(125) 

(126) 

(127) 

(128) 

(129) 

(130) 

2 2 
-4Rr L:~ s - r 

h 2 2s2r2 
a 

~+ h 2 2 
- 2Rr c s + r 

L: h 2Rr 
a 

Some further applications are 

L:~ 
r 

a 
L:~ 
h 

a 

sr 

2R2 

rL:h h = II h • 
-0 c a' 

h + h 
L:b + c = L:-o c 

a h 

IIw 
a 

a 

Remark. For some other similar identities, see XI.l. 
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Chapter V 

TRANSFORMATIONS FOR THE ANGLES OF A TRIANGLE 

1. Some Applications of Pexider's Functional Equation in Geometry 

In this chapter we shall give some results about transformations of the 
angles of a triangle or polygon. First, we shall give the following 
result: 

THEOREM 1. Real continuous functions A ~ A1 (A), B ~ B1 (B), C ~ C1 (C) are 
the solutions of the equation 

with condition 

(2) A + B + C = n 

if and only if they have the following form 

(3) leA + An, B1 = kB + llTI, kC + \!n 

(k + A + 11 + \! = 1). 

Proof. From (1) and (2) we get 

(4) A1 (n - B - C) = n - B1 (B) - C1 (C) . 

If we put 

(5) f(x) g(x) 
n 
2 - B1 (x) , h(x) 

n 2" - C1 (x) , 

(4) becomes 

(6) f(B + C) = g(B) + h(C), 

which is the well known Pexider functional equation, the general con­
tinuous solution of which is 

(7) f(x) = ax + c 1 + c 2 , g(x) h(x) 

So, 

(8) 
n 
2 - aB - c 1 , 
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and using the substitutions 

a= -k, ].l1T, V1T, 

from (8) we get (3). 
The following result of ~. Madevski ([1]) can be proved similarly. 

THEOREM 2. Real continuous functions A ~ Al (A), B ~ B1 (B), e ~ e1 (e) are 
solutions of the system 

(9) 1T, 

with condition 

(10) A, B, e ;;,: 0, A + B + e = 1T, 

if and only if they have the form (3) with condition 

(11) A, ].l, k + A, k + ].l ;;,: 0; A + ].l, k + A + ].l ..; 1. 

Remark. From (11) follows the condition -1/2 ..; k ..; 1. 
In the above theorem we considered the class of all triangles. For 

this class we shall use the notation K, i.e. we can put 

( 12) 

or 

(12' ) 

(13) 

or 

(13' ) 

K = {(A, B, e) : A, B, e ;;,: 0, A + B + e = 1T} 

K = {(A, B): A, B;;': 0, A+B";1T}. 

For the class of acute triangles we shall use the notation KO' i.e. 

KO = {(A, B, e): 0"; A, B, e"; 1T/2, A + B + e = 1T}, 

K = {(A, B): 0"; A, B"; 1T/2, o A + B ;;,: 1T/2}, 

and Ke for the classes of non-acute triangles with non-acute angle e: 

(14) {(A, B, e): 0"; A, B"; 1T/2, e ;;,: 1T/2, A + B + e = 1T} 

or 

(14' ) Ke = {(A, B): A, B;;': 0, A + B ..; 1T/2}. 

Similarly we have 

KA = {(A, B, e): 0"; B, e"; 1T/2, A ~ 1T/2, A + B + e 
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or 

and 

or 

{(A, B): A ~ n/2, B ~ 0, 

{(A, B, C): 0';;; A, C ,;;; n!2, 

K = {(A, B): A ~ 0, 
B 

B ~ n/2, 

CHAPTER V 

A + B ,;;; n}, 

B ~ n/2, A + B + C n} 

In OAB coordinate system the classes K, KO' KA, KB and KC are given 

by triangles OAB, PQR, APR, PBQ, ORQ, respectively, as it is shown in 
Figure 1. 

B 

Q(O,1(12) 

K 

A(a,x) A a 

Fig. 1. 

B 

B 

K( 

R(1(12,a) 

Similarly we can prove the following result: 

A 

LEMMA 1. (i) Functions A1 , B1 , C1 ' defined by (3), transform KO in K if 

(15) 
k k 

A, 1-1, 2" + A, 2" + 1-1 ~ 0; 
k 2" + A + 1-1, k + A + 1-1';;; 1. 

(ii) Functions A1 , B1 , C1 ' defined by (3), transform Kin KO if 

(16) A, 1-1 ~ 0; o ,;;; k + A, k + 1-1 ,;;; i; 1 2" ,;;; A + 1-1, k + A + 1-1 ,;;; 1. 

A 

THEOREM 3. Functions A1 , B1 , C1 ' defined by (3), transform KO in K in 



TRANSFORMATIONS FOR THE ANGLES OF A TRIANGLE 

one-to-one way if and only if k -2, A = 11 = v = 1, 

(17) Al = 'IT - 2A, Bl = 'IT - 2B, C1 = 'IT - 2C. 

Proof. We have from (3) 

(18) 
1 A 1 

- t'IT· A fAl - k'IT, B = kBl 

So, using Lemma 1 we see that (15) must hold and 

( 19) A _ l:!. ~ o. 
k' k ' 

!~-~ 
2 k 

O ':::~ , k 

1 - A - 11 
k ~ 1. 

~<!. 
k '2' 

67 

i.e. if and only if 

If A, 11 > 0, then from the first inequalities in (19) we get k < 0, and 
(19) becomes 

(19' ) k k 
"2 + A, "2 + lJ ~ 1; 

k 
2 + A + 11, A, 11 ~ 1; 

From (19') and (15) we get the condition ~ + A + lJ = 1, i.e. k = 2(1 - A 
k 

- lJ). From "2 + A ~ 0 we get lJ ~ 1, what with (19') gives lJ = 1. Similar-

ly we get A 1, and therefore k = -2. 
If A = 0 or 11 = 0 the systems (15) and (19) have no joint solution. 

LEMMA 2. (i) Functions Al , B1 , C1 ' defined by (3) , transform K in KC if 

A, A, + lJ ~ A + 11, k + A + 
1 

(20) 11, k + k 0; 11~"2 

(ii) and KC in K if 

k k ,. 
(21 ) A, A, + lJ ~ 0; A + 11, 

J\. 

+ A +lJ~1. lJ, "2 + 2 2 

THEOREM 4. Functions A1 , B1, C1 ' defined by (3), transform one-to-one K 

in KC if and only if k = 1/2, A lJ 0, i.e. if and only if 

(22) Al = A/2, Bl = B/2, c 1 = (C + 'IT) /2. 

Proof. Using Lemma 2 (ii) and (18) in the case A, lJ > 0, we get 
A, lJ > 1/2, what is in contradiction to (20). Similar results we get in 
the cases A = 0, lJ > 0, and A > 0, u = 0, so, we must put A = U = O. In 
this case from Lemma 2(ii) we get k ~ 1/2, what with (20) gives k = 1/2. 

LEMMA 3. (i) Functions A1 , B1 , C1 ' defined by (3), transform KO in KC if 
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k A, k k 
+ A k + A +]1~ 1 

(23) A, ]1, - + 2+]1) 0, 
2 

+ ]1, 2' 2 

(E) and KC in KO if 

o ~ A, k A, k 1 .!..~~ + A A (24) ]1, - + 2 + ]1 ~ 2' + ]1, + ]1 • 2 2 2 

THEOREM 5. Functions Al , B1 , Cl ' defined by (3), transform KO in Kc one­

to-one if and only if A = ]1 = 1/2, k = -1, i.e. if and only if 

(25) 1T 2 - A, C1 = 1T - C. 

Using a generalization of Pexider's equation we can analogously 
extend Theorem 1: 

THEOREM 6. Real continuous functions Ai ~ Ai(Ai ) (i 
are solutions of equation 

(26) 
n 
L: 

i=1 

with condition 

(27) 
n 
L: 

i=1 

A' 
i 

A. 
~ 

(n - 2)1T, 

(n - 2)1T, 

if and only if they have the following form 

1, ... , n, n ;?: 3) 

(28) (i = 1, ... , n) and 

n 
L: 

j=O 
k. 1. 

J 

Now, we can prove the following theorem about transformations of 
the angles of polygons: 

THEOREM 7. (i) Real continuous functions A. ~ 
solutions of the system 

(29) o ~ A ~ ~ 21T 
~ 

with condition 

(30) o ~ A. ~ 21T 
~ 

(i 1, ... , n) 

(i 1, ... , n), 

~ 

n 
L: 

i=l 
A' 

i 

1, .,., n) are 

(n - 2)1T, 

(n - 2)1T, 
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if and only if they have the form (28) with condition 

(31 ) o .;;; k. (n - 2) .;;; 2, 
~ 

(i = 1, ... , n). 

(ii) Real continuous functions Ai ~ Ai (Ai) (i 
solutions of the system 

(32) o .;;; A' .;;; 'IT 
i 

with condition 

(33) 

(i 

(i 

1, ••. , n), 

1, ... , n), 

n 
L 

i=l 

n 
L 

i=l 

A' 
i 

A. 
~ 

1, ••• , n) are 

(n - 2)'IT, 

(n - 2)'IT, 

if and only if they have the form (28) with condition 

(34) o .;;; k (n - 2) .;;; 1 
i ' 

o .;;; k + k. (n - 2) .;;; 1 o ~ 
(i=l, ••• ,n). 

Remarks. 1° Theorem 7 (ii) for n = 3 becomes Theorem 2. 
2° Of course, we can also give the solution of system (29) with 

condition (33), or the solution of system (32) with condition (30). 
3° Of course, it is possible to consider more general transform­

ations. For example, Z. Madevski [1] considered the affine transform­
ations: 

(35) A1 ~lA + ~2B + ~3C' B1 n1A + n2B + n3c , 

C1 = slA + s2B + s3C 

with the following condition imposed 

~1 ~2 ~3 

(36) n1 n2 n3 'I O. 

sl s2 s3 

Note that from the conditions 

(37) LA1 = 'IT and LA = 'IT 

we get 

(38) ~i + n i + si (i 1, 2, 3) , 

so, (36) becomes 
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/;:1 /;:2 /;:3 

(39) 111 112 113 ~ o. 

1 

4° Note that the following result is valid (see [2]): 

The angles A1 , ... , An of simple closed polygons in E2 satisfy 0 < 
Ai < 2n and ZAi = (n - 2)n. If numbers Ai with these properties are 

given, then a polygon with the Ai as angles in the given order exists. 

2. Some Applications 

The above transformations playa very important role in geometry. Here 
we shall give some applications from [1, pp. 28-32]: 

2.1. If A, B, C are angles of a triangle, then A1 = (n - A)/2, etc. are 

also angles of a triangle. Using this transformation we have: 

313 
Z sin A";; -2- ~~313 (GI 2.1) ~ Z cos 2 ' 2 

GI 2.8 

GI 2.23 

~ GI 2.28 

~ IT sin ~,,;;! 
2 8 

(GI2.27), 

(GI 2.12). 

2.2. If A, B, C are angles of a triangle, then A1 = A/2, B1 = B/2, 

C1 = (n + C)/2 are angles of a triangle from class KC. Using this trans­

formation we get: 

< A B + cos E < 1 + ;'>2, GI 2. 2 ~ o· sin 2" + sin 2 2 v L. 

GI 2.4 ~ sin I + sin ~ + cos %> sin A + sin B - sin C, 

< cos2 A 2 B 2 C < GI 2.21 ~ 0 2" + cos 2" - cos 2" 2. 

2.3. If A, B, C are angles of an acute triangle, then A1 = n - 2A, etc. 

are angles of a triangle. Using this transformation we get 

GI 2.27 ~ GI 2.2 (2), 

GI 2.1 

GI 2.4 

313 
~ 0 < Z sin 2A ,,;; -2-

~ Z sin 2A + Z sin 4A> 0 (~L sin 3Acos A > 0), 
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GI 2.56 ~ (L cos A)2 ~ L sin2 A. 

2.4. If (A, B, e) EKe' then A1 = 2A, B1 = 2B, e 1= 2e - TI are angles of 

a triangle, so we have 

GI 2.9 ~ 1 < sin A + sin B - cos e~l 
2 ' 

~l~ 2 2 2 
GI 2.14 

4 
sin A + sin B + cos e < 1, 

GI 2.27 ~2 < cos A + cos B + sin e ~ 3/3 
2 

GI 2.24 ~ - !~ 
8 

IT cos 2A < 1. 

TI 2.5. If A, B, e are angles of an acute triangle, then A1 = 2 - A, 

B1 = ~ - B, e 1 = TI - e are angles of a triangle from class Ke , so we 

have 

GI 2.8 ~ 0 < cos A cos B sin e < 3/J 
8 

GI 2.2 ~ 0 < cos A + cos B + sin C < + 12, 

2.6. If (A, B, e) EKe' then A1 
TI 
2 - A, B1 

TI 
2 - B, e1 

angles of an acute triangle, so we have 

GI 2.2 ~ 2 < cos A + cos B + sin ,,:::3/3 
e '" -2-' 

2 < 2 2 
sin2 C ~ 

9 
GI 2.3 ~ cos A + cos B + 

4 
, 

GI 2.24 ~ - ~ ~ sin A sin B cos e < 0, 

GI 2.30 ~ cotan A + cotan B - tan e ) 3/3. 

TI - e are 

Remark. For some other examples see for instance I.3. Of course, we 
gave only some applications of transformations of angles of a triangle. 
Very many other results can be found in [1J. 

3. On the Obtaining of Analytic Inequalities from Geometric Ones 

3.1. If a triple (x, y, z) defines the angles of a triangle, we shall 
write b(x, y, z). 

Let x(t), y(t), z(t) be three real valued functions such that 
b(x(t), y(t), z(t» for every t in [a, bJ. Then obviously, if R(A, B, e) 
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is a relation between the angles of a triangle, then R(x(t), y(t), z(t» 
will be a relation on [a, b) (see [3]). 

1 1 
EXAMPLES. 1° 6(A 1 cos t + }(TI - cos t), A2 cos t + }(TI - cos t), 

1 
A3 cos t + }(TI - cos t», A1 , A2 , A3 > 0, LAl = 1, -00 < t < +00. 

From GI 2.1 and GI 2.16 we get 

sin TI - ~os t L cos (At cos t) + cos TI - ~os t L sin(A 1 cos t) ~ 

~ 31'3 
2 ' 

TI - cos t L TI - cos t A cos 3 cos (\ cos t) - sin 3 . L sin ( 1 cos t) 

multiplying the first inequality by sin TI - cos t and the second by 
TI - cos t 3 

cos 3 we get by addition 

1 
L cos(~l cos t) ~ 3 cos(} cos t), 

with equality for Al = A2 

2° Replacing cost in 1° by 3 arccos t (1/2 ~ t ~ 1), the same 
procedure yields 

L cos(3A 1 arccos t) ~ 3t (1/2 ~ t ~ 1). 

Remark. In [3] many other examples are given. 

3.2. Let f(z), z = x + iy, be a complex-valued function defined on a 
domain D of the plane Oxy; also let K be denoted by (12'), where the 
components A, B of the number A + iB and C, where C = TI - A - B, are the 
numerical values of the angles of a triangle. 

Then if f(z) maps D into IntK, i.e. f(D) C IntK, then the following 
correspondence 

(A, B, C) = (Re f(z), Im f(z), TI - Re f(z) - Im f(z», 

(x, y) E D, 

makes it possible to derive from every relation R(A, B, C), valid for 
angles of a triangle, a new one R*(x, y) valid on D, i.e. 

R(A, B, C) = R(Re f(z), Im f(z), TI - Re f(z) - Im f(z» ~ 

... R*(x, y). 
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EXAMPLE: 1 0 The function l/z maps 

D =' {(x, y): x > 0, y > 0, 
2 2 

'IT (x + Y ) > x + y} 

into IntK, i.e. f(D)C IntK. The correspondence in question is as follows 

(A, B, C) ( x y x + y ), = 2 2 , 2 2 ' 'IT - 2 2 
x + Y x + Y x + y 

(x, y) € D. 

From the inequality of GI 2.16 we get 

1 < x Y x + y ~i cos 2 2 
+ cos 2 2 - cos 2 2 2 

x + Y x + Y x + Y 

or, for y = x 

cos (1/2x) sin2 (1/4x) ~ 1/8 (x ~ 1/'IT); 

the equality holds for x = 3/2'IT. 
Remark. For some other examples see [3]. 
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Chapter VI 

SOME TRIGONOMETRIC INEQUALITIES 

o. Introduction 

In the book [1] one finds that almost all triangles inequalities are 
symmetric in form when expressed in terms of the sides a, b, c or the 
angles A, B, C of a given triangle. No doubt that also assymmetric tri­
angle inequalities playa very important role in geometric inequalities. 
It should be noted that many of these inequalities are still valid for 
real numbers A, B, C which satisfy the condition 

A + B + C = P7f, 

where p is a natural number (which has to be odd in some cases). This 
also applies to the inequality of M. S. Klamkin [2] which can be 
specialized in many ways to obtain numerous well known inequalities. 

1. Asymmetric Trigonometric Inequalities 

1.1. Let us consider real numbers A, B, C and a positive integer p such 
that A + B + C = P7f. Then, for every positive integer n and for any real 
x, y, z, the obvious inequality 

{x + (_l)pn(y cos nC + z cos nB)}2 + (y sin nC - z sin nB)2 ~ 0 

may be translated to the more suggestive form 

(1) LX2 ) 2(_1)np +l xy cos nA, 

with equality if and only if 

(2) x + (_l)pn(y cos nC + z cos nB) 0 and 

y sin nC - z sin nB 0, 

or, equivalently, if, and only if, 

(3) 2 (_l)np+lyz 2 2 2 
cos nA y + z - x 

2 (_1)np +1 xz 2 2 2 cos nB z + x - y 

np+1 2 2 2 
2(-1) xy cos nC x + y - z 
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The above equivalence becomes obvious by squaring both relations in 
(2) and adding the results, after noting that 

{x + (_l)np (y cos nC + z cos nB)}2 + (y sin nC - z sin nB)2 

{z + (_l)np (x cos nB + y cos nA)}2 + (x sin nB - y sin nA)2 

= {y + (_l)np (z cos nA + x cos nc)}2 + (z sin nA - x sin nc)2. 

(3) shows that x, y, z cannot be completely arbitrary real numbers if we 
wish to have the equality case in (1). Indeed, as noted by G. R. Veldkamp 
in a private communication, we get from (3) 

and two similar inequalities. 
Hence 

2 2 2 
-2 I yz I ~ y + z - x ~ 2 I yz I , or 

222 
(Iyl - Izl) ~ x ~ (Iyl + Izl) • 

But this is equivalent to 

IIyl - Izil ~ Ixl ~ Iyl + Izl. 

So, we have proved: If equality occurs in (1), then there exists a 
(possibly degenerate) triangle XYZ with lxi, Iyl and Izl as its sides. 

Let us now suppose that equality occurs in (1) and that moreover 
p = 1 and A, B, C are positive. Then we have, apart from ~XYZ, a second 
~ABC. We get from ~XYZ (~ the triangle) 

(4) 
2 2 2 

21yzl cos X = Y + z - x 

and two similar relations for cos Y and cos Z. 
(3) and (4) lead to 

(4' ) Iyzl cox X, 

(_l)n+lzx cos nB Izxl cos Y, 

(_l)n+lxy cos nC = Ixyl cos Z. 

As the cases in which ~XYZ is degenerate lead to no valuable insights, we 
may assume 

I I y I - I z I I < I x I < I y I + I z I etc. and 
2 

(xyz) > O. 

In order to discuss (4') it now arises very naturally that we should 
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distinguish the signs of xy, yz and zx and the parity of n. Let, e.g., 
yx, yz and zx be positive. Then ~ABC is unambiguously determined in its 
shape if and only if n = 1 or n 2. For n = 1 we have A = X etc., i.e. 

7T X 
~ABC ~ ~XYZ. If n = 2, we get A = 2 - 2 etc., i.e. ~ABC is similar to 

the triangle having the excenters of ~XYZ as its vertices. 
Remarks. 1° M. S. Klamkin [2] extensively studied the various 

possibilities for the signs of x, y, z and the parity of n. 
2° For n = 1 we obtain an extended version of the Barrow-Janie in­

equality (GI 2.20); i.e. if x, y, z are real numbers such that xyz > 0 
and A, B, Care reals with A + B + C = p7T (p EN), then 

(5) (_l)p+l~x cos A ~ ~ yz 
2x 

(for xyz < 0 the inequality has to be reversed) • 
For p = 1 and A, B, C> 0 inequality (5) becomes GI 2.20. But this 

case appeared much earlier as a problem in [3, p. 69]. 
3° If sin nA, sin nB, sin nC i 0, (2) can be written in more 

suggestive form 

(2') x/sin nA = y/sin nB = z/sin nCo 

If for example sin nA i 0, we can also use (2'), but, in this case we 
shall understand equations of the form A/B C/D as AD = BC. 

If sin nA = sin nB = sin nC = 0, we get some trivial identities for 

(x ± y ± Z)2, and we shall eliminate these cases from our consideration. 
With these conventions we shall write (2') instead of (2) further on. 
The same conventions are valid for all related results. 

Further, from the obvious inequalities similar to (3) 

{x + (_1)pn(y sin nC + z sin nB)}2 + (y cos nC - z cos nB)2 ~ 0 

and 

{x + (_1)pn(y sin nC - z cos nB)}2 + (y cos nC - z sin nB)2 ~ 0 

we obtain respectively 

x2 + y2 + z2 ~ 2(_1)pn(yz cos nA - zx sin nB - xy sin nC) 

and 

2 2 2 pn 
x + y + z ~ 2(-1) (yz sin nA - zx cos nB + xy sin nC), 

where A, B, C E R, A + B + C = P7T (p EN). The cases p 1 and A, B, C 
> 0 were given in [4]. 

Note also that the following equivalent form of (1) is valid: 
n 

Let x, y, z E R, p, n E N, Pl' ••• , Pn EN with ~ P. = pn, Ai' Bi , Ci 
i=1 ~ 

Pi 7T, i = 1, ••• , n. Then 
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(1' ) 
n 

a? ~ 2 (_1)pn+1 Iyz cost I 

i=l 

with equality if 

A.) 
1. 

77 

(2' ') 
n 

x/sin( I Ai) 
i=l 

n 
y/sin( I Bi ) 

i=l 

n 
z/sin (z:: Ci ). 

i=l 

This follows from (1) because 

n 

A I Ai)/n, etc. 
i=l 

satisfy the conditions for this inequality. 
Remark. O. Bottema and M. S. Klamkin [5] proved the well known 

Neuberg-Pedoe inequality (GI 10.8) by using (1') for p = 1 and n = 2. 

1.2. x, y, z ER, n ENO (: = {O, 1,2, ... }), pEN, p odd, A, B, C ER, 

A + B + C = p"IT 

with equality if 

2n + 1 2n + 1 2n + 1 
x/cos ---2--- A = y/cos ---2--- B = z/cos ---2--- C. 

Proof. This follows from (1) with n replaced by 2n + 1 and A by 
(P"IT - A)/2, etc. 

Remark. The case n = 0, p = 1, A, B, C > 0 x, y, z ~ 0 is given in 
[7 J. 

1.3. x, y, z E R, p, n E N, A, B, C E R, A + B + C p"IT => 

(6) 

with equality if 

x/sin 2nA = y/sin 2nB = z/sin 2nC. 

Proof. This is also a consequence of (1) if we put n ~ 2n and use 

2 1 2 . 2 
cos nA = - S1.n nA, etc. 

Remark. This result in the case p = 1, A, B, C> 0 is given in [4]. 
The case n p = 1 is also given in [5] and [8]. 

1.4. x, y, z E R, p, q E N, q < 2p, q odd, n E NO' A, B, C, A1 , B1 , C1 
E R, 
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A + B + C = P'IT, 

Proof. Since Z(2A - A1) = (2p - q)n and 2p - q is an odd natural 

number, this inequality follows from 1.2. 
Remark. For p = q = 1, A, B, C> 0 and A = Bl = C1 = 'IT/3 we get 

from -(-7-)--- 1 

1° for n = 0 the result from [19], 
2° for arbitrary n the result from Janous's unpublished solution 

of the problem from [19]. 

1.5. pEN, p no multiple of 3, A, B, C f. R, A + B + C 
with xyz > 0 ~ 

pn, x, y, z f. R 

(8) 

with equality if and only if 

sin A : sin B sin C = cos A : cos B cos C = 
x y z 

Proof. Putting Al 
using~we get 

2p'IT 
--3- - A, etc. (then Al + Bl + C1 pn) and 

p+l 2pn . 2pn 
(-1) l:x(cos --3- cos A + Sln --3- sin A) 

(-l)P+ll:x (- ! cos A + 13(_1)P-3[P/3]+1 sin A) ~ l: yz 
2 2 2x 

wherefrom we obtain (8). 

(9) 

The condition for equality follows from 1.1. 
Remark. For p = 1, A, B, C > 0, (8) becomes 

LX sin A ~ 13 L yz 
2 x 

(xyz > 0). 

This inequality was proved by P. M. Vasi6 [9] and generalizes GI 2.1. 
M. S. Klamkin [10] improved (9) in the case x, y, z ~ 0 to 

(10) 
1 /x+y+z 13 yz 

l:x sin A ~ -(l:yz) ~ -- l: --
2 xyz 2 x 

He also gave another generalization of (9) in the case x, y, z ~ 0 (see 
[4] ) 

(11) 
13 2 

Il:yz sin nAI ~ ~ l:x 

with equality if and only if sin nA 
z. 

sin nB sin nC 
13 

± ~ and x y 
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Here we shall give the following generalization of the above 
results: 
Let x, y, z ~ 0, p, n E N, A, B, C E R, A + B + C = pn and 0 ~ r ~ 2. 
Then 

(12) 

or equivalently 

1 r (x ) (2-r)/2 
Exl sin nAir ~ + y + z 

(12' ) (2 Eyz) r/2 
(xyz) 

For r we have also 

(13) IEyz sin nAI ~ Eyzlsin nAl 
1 1/2 

~ 2 Ex (Eyz) "I3 E 2 ""2 x 

or equivalently 

(13' ) 

Proof. That (12) and (12') and (13) and (13'), respectively, are 
equivalent we can see if we put yz ~ x, zx ~ y, xy ~ z, and reverse. 
Further, using the inequality for weighted means, we get 

Usinq now 1.3, we arrive at (12). Let now be r = 1. 

79 

The first inequalities in (13) and (13') are obvious, so we must 
only prove the third inequalities. Here, we shall give Klamkin's proof 
of the third inequality in (13') (i.e. the proof of the second inequal­
ity in (10»: 

I3E yz ~ Eyz! + y + z 
x xyz 

This inequality is equivalent with 

2 2 2 2 
3 (Ey z) ~ xyz (Ex) (Eyz) • 

Letting x = 1/u, y = 1/v, and z 1/w shows that this is equivalent to 

2 2 2 
3 (Eu) ~ (Eu) (Evw) 

what is the third inequality in (13). Since 

by the power mean inequality, it suffices finally to show that 
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(1 )2 1 "3 L:u ~"3 L:vw, 

and this is equivalent to L:(v w)2 ~ O. 
Let us restate (12) in the equivalent form: for x, y, z > 0, 

(12' ') I , r 1/r 1 -1/2 (L:yz Sln AI /L:yz) ~ - L:x(L:yz) 
2 

for any A, B, C E R, A + B + C E rrz, if 0 < r ~ 2. (Z is the set of all 
integers.) The following problem is posed in [36]: 

What is the number 
~(x, y, z) = sup{r > 01 (12") holds for any A, B, C E R, L:A E rrz}, 

(for fixed x, y, z > 0, of course)? 
C. Tanasescu communicated to us the following answer to this prob-

lem: 
For x, y, z> 0, inequality (12") holds for any A, B, C E R with 

L:A E rrz, if and only if 

where 

rEI (x, y, z) 

I (x, y, z) 

r (0,2), if x, y, z are the sides of a 
lateral triangle, 

( 0 2 log L:xy - log x(y + z), 'f 
, 1 2)' 1 

log L:xy - log(2 L:x) 

nonequi-

x > y + z 

or x = y = z and 13 (-,L:x) /~ < 1, 
2 (") 1 2 wyz 

(0,+00), otherwise. 

Tanasescu also noted the following consequence of the above result: 
The 'universal' upper bound 
~*: = sup{r > 01(12") holds for any x, y, z > ° and any A, B, C E R, 
L:A E rrz} 

easily reveals to be 

~* = 2. 

Remarks. 1° (W. Janous) Substitution of sin A 
(from Tanasescu's result) for triangles 

r l/r -1/2 
(L:yza /L:yz) ~ RL:x(L:yz) 

a/2R etc. yields 

if and only if r E I(x, y, z). It is a generalization of GI 5.28. 
2° Of course, we can give several similar results. 

1.6. x, y, z ~ 0, n E NO' pEN, P odd, A, B, C E R, A + B + C prr, 
o ~ r ~ 2 
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Moreover, for r 1, 

ILYZ cos 2n2 + 1 AI ~ Lyzlcos 2n2+ 1 AI ~ ~ LX(Lyz)1/2 ~ 

Proof. This is a simple consequence of (12) and (13), respectively, 
because for n ~ 2n + 1 and A ~ (pn - A)/2, etc. we have 

Isin(2n + 1) pn2- AI = Icos 2n2+ 1 AI, etc. 

1.7. X, y, z, xl' Yl' zl > 0, p, q, m, n EN, A, B, C, A1 , B1 , C1 E R, 

A + B + C = pn, Al + Bl + C1 = qn 

.,. I Lxx 1 sin nA sin mAl I ~ Lxx 1 I sin nA I I sin nA1 I ~ 

2 2 2 
Proof. For yz ~ x , zx ~ Y , xY ~ Z , 1.3 becomes 

~ 2 . 2 _ 1(~ yz)2 
6X S1n nA ~ 4 6 X- . 

It now follows from cauchy's inequality that 

~ I' . I ,,:: (~2 . 2 ~ 2 . 2 ) 1/2 6xx1 S1n nA S1n mAl ~ 6X S1n nA6x1 S1n mAl 

Remark. For n = m = p = q = 1, A, B, C, A1, B1 , C1 > 0 we get 

Klamkin's two-triangle inequality from [11]. Klamkin also proved a 
similar m-triangle inequality. Of course, we could also give an anal­
ogous generalization of this result. 

1.8. x, y, z> 0, p, n E N, A, B, C E R, A + B + C pn .,. 

(14) 
II I sin nA I x ~ ( (LYZ) 2 ) (x+y+z) /2 

4xyz (x + y + z) 

Proof. 

2 1/2 
~ «LYZ) /4xyz (Lx) ) , 
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where we used 1.3 and the power-mean-inequality with weights. 
Remark. For x = y = z = 1, (14) becomes 

(15) Irr sin nAI ~ 3/3/8 

what is given without proof in [12] (for p = 1). 
The following similar result is given in [13]: 

The maximum value of P = rr sinx A, where A, B, C are the angles of 
a triangle and x, y, z are given positive numbers is 

P = rr{ xIx + y + z) }X/2 
max l x + y) (x + z) • 

Proof. (W. Janous). The function PIA, B, C) is continuous and non­
negative over the compact set 

(16) A+B+C='IT, o ~ A, B, C ~ 'IT, 

and vanishes just on its boundary. Consequently, P attains a maximum 
value at some interior point of the region (16), where 0 < A, B, C < 'IT. 
We use the method of Lagrange multipliers to find this maximum value. 

Let 

F(A, B, C, A) = PIA, B, C) - A(A + B + C - 'IT) • 

Then, since dF/dA = 0, the maximum value of F will occur when 

(17) dF Px cos A 
- A = 0, 

dF Py cos B 
- A 0, 

dA dB = sin A sin B 

dF pz cos C 
- A O. 

dC sin C 

We show that cos A cos B cos C f- o. If cos A 0, for example, then 
A = 0, so also cos B = cos C 0 and A + B + C = 3'IT/2, a contradiction. 
Now, from (17) , 

A f- 0 and (~) tan A tan B 
A x y 

Since L tan A rr tan A, we therefore have 

(18) 

3 kLX = k xyz, 

(h)/xyz and 

XLX , etc. 
yz 

tan C L tan 
z LX 

Finally, from sin A = v{an2 A/(l + tan2 A), etc., we obtain 

sin A /x(x + y + z) 
(x + y) (x + z) , etc. 

A k, say. 
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and so 

P _ IT! x(x + y + z) }X/2 
max - 1 (x + y) (x + z) • 

Remark. 1° The proposer of this problem, M. S. Klamkin, noted that 
a closely related problem appears without solution in [14]. This problem 
asked the reader to show that (18) holds when P is a maximum. 

2° For x, y, z > 0 there holds 

« (EYZ)2 )(x+Y+Z)/2 
Pmax 4xyz(x + y + z) 

Proof. This inequality is equivalent to 

IT(x(y + z) lx/Ex (Eyz)2 
~~~~~~---~ --~~~2 

IT(y + z) 4xyz(Ex) 

By the weighted A-G-inequality and the convexity of f(t) = t 2 we get 

2 2 
~ 2(Ex(y + z)/E(y + z» = 2(Eyz/Ex) • 

As also IT (y + z) ~ 8xyz, the claimed inequality follows.D 

1.9. x, y, z ~ 0, pEN, P odd, n E NO' A, B, C E R, A + B + C = PTI 

x+y+z 
2 

ITI 2n + 1 IX ~ {. (Eyz·) 
.. cos ---2--- A "" 4 ( xyz x + y + 

-·-2-

Z)} 
x A ..... 

and for a triangle T[ cos 2"" Pmax ' where Pmax is given as above. 

1.10. x, y, z E R, yz ~ zx ~ xy, xy> 0, A, B, C are angles of a tri­
angle, .. 

(19) yz + zx - xy < Eyz cos A. 

Proof. Using GI 2.16, i.e. E cos A> 1, i.e. 

1 + cos C > 1 - cos A + 1 - cos B 

we have 

xy(l + cos C) > xy(l - cos A) + xy(l - cos B) ~ 

~ yz(l - cos A) + zx(l - cos B), Le. (19). 

1.11. If the conditions of 1.10 are valid, then 
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A 
yz + zx - xy < LYZ sin 2 

1.12. If the conditions of 1.10 are valid, then 

(20) 
A 

yz + zx < LYZ cos 2 

Proof. Using GI 2.27, i.e. L cos ~ > 2, we have 

CHAPTER VI 

xy cos ~2 > xy(l - cos~) + xy(l - cos ~) ~ yz(l - COS~) + 
222 

B 
+ zx (1 - cos 2) , 

1.13. If the conditions of 1.8 are valid, then 

> . 2 A 
xy LYZ s~n 2" and 

2 A 
yz + zx < LYZ cos 2 

i.e. (20). 

1.14. x, y, Z E R, a, b, c are the sides of a triangle with area F, then 
([6]) : 

(21 ) ( Lax) 2 ), 'C yz 
4F r /., bc ' 

with equality if and only if 

x 
2 2 2 

a (b + c - a ) 

y 
222 

b(c + a - b ) 

Z 

2 2 
c(a + b 

Actually this result corresponds to the special case n = 2 of 1.1., 
of course in the case A, B, C ~ O. To effect the conversion, just let 
ax = xl' by = Yl' cz = zl' and note that 

cos 2t = 1 - 2 sin2 t. 

Another form equivalent to (21) is 

where R is the radius of the circumcircle of a triangle. The latter is 
due to Kooi (GI 14.1). It reduces to (21) by substituting R = abc/4F, 
etc. Another equivalent version is 

(22' ) 
222 

(Lxa) ~ 16F LyZ. 

'rhis form and the corresponding equality conditions are stated without 
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proof by Oppenheim [15] who also remarked that it would be an interest­
ing exercise to see how many triangle inequalities could be deduced from 
it. 

Now we shall give an interesting example of the above results. 
Letting yz = 1/a1 , zx = 1/b1 , xy = 1/c1 in (22), we obtain (see also 1) 
in XII.5.12: 

The latter inequality in which a 1 , b 1 , c 1 are restricted to be the sides 

of a triangle was proposed by Tomescu [16] as a problem. For other 
examples see GI 14.1, [2] and [17]. 

R. Z. Djordjevie [18] gave a refinement of a special case of 
Barrow-Janie', i.e. Wolstenholme's inequality (5). His result is con­
tained in IX.4.6. (1). 

1.15. 

1:bc cos A > 0 ([26]). 

2. Some Trigonometric Identities 

In this Section we shall give some trigonometric identities for real 
numbers A, B, C which satisfy the condition A + B + C = pn (p E N) . 

2.1. n E NO' P odd, then 

Hence 

1: sin(2n + 1)A = 4(_l)n+[p/2]rr cos 2n ; 1 A. 

Proof. Denote k 2n + 1. Then 

sin kA + sin kB 2 sin k A + B cos k A - B 
2 2 

sin kC 

1: sin kA 

kC 
2 sin 2 

2 sin 
pn - C k---

2 
cos k A - B 

2 

2 (-1) [kp/2] cos 
kC 
2 

cos 
A - B 

k--
2 

cos 
kC 
2 

2 k pn - (A + B) kC 
sin 2 cos 2 = 

2(_l)[kp/2] cos k A ; B cos ~C 

[kp/2] kC ( A - B A + B) 2 (-1) cos 2 cos k --2- + cos k --2-
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= 4(-1) [kp/2]rr kA cos 2 

Since (-1) [kp/2]= (_1)n+[p/2], the identity follows. 

2.2. n E N, then 

L sin 2nA = 4(_1)np +1 rr sin nA. 

2.3. n E NO' P odd, then 

L cos(2n + l)A = 1 + 4(_1)n+[p/2]rr sin 2n2+ 1 A. 

Proof. We shall also use the notation k = 2n + 1. So we have 

cos kA + cos kB 
A+B A-B 

2 cos k ---2-- cos k ---2-- , 

cos kC 

cos kC 

2.4. n E N 

cos (kp1T - k(A + B» 

1 - 2 cos2 k A + B -2-

-cos k(A + B) 

1 + 2 cos k A ; B (cos k A ; B _ cos k A ; B) 

p1T - C kA kB 
1 + 4 cos k--2--sin 2 sin 2 = 

1 + 4(_1)n+[p/2]IT sin ~A 

=> L cos 2nA 4(-1)nprr cos nA - 1. 

2.5. n E N, 

=> L tan A = IT tan A. 

Proof. This follows from 

tan nA 

2.6. n E NO' P odd 

tan(pn1T - nCB + C» 

tan nB + tan nC 
1 - tan nB tan nC 

-tan n (B + C) 

2n + 1 
=> L cotan --2-- A 

2n + 1 
IT cotan ---2--- A. 
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pn - A 
Proof. This follows from 2.5. if we put A ~ ---2--- , etc. 

2.7. n EN, 

* L cos2 nA = 1 + 2(-l)nP rr cos nA. 

Remark. This is equivalent with 2.4. because 
2 

cos 2n~ = 2 cos nA - 1, etc. 

2.8. n EN, 

2 (1 - (_l)np rr cos nA) . 

2.9. n E NO' P odd 

2 2n + 1 * L cos ---2-- A 

2 . 10. n (: NO' P odd 

. 2 2n + 1 * L Sln --2-- A 

2.11. n EN, 

2(1 (l)n+[p/2] . 2n + 1 ) \ + - rr sw --2-- A . 

1 _ 2(_l)n+[p/2]rr . 2n + 1 
Sln --2-- A. 

* sin nA/sin nB sin nC (_l)pn+1(cotan nB + cotan nC). 

Proof. 

sin nA/sin nB sin nC sin n(pn - (B + C»/sin nB sin nC = 

(_l)pn+l sin n(B + c)/sin nB sin nC 

(_l)pn+1(cotan nB + cotan nC). 

2.12. n EN, 

sin nA/cos nB cos nC 
pn+1 

(-1) (tan nB + tan nC) . 

2.13. n EN, 

* L cotan nB cotan nC 1. 

2.14. n E NO' P odd 

2n + 1 * L cos --2-- A 
2n + 1 

4rr cos ---4-- (A + B) 

2n + 1 ( 4IT cos ---4--- pn - A). 
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p7r - A 
Proof. This follows from 2.1. if we put A ~---2---' etc. 

2.15. n E NO' P odd 

=> L: sin ~ A 
2 

2.16. n E NO' P odd 

4IT sin ~(A + Bl + (_ll n . 
4 

2n + 1 2n + 1 
=> L: tan ---2--- B tan ---2--- C 1. 

Proof. This follows from 2.13. if we put n ~ 2n + 1, A 
P7r - A 

etc. 
~ ------

2 

2.17. n EN, 

[cotan 
nC 

if and p are odd, 
sin + sin "2 n 

nA nB 
=> 

cos nA + cos nB 
- tan 

nC 
if n or p is even. "2 

2.18. n E N, 

=> L: tan nB tan nC 1 + (_1)pn+1 IT sec nA. 

2.19. n E N, 

=> L: cotan nA IT cotan nA + (_l)pn+l IT cosec nA. 

2.20. n E N, 

2 . 2 
=> (sin nA - Sln nBl/sin n(A - Bl (_ll pn+l sin nCo 

2.21. n E N, 

Sin2 nA + (_ll pn+l sin nB sin nC cos nA 

sin2 nB + (_l)pn+l sin nC sin nA cos nB 

sin2 nC + (_l)pn+l sin nA sin nB cos nCo 

2.22. n E N, 

=> L: cos nA/sin nB sin nC 2(_1)np +l. 

Proof. 

cos nA/sin nB sin nC cos(np7r - n(B + Cl)/sin nB sin nC 
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(_l)pn cos n(B + C)/sin nB sin nC 

(-l)pn(cotan nB cotan nC - 1), 

so 

l: cos nA 
sin nB sin nC 

(_l)pn(l: cotan nB cotan nC - 3) 2(_1)np +1 

where we used 2.13. 

2.23. n c N, then 

(_1)pn+1 cotan nA + sin nA/sin nB sin nC 

(_1)pn+1 cotan nB + sin nB/sin nA sin nC 

(_1)pn+1 cotan nC + sin nC/sin nA sin nB. 

Proof. This is a simple consequence of 2.11. 

2.24. n E N, then 

IT (cotan nA + cotan nB) (_1)n+1 IT cosec nA. 

2.25. n E N, then 

l:(cotan nA + cotan nB)/(tan nA + tan nB) = 1. 

Proof. Since (cotan nA + cotan nB)/(tan nA + tan nB) 
cotan nA cotan nB, the result follows from 2.13. 

2.26. P odd, then 

IT(l + (-1) [p/2] tan~) = 2 + 2(-1) [p/2]IT tan ~ 

Proof. This is a simple consequence of tan (A + B + C)/4 

(_1)[p/2]. 

2.27. n E N, then 

l: sin nA cos nB cos nC IT sin nA. 

Proof. Using the identities 

sin A cos B cos C i(Sin(A + B + C) + sin(A + B - C) + 

+ sin(A - B + C) - sin(B + C - A», 
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sin A sin B sin C i(Sin(A + B - C) + sin(B + C - A) + 

+ sin(C + A - B) - sin(A + B + C)) 

we get for arbitrary real numbers A, B, C 

L sin A cos B cos C = sin(A + B + C) + IT sin A. 

Now, using the substitutions A ~ nA, B 
real numbers such that A + B + C = pIT, 

Similarly using the substitutions 
pIT), we get 

2.2S. n E NO' P odd, then 

~ nB, C ~ nC, 
we get 2.27. 

2n + 1 
A ~ --2-- A, 

2n + 1 2n + 1 2n + 1 
L sin --2-- A cos --2-- B cos --2-- C 

where A, B, Care 

etc. (A + B + C 

(_1)n+[p / 2] + 

2n + 1 
+ IT sin --2-- A. 

2.29. n E N, then 

L cos nA sin nB sin nC IT cos nA - (_l)np • 

2.30. n E NO' P odd, then 

2n + 1 2n + 1 2n + 1 2n + 1 L cos --2-- A sin --2-- B sin --2--- C = IT cos ---2--- A. 

Remarks. 1 0 The above results are generalizations of some identities 
from [20], [21] (see also [2] and [22]). 

2 0 Some of the above identities were obtained using other identities 

and the transformation A ~ pIT2- A , etc. for angles. Of course, using 

other transformations we can get series of similar results (for example, 
generalizations of some other identities from [20]). 

3 0 Identities 2.27 and 2.30 are the same as 2.5 and 2.6, respective-
ly. 

3. Some Applications 

3.1. n, pEN, A, B, C ER, A + B + C = pIT, then 

(1) -1 ( (_1)np +1 IT cos nA ( liS. 

Proof. For x = y = z = 1, 1.1 becomes 

(2) (_1)np+1 L cos nA ( 3/2 
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and since (_l)pn+l cos nA ~ -1 etc., we also have a trivial companion 
inequality to (2) 

(3) (_l)pn+l~ cos nA ~ -3. 

Now, using (2) and (3) with n ~ 2n and 2.4 we get (1). 
Remark. The above statement for p = 1, A, B, C > 0 was proved in 

[2]. If in addition n = 1 we have GI 2.24. 

3.2. n E NO' pEN, P odd, A, B, C E R, A + B + C pTI 

~ -1 ~ (_1)n+[p/2]n sin 2n2+ 1 A ~ l/B. 

In the case p = 1, n = 0 for a triangle the '-1' can be replaced by '0'. 
Proof. Putting n ~ 2n + 1 in (2) and (3) and using 2.3 we get the 

above result. 
The modification for a triangle is just GI 2.12. 

3.3. Note that the inequality 

(4) In sin nAI ~ 3/3/B 

is a consequence of 2.2 and 1.5.(13), in the case x 
Similarly, the inequality 

(5) 2n + 1 I n cos --2-- A ~ 313/B (p odd) 

is a consequence of 2.1 and 1.5.(13). 

y z. 

3.4. n E NO' pEN, P odd, A, B, C E R, A + B + C = PTI, a, b E R, b> 2a 

(6) 3a - b ~ a~ sin2 2n2+ 1 A + b(_l)n+[p/2]n sin 2n2+ 1 A ~ 

~ (6a + b) /B. 

For b < 2a the inequalities 'are reversed. If n = 0, p = 1, and A, B, C 
are the angles of a triangle, the constant '3a - b' in the first in­
equality can be replaced by 'a'. 

Proof. Using 2.3 and sin2 2n2+ 1 A (1 - cos(2n + l)A)/2, etc. 
(6) becomes 

-3(b - 2a) ~ (b - 2a)~ cos(2n + l)A ~ 3(b - 2a)/2 

which is true for b> 2a (for the second inequality see 2.3 and 3.1). 
Of course, for b < 2a, the reverse inequalities are valid. Similarly, we 
can prove the case n = 0, p = 1 for a triangle. 

Remarks. 1 0 In the case a = 1, b = 3, P = 1 from the second inequal­
ity in (6) we obtain one result from [23]. 

2 2n + 1 
2 0 For b = 0 the first inequality reads 3/4 ~ ~ sin --2--A. It 
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generalizes GI 2.14. 

3.5. n, pEN, A, B, C E R, A + B + C = pTI. Then 

IZ sin nA cos nB cos nCI ~ 313/8. 

Proof. This is a simple consequence of 2.27 and (4). 
Remark. For n = p = 1, A, B, C > 0, the following result is valid 

(cf. T2TJ)" 

o < Z sin A cos B cos C ~ 313/8. 

3.6. n E NO' pEN, P odd, A, B, C E R, A + B + C pTI. Then 

l(11 2 2n + 1 )1/3 / 
2 cos --2-- A "" 

For n = 0, p = 1, A, B, C > 0 the left bound can be improved to 
3 2 1/3 

max{1, "2(11 cos A/2) } (cf. [2]). 

Proof. These inequalities follow from 3.7 upon letting A ~ 
(pTI - A)/2 etc. and n ~ 2n + 1. 

Remark. For n = 0, p = 1, A, B, C> 0 this inequality reads 

. { A 3 A 1/3} ';::" A ,;:: 9 11 A 
max IT sec "2 ' "2(IT sec "2) '" t.. tan 2'" 8 sec 2 

3.7. n, pEN, A, B, C E R, A + B + C pTI. Then 

3 . 2 1/3 pn+1 
2(11 SLn nA) ~ (-1) Z cos nA sin nB sin nC ~ 9/8. 

Proof. The right inequality is a simple consequence of 2.29 and 3.1. 
Using 2.29 and 2.8 we obtain 

(_1)np +1 Z cos nA sin nB sin nC = (Z sin2 nA)/2 

hence the left inequality follows by the A-G-inequality. 
Remark. For p = n = 1 this inequality implies the result of [31]. 

3.8. n E NO' P E N, P odd, A, B, C E R, A + B + C = pTI. Then 

IZ 
2n + 1 2n + 1 . 2n + 1 

~ 313/8. cos --2-- A sin --2-- B SLn --2-- ci 

3.9. n, p E N, A, B, C E R, A + B + C = pTI, k ~ -1. Then 

(7) 2 2 2 
11(1 + k cos nA) ~ k 11 sin nA. 
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This inequality, due to C. Tanasescu, generalizes results from [25] 
and [36]. 

3.10. n, pEN, A, B, C E R, A + B + C pTI, k ~ -1. Then 

(8) 

This is a generalization of results from [24] and [36]. 

3 • 11. n E NO' pEN, P odd, A, B, C E R, A + B + C = PTI, 0'. E R. 

2n + 1 2n + 1 
If tan --2-- B tan --2- C + u ~ 0 etc., then 

where 0 < 0'. < 1. 

For 0'. < 0 or 0'. > 1 the inequality is reversed. 
Proof. Let 0 < 0'. < 1. Using Jensen's inequality for the concave 

function f(x) = xO'. and 2.16, we get 

E(tan 2n2+ 1 B tan 2n2+ 1 C + u)O'. ~ 

2n + 1 2n + 1 0'. 
~ 3 «E tan --2-- B tan -2-- C + u) /3) 

Similarly, the other cases are proved. 
Remark. The above result generalizes GI 2.37. 

3.12. n, pEN, A, B, C E R, A + B + C = pTI. Then 

(9) (
Sin2 (nC/2), 

sin nA sin nB ~ 2 
cos (nC/2), 

if n or p is even, 

if nand p are odd. 

Proof. sin nA sin nB = (cos n(A - B) cos n(A + B»/2 ~ (1 

cos n(pTI - C»/2 (1 - (_l)np cos nC)/2 which is equivalent to (9). 
Remark. The case p = 1, n = 2, A, B, C> 0 is given in [27]. 

3.13. n E NO' pEN, P odd, A, B, C E R, A + B + C = pTI. Then 

(10) 
2n + 1 

IE tan -2-- AI ~ 13. 

Proof. If we let u tan ~ A etc. then 2.16 reads Euv 
2 

1. 
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From 

(which is equivalent to ~(u - v)2 ~ 0) 

we obtain 

This and the identity (~u)2 = ~u2 + 2~uv finally yield (10). 
Remar~s. 1° This inequality generalizes GI 2.33. 
2° By the general mean-inequality we obtain from (10) for r ~ 1 

Eltan 2n2+ 1 Air ~ 31- r / 2 • 

(Compare this with GI 2.35 (r = 2) and GI 2.36 (r 6).) 

3.14. n, pEN, A, B, C E R, A + B + C = pTI. Then 

(11 ) I ~ cotan nA I ~ 13. 

Proof. Using the identity 2.13 and the idea of the proof of 3.13 
the result follows. 

Remarks. 1° This inequality generalizes GI 2.28. 
2° (11) and the general mean-inequality for r ~ 1 imply 

(Compare this with GI 2.39 (r = 2) and GI 2.65 (r E N).) 

3.15. n E NO' pEN, P odd, A, B, C E R, A + B + C = pTI. Then 

cotan2 ~ A ~ '" 2n + 1 (12) ~ 2 '-' cotan --2-- A ~ cotan(2n + l)A. 

Proof. We can use the idea of the proof of GI 2.44 and identity 
2.5. 

3.16. n E NO' pEN, P odd, A, B, C E R, A + B + C PTI, r E R, r > O. Then 

Proof. This follows from 3.3, inequality (5) and Mr ~ MO for r > O. 

Remark. For n = 0, p = 1, A, B, C angles of a triangle (13) is GI 
2.48. 

3.17. n, pEN, A, B, C E R, A + B + C PTI, r E R, r > O. Then 
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Proof. This follows from 3.3, inequality (4) and Mr ) MO for r > O. 

Remark. For n = p 1, A, B, C angles of a triangle we get from 

(14) GI 2.49 (for r = 1) and GI 2.50 (for r 2) • 

3.18. n E NO' pEN, P odd, A, B, C E R, A + B + C = P'IT 

(15) 24IT cos(2n + l)A ~ E cos2 (2n + 1) (B - C). 

Proof. We can use the idea of the proof of GI 2.26. 
Remarks. 1 0 This is a generalization of a result from [37]. 
2 0 Letting A -+ (P'IT - A) /2 etc., we obtain from (15) 

24(1) n+[p/2]IT' 2n+l ~" 22n+l(B_C). - s~n --2-- A '" Lo cos --2--

This inequality generalizes the result from [32]. 
3 0 The following refinement of the last-stated inequality (similar 

to Klamkin's inequality [32]) also holds: 

E cos2 2n + 1 (B _ C) ) 1 + 16(_1)n+[p/2]IT sin 2n + 1 A ) --2--- 2 

) 24(_1)n+[p/2]rr sin 2n2 + 1 A. 

Proof. Because of 3.2 the second inequality follows immediately. 
For the first one we start from Klamkin's triangle-inequality [32] 

(16) + 16IT sin ~ 

Using 2.1 and 2.3 we get 

" cos2 B - C 1 
Lo -2- = '2(3 + E coS(B - C» 

!(3 + E sin B sin C + E cos B cos C) 
2 

~(3 +~(E sin A)2 - E sin2 A + 

2 2 + (E cos A) - E cos A}) = 

3 1{(4II ~)2 4II' A)2} = 4 + 4 cos 2 + (1 + s~n '2 . 

Therefore, (16) reads equivalently 

(17) (IT cos ~2) 2 + (IT sin ~2) 2 ) 22 IT sin A '2 
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If A, B, C are angles of an acute-angled triangle, A ~ TI - 2A etc. 
transforms (17) to 

(18) 
227 

(IT sin A) + (IT cos A) ~ 2 IT cos A. 

As IT cos A ~ 0 for non-acute triangles, (18) is valid for all trianqles. 
Next we show that (18) holds for all A, B, C E R such that A + B + C = pTI. 
Indeed, let A = UTI + ~1' B = VTI + B1 , C = WTI + C1 ' 
B1 , C1 ~ TI. 

U, v, w E Z, 0 ~ A1 ' 

Then there are the following three possibilities 

7 
(a) A1 = B1 = C1 . Then (18) is equivalent to 1 ~ 2(-1). 

(b) l:A1 = TI. Then (18) is equivalent to 

which holds true on grounds of (18) for triangles. 
(c) l:A1 = 2TI. Putting A1 = TI - A2 etc. and noting that l:A2 TI, 

the validity of (18) follows as in case (b). 
For the general case we only have to substitute in (18) A ~ (2n + l)A, 
B ~ (2n + l)B and C ~ (2n + l)C - (2pn + p - l)TI. 
Thus, 

(19) 
227 

(IT sin(2n + l)A) + (IT cos(2n + l)A) ~ 2 IT cos(2n + l)A. 

Putting here A ~ (pTI - A)/2 etc., we finally obtain 

~ 7 (1)n+[p/2] . 2n + 1 '" 2 - IT Sln --2-- A 

which is equivalent to the first inequality at the beginning of 3°.0 
4° It should be noted that (19) is equivalent to 

2 
l: cos (2n + 1) (B - C) ~ 1 + 16IT cos (2n + 1)A. 

Because of 3.1, this inequality is better than (15). 
For p = 1, n = 0 this inequality improves GI 2.26.0 

5° Inequalities (17) and (18) are equivalent to the following tri­
angle-inequalities (believed to be new) 

(IT cotan ~)2 + 1 ~ 2 IT cosec A 
2 2 2 

and 
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2 7 
(TI tan A) + 1 ~ 2 TI sec A. 

6° Here we shall quote the following triangle-inequalities which 
are of a type similar to (16) (see [33], [34] and [35], respectively). 

(i) 

(ii) 

(iii) 

3 + L cos B - C ~ 4E cos A, 
2 

1 B - C 4" TI cos --2- or equivalently 

TI cos B ; C ~ 8 TI sin ~ , 

B-C A 
L cos --2-";; L cos A + L sin 2 ..;; 3. 
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3.19. It should be noted that very many inequalities of [2B] and [29] 
are still valid if the assumptions that a, S, y, (in these papers) be 
angles of a triangle are replaced by A, B, C E R, A + B + C = PIT and 
pEN (where sometimes p has to be odd). We now give three examples from 
[29] • 
(30) now reads: p, n E N, A, B, C E R, A + B + C = pIT. Then 

(Its proof follows from 2.2 and the M1-M2-inequality.) 

(54) now reads: n E NO' pEN, P odd, A, B, C E R, A + B + C pIT. Then 

(Its proof follows from 2.1 and the M1-M2-inequality.) 

(BO) now reads: p, n E N, A, B, C E R, A + B + C = pIT. Then 

(Its proof entirely different from the one in [29] - is as follows. 

Since sin4 nA = (1 - cos 2nA)2/4 , the claimed inequality becomes 

3 ..;; BL cos2 2nA + 2L cos 2nA. 

This inequality is valid on grounds of 2.4, 2.7, and 3.1.) 

3.20. n, pEN, A, B, C E R, A + B + C = PIT, r E N, r ~ 2. Then 
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Proof. Starting from the formulae 

Sln x = __ 1_ I (_l)r-k 2r { . }2r r-l ( ) 

cos x 22r-l k=O + k 
1 (2rr) cos 2(r - k)x +--

22r 

we get 

r-l ) 
_1_ I (2kr cos 
22r-l k=O 

3 (2r\ 
2 (r - k) nA + 22r- 1 r t 

k=r (mod 2) 

By 3.1, inequality (2) it follows that 

I cos 2(r - k)nA ~ -3/2. 

Therefore, 

S ~ _____ 3 {(2r) _ r~l (r2r)}. 
2r 22r-l r k=O 

k=r (mod 2) 

As the last sum equals (22r-l - (2;))/2, we have 

S- ~ _9 {(2r) _ 2~. 
2r 22r r 2) 

Since Mr (sin2 nA, cos2 nA) ~ Ml (sin2 nA, cos2 nA) 
equality 

1/2, etc., the in-

follows. 
Remark. This inequality is similar to a possible generalization of 

the problem from [30], which reads 

5/2 < I[sin4 A/4 + cos4 A/4] ~ 21/8, 

where A, B, C are angles of a triangle. 

4. Open Questions 

4.1. Let 0 < r < 1 and A, B, C E R such that A + B + C 
Give best lower bounds for 

(a) I 2n + 1 Ir I tan --2-- A , where n f NO and p odd. 

prr, pEN. 
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(b) L ~otan nA f, where n E N. 

4.2. Improve the lower bound of S2r from 3.20. The one given in 3.20 is 

not very sharp if r becomes great. 
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Chapter VII 

SOME OTHER TRANSFORMATIONS 

O. Introduction 

Section 1.3 contains results concerning the existence of a triangle the 
sides of which are obtained as elements of any given triangle. Therefore 
we can use these results for generating many other inequalities, i.e. 
using any known inequality for the sides of a triangle 

(1 ) I(a, b, c) ): 0, 

and any result from 1.3, we get the inequality 

(2) 

where a 1 , b l , c 1 are the sides of a new triangle given as in 1.3. 

Of course, we can give many such examples, but here we shall give 
only a few. 

EXAMPLES. 1° For acute triangles [1] 

(3) 

Proof. Using 1.3.2, u 
so (3~equivalent to 

2 
a , v 

2 c are sides of a triangle, 

(~u)IT(v + w - u) > 0 

which is obvious. 
2° Using 1.3.12 we have for A): 2 [2]: 

~ B ~)A / ( A A) 2 < 4~( B ~)A. GI 1.1 .. 3.dcos X cos A .. ~ cos (X ) t.. cos X cos A ' 

1 A A 2 2A A 1 A A 2 
GI 1.19 .. 3(~ cos (X» :;:;; ~ cos (X) < 2(~ cos (X» , etc. 

3° Using 1.3.32 we get for an acute triangle ([2]): 

GI 1.1 
2 

1T .. -
4 
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4° Using 1.3.33, 
222 

aha' b ~, c hc are sides of a triangle. For this 

triangle we have Fl = 4F3 (see [3]), so 

Of course, there exist many other transformations which include 
other elements of a triangle. Some of these transformations will be con­
sidered in this Chapter. 

1. Square-Root Transformation 

This transformation is a consequence of I.3.1 for the function 
x ~ f(x) = ~, i.e. there exists a triangle with sides a' = la, 
b' = 15, c' = /C. Note that [4]: 

F' 
1 "2 Ir (4R + r), R' /~ 

4R + r 

r' /r (4R + r) / (IIa) , h' = 1-(4R + r), 
a a 

so, if we have an inequality of the form 

then there exists its dual inequality 

k, F', Rf, r'f 

EXAMPLES. 1° [4] GI 5.13 ~ GI 5.1, 

h' a' h~' h' -b' c' 

m' 
a 

~ /2b + 2c - a, 

GI 4.7 ~ s + hr(4R + r) :;::; I/bc :;::; ~(5s + /3r(4R + r». 
3 

2° [4] From GI 10.8 it follows the first inequality in 

This is an interpolating inequality for a result from [5]. 
3° Using the square-root transformation we can show that inequal­

ities (3) and (10) from Section II.4 are consequence of inequalities (2) 
and (8) from the same section, respectively. 

4° A very important inequality is the following inequality of 
O. Kooi (GI 14.1): 

If x, y, z are real numbers, then 
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(1) 

2 
If we put x ~ yza , etc., we get 

2 2 2 , 2 ~ 
(Iyza) R 9 (abc) xyz(~x). 

If A xyz(Ix) ~ 0, we get 

(2) 
2 

IIyza I ~ 4FY'A. 

Remark. Note that the following equivalent forms of (1) and (2) are 
valid 

(1' ) 
2 2 2 

(Iyz) R ~ xyzIxa , 

(2' ) I Ixa 2 I ~ 4F/Iyz (Iyz ~ 0). 

For inequalities (1) and (2') see Chapter VI (inequalities (22) and 
(22')) • 

(3) 

(4) 

The square root duals of (1) and (2) are 

2 sR 
(Ix) -4--- ~ Iyza, 

R + r 

IIyzai ~ 2/Ar(4R + r) (A ~ 0). 

Note that we can also work in the opposite direction. This method 
will be given in the following example: 

EXAMPLE. 5° [6] If a, h, c denote the sides of a triangle, then 

2 2 2 2 
(Ia) (Ia ) ~ 9IT(b + c - a )/IT(b + c - a) 

with equality if and only if a = b = c. 
Proof. If ABC is non-acute, the r.h.s. is ~ 0 and the inequality is 

trivial. For acute triangles, the inequality can be rewritten as 
2 2 

4F ~ 9r1 where F denotes the area of ABC and r 1 the inradius of the 

triangle ~1 of sides a 2 , b 2 , c 2 . Since 4F2 = 4R1r 1 + r~ (see [6], since 

a =~, etc.), the inequality reduces to the well known one, Rl ~ 2r1 , 
for triangle ~1. Thus the proof is complete. 

Note that the following inequality for R' is given in [7]: 

(5) 

and that for F' the well known Finsler-Hadwiger inequality (GI 10.3) 

(6) 



104 CHAPTER VII 

is valid. 
Of course, we can use any transformation several times. For such a 

generalization of (6) see a next result. Some further generalizations 
and some applications are given in the next section. 

Z. Mitrovic [8] considered a sequence of triangles T (n = 0, 1, 
n 

2, ... ) where the sides of Tn are equal to the square roots of the sides 
of Tn _ 1 , i.e. 

2-n 
b 

2-n 
a aO b O ' n n 

a b c = 1. 
00 00 00 

We shall write R, r, s, A, F, h, d 

Foo' h , d , 2n , respectively. 
00 00 

2-n 
c Co n 

Mitrovic proved the following results: 

k ~ Rk - 1R . k 
~ 

k-l k ;;, R s s sO; r 
n 0' n n 

k 

and 

k-l 
r rO; 

sin ;;, sin 
k-l 

sin Fk ;;, k-l 
A A AO; F Fa; n n 

with equalities if and only if TO is equilateral. 

2. Generalizations of the Finsler-Hadwiger Inequality and Applications 

A very important inequality is the Finsler-Hadwiger inequality of 
GI 10.3 (see the previous section). The following generalization of this 
inequality is given by A. Oppenheim [9]: 

(a) If ABC is a triangle of sides a, b, c and area F, there exists 

a triangle of sides a 1/ p , b 1/ p , clip, (p> 1) and area F such that 
p 

('1) 

Equality holds only if a = b c. 

In other words, (4F /13)P is an increasing function of p (bounded 
2/3 p 

of course by (abc) ). 
The corresponding circumradii satisfy the inequality 

(2) 

(R I3)P is a decreasing function of p, bounded below by 1. 
p 
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Proof. To facilitate the writing, suppose that ABC has sides a P , 

bP , cP so that the second triangle has sides a, b, c. It is then a 
question of proving that 

where U = 2Db2c 2 - ~a4 has minimum 0, attained for a = b = c. 

105 

Since E is homogeneous it is enough to determine stationary values 
subject to abc = const. Partial differentiation and Euler's theorem on 
homogeneous functions yield the conditions 

whence 

(4) 

dE 
a da 

4 
3" pE, 

= E, 

and two like equations (5), (6) by cyclic permutation of a, b, c. 
One solution of these three equations is plainly a = b = c for 

which E = O. If a different solution exists we may suppose by symmetry 
that 

or a ;;" c > b. 

From (4) and (5) by subtraction, 

(7) 

Eliminate up - 1 between (6) and (7), we find that 

which shows that E > O. 
Thus (a) follows: equality holds only for equilateral triangles. 
A. Oppenheim gave as conjecture a further generalization of the 

above results. C. E. Carroll proved this conjecture, i.e. he proved the 
following result [10]: 

(b) Suppose a, b, c are the sides of an acute or right triangle, 
f(x) > 0, log f(x) is a convex function of log x, and 

o < log(f(x)/f(y»/log(x/y) < 1, 

where x and y are distinct positive numbers. Then 

G(f(a), feb), ftc»~ ;;" f(G(a, b, c» 

where 
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G(a, b, c) 

((a + b + c) (-a + b + c~(a - b + c) (a + b - C))1/4 

with equality if and only if a = b = c. 
Here we shall give an application of Oppenheim's result. Similarly, 

one can use the result of Carroll. 
Let an inequality of the form 

I(F, R, a, b, c) ~ 0 

be given. If I is non-increasing in the first variable and non-decreasing 
in the second, then the following inequality is also valid: 

(p ~ 1) . 

A similar result for two or n triangle inequalities is also valid. 

EXAMPLES. 1° [11] If 0 < t ~ 2, and x, y, z are real numbers, then 

t 1 2 r-;- t 
(8) L:yza ~ 3"(L:x) (Rv3) , 

(9) (~ = xyz(L:x) ~ 0). 

These inequalities are generalizations of (1) and (2) from the 
previous section. 

2° [12],[30]. Let p, q, r be real numbers such that p + q > 0, 
q + r > 0, r + p > O. If 0 < t ~ 4, then 

(10) L: ___ P ___ at ~ 3(4F)t/2 
q + r 2\7'3 . 

This is a generalization of Tsintsifas' inequality (8) from Section 
11.4. 

(11) 

3° Let p, q, r be non-negative numbers. If 0 < t ~ 2, then 

L: ___ P_ b t t :;:, 3( 4F)t 
q + r c '" 2\73 . 

This is a generalization of Klamkin's inequality (2) from Section 
II.4. 

3. Some Trigonometric Transformations 

We shall now give some further examples in the case when f, g, hare 
three real functions such that if A, B, C are angles of a triangle, then 
f (A), g (B)., h (C) are sides of a triangle. The first such example was 
given in 0, but we shall now give examples involving other inequalities 
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for a triangle (not only inequalities for the sides of a triangle). All 
examples from this section are given in [2] and [3]. 

3.1. The result from 1.3.3 says that a triangle 61 whose sides are 

sin C, exists. In this case we also have 

Al A, etc., sl .!.I 
2 sin A 2II A 

cos 
2 

, Fl = .!. II 
2 

sin A, 

1 A 
Rl 2 

, r l 2II sin 
"2 

, h sin B sin C, etc. , 
a l 

2 S 'n ABC 
~ 2 cos "2 cos "2 ' etc. 

so we can use all inequalities of the form 

I(a, b, c, A, B, C, s, F, R, r, h , h , h , r , r b , r ) ~ 0 
a -b c a c 

for generating new inequalities with angles of a triangle. 

EXAMPLES. 

B C r-; 
GI 1.20 ~ 1 < I tan "2 tan "2 < d; 

GI 5.1 ~ GI 2.12; GI 5.20 ~ GI 2.29; 

GI 6.28 ~ I sin2 ~ ~ 6II s'n A t 2 ~ 2; e c. 

3.2. The result 1.3.4 says that a triangle 62 whose sides are a 2 
Be. 

A 
cos 2" ' 

b2 = cos "2 ' C 2 = cos "2 ex~sts. In this case we also have 

EXAMPLES. 

1T A 
2 2' etc. 

1 A 
F 2 ="2 II cos "2 ' 

s2 -

~ I cos ~ = 2II cos 

a 2 
1 B C 
"2(cos + cos 

2 2 

2 
1T - A 

sin cos 
4 

(II cos ~) II 
2 

GI 5.3 ~ GI 2.27; 

- A 
4 

A 
cos"2) 

1T - B 

4 

A 
cos 2 

sin 
1T - C 

4 
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GI 4.10 ~ L cos4 ~ ~ 4TIcos 2 A 
2 2 ' 

GI 5.1 
A A 

~ L cos 2 ~ 4TI cos 2 ' etc. 

Comment by J. F. Rigby. ~2 is an acute triangle, so any inequality 

for acute triangles can be used here to yield an inequality for all tri­
angles. 

3.3. The result 1.3.5 says that a triangle ~3 whose sides are a 3 
2 A b 2 B 2 C "t h" I h cos 2' 3 = cos 2' c 3 = cos 2 ex~s s. In t ~s case we a so ave 

where 

EXAMPLES. 

A 
uTI cos 2 ' 

1/2 A 
r3 (v/u) TI cos 2 

u v 

GI 1.3 ~ GI 2.12; 

1/2 A 
(uv) TI cos 2 

GI 1 15 'C t ~:;;, TI A 
• ~ 6 an 2 - 9 tan 2 

GI 5.11 ~ (L tan ~)3 ~ 27TItan A 
2 2 

GI 5.12 ~ (L tan ~)3 ~ ~7 n sec ~ etc. 

1( )-1/2 "4 uv , 

3.4. If 0 < A, B, C < n/2, then a triangle ~4 the sides of which are 

a 4 sin 2A, b 4 = sin 2B, c 4 = sin 2C exists (see 1.3.6). In this case 

we also have 

n - 2A, etc. 

r 4 = 2TIcos A, etc. 

2 TI sin 2A, 
1 
2' 

Note that this result is a simple consequence of 3.1 if we use the 
substitution A ~ n - 2A, etc. (see proof of 1.3.6). Of course, we can 
get similar results from 1.3.7 and 1.3.8 (see proofs of these results). 

Remark. For an interesting application of 3.4 see X.2.3. 
Comment by J. F. Rigby. It should be emphasized that when a triangle 
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inequality is applied to ~4' we obtain an inequality for acute triangles 

only. Also, this transformation is the opposite of 3.2. 

4. The Median-Dual Transformation and Its Generalizations 

4.1. We obtain an important transformation as a consequence of 1.3.13. 
This result shows that the triangle ~ whose sides are rna' ~, mc exists. 
In this case we have that if m 

(1) I(a, b, c, F, R, r, ha' hb , hc' m, 
a 

is any inequality involving the stated elements of triangle ABC, it is 
equivalent to the following inequality, called the median dual of (1) 
[13] : 

w ,w w);) 0, 
a b' c 

where 

~F 
TIm 

a 
F R 

m 4 ' m 3F 

ill 3 f 
4 

a, etc. , 
a a 

w /~mc(~ + a ~ + m 
c 

3F 
r = 2LID m a 

3F 

2(~ + m - !!l 
C 

m - m )Lm , 
c a a 

n 
a 

) 
, 

a 

etc. 

A m , 
c 

3F 
2m 

etc. , 

, 
a 

r , 
c 

etc. , 

EXAMPLES. 1° [12] Let p, q, r be real numbers such that p + q > 0, 
q + r > 0, r + p > 0. Then 

(2) 

with equality if and only if 

222222222 
p:q:r = (Sa - b - c ):(-a + Sb - c ) :(-a - b + Sc ), 

and if ° < t ~ 4, 

(3) 

These inequalities are the median-duals to 11.4.(8) and VII.2.(10). 
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2° Let p, q, r be non-negative numbers and 0 < t ~ 2. Then 

(4) 

This is the median-dual to VII.2.(11). 
3° [11] Let x, y, z be real numbers and let 0 < t ~ 2. Then 

(5) 

(6) 
t t/2 

IIyzm I ~ i3X(i3F) 
a 

(il = xyz (Ix) ~ 0) • 

These inequalities are the median-duals to VII.2.(8) and (9). 
2 2 

4° [13], [14] GI 4.7 ~ 12F13 + 3Ia ~ 8I~mc ~ 4F13 + 5Ia . 

5° For t = 2, x = a, y b, z = c, (5) becomes 

2 2 
Ibcm ~ (211m /3r) , 

a a 

which was obtained by E. A. Velikova and S. J. Bilcev [13]. Similarly 
we can get some other of their inequalities. Note that Velikova and 
Bilcev gave in their paper about a hundred geometric inequalities and 
their median-duals. We shall quote some of their examples: 

4) I1/ma ~ 1/r 

5) 

6) 

7) 

8) 

9) 

222 
a + b + 4c ); 

Ibc ~ 2RIm ; 
a 

Lm / (b + c) ~ 2. rE-
a 4 s 
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which is the conversion of 10.9. 

2 2 + b2 2 -1 ~ ~ F2 10) (lIma) Z(4a + c) ~ 8 ,,*GI6.7; 

11) 
2 

9FZam :( 18F + (4lIm ) O::m ) 
a a a 

(for acute triangle) 

12) 

, 13) 

"* Zm /h :( 1 + R/r; 
a a 

(Zm ) (Za/m ) ;;" 6s "* Zm /a;;" 3(Zm )/2s; 
a a a a 

GI 4.2: s2 ;;" 3F13 "* GI 8.4: O:m )2 ;;" 9F!3. 
a 

Note that the triangle ~m has the following two properties (see 
[ 15] and [16]): 

14) :( 3 abc 
r 

4(a2 + b 2 + c 2 ) 
m 

2 
b 2 2 

15) ;;" a + + c 
R 

2 (a + b + c) m 

Furthermore, if Am' Bm' em are the angles of a triangle ~m and if 

a> b > c, then [28]: 

m , 
c 

e < e , 
m 

e < B , 
m 

B < e 
m 

For some other properties of ~m see [29]. 

4.2. Let Ca , c b ' Cc denote three cevians of a triangle dividing the 

sides in the ratio v/u where u + v = 1. Then (see 1.3.14) c a ' c b ' Cc 

form a triangle ~c. If we now let F', R', r', h~, c~, respectively, 

denote the area, circumradius, inradius, altitude and cevian to side 
c a (with the sa~e u, v), of the triangle ~c' it can be shown (see 

Klamkin's solution of a problem from [17]) that: 

lIc 
F' = (1 - uv)F, R' = a 

4(1 - uv)F 

h~ = 2(1 - UV)F/Ca , etc., 

r' 
2 (1 - uv)F 

LC 
a 

2 2 2 
uCc + vCb - uvca ' etc. 

Then corresponding to any triangle inequality 

111 
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for ABC, we also have the dual cevian triangle inequality 

EXAMPLES. 1P GI 6.1 '* I3Lc ~ 4(1 - uv)FLC -1, which is Klamkin's 
a a 

generalization of a problem of A. Bager ([17]). 

4.3. A generalization of the median-dual 
by I. Gincev [18]. 

transformation has been given 

Let D(X 1 , X2 ' x3 ) be a point in the plane of a triangle where xl' 
+ + 

x2 ' x3 are its barycentric coordinates, i.e. OD = LXIOA, LX1 = 1, where 

o is an arbitrary point in the plane. If 
then 

C , 
a Cb ' Cc are its cevians, 

b' c' 

are the sides of a triangle ~', and for this triangle we have 
c 

F' = F/IITxll, 

R' 

5. Transformations Te' T 2 and T: l 

e 

c 
c 

Here, we shall consider three transformations which are connected with 
1.3.55. 

5.1. In 1.3.35 we noted that a l = a(s - a), b l = b(s - b), c l = c(s - c) 

are sides of a triangle (say ~T ). S. J. Bilcev and E. A. Velikova [19] 
2 

e 
noted that for this triangle we also have 

r(4R + r), 
FR 

s1 sl - a l = s - a 
F1 Fr/r(4R + r), 

R1 Rs/ .. r 
4R + r ' 

r 1 
rs/_r __ 

4R + r 

(s - a)/r(4R + r), 2Frvr(4R + r)/a(s - a). 
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and they called this transformation the T 2- transformation. They also 

T 2 * T 2 e 

noted that a e e, Fra, etc., i.e. using the transformation T 2 * T 2 

we get the 

T 2 

initial result (symbolically I = I or 
T 2 * T 2 

e 
I~IT 

e e 

EXAMPLES. 1° [19] GI 4.7 # GI 5.51 , 

GI 5.5 rr # Za2 - Z(b - c)2 ~ 4s / }-(4R + 

2° [11 ] If x, y, z are real numbers and 0 < t 

t _ a)t 1 2 2 » t/2 Zyza (s ~ 3(Zx) (FSR / (4R + r , 

r) • 

~ 2, then 

These results are the T 2-duals to VII.2.(8) and (9). 
e 

e e 

3° Let p, q, r be real numbers such that p + q > 0, q + r > 0, 
r + p > O. If 0 < t ~ 4, then 

P t t 3 2 3 
Z --- a (s - a) ;;. -2(16F r (4R 

q + r 

This is the T 2- dual to VII.2(10). 
e 

) 13)t/4 + r I • 

5.2. Of course, since a(s - a), etc. are the sides of a triangle, 

a 2 = (a(s - a»1/2, b 2 (b(s - b»1/2, c 2 (c(s - c»1/2 are also 

sides of a triangle (say 6T ). Bilcev and Velikova [20] noted that for 

this triangle we have 
e 

F/2, F/(Ua(s - all, 

F/(a(s _ a»1/2, (IT - A) /2, (IT - Bl /2, 

C2 = (IT - C)/2, 

and they called this transformation Te- transformation. 

It is obvious that this transformation is in connection with the 
transformation given in VII.3.2. 

Also, if we apply these transformations n times, we get a new 
triangle with the angles 
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(1) 

This result is connected with XII.2.1. A generalization of the Te­
transformation is given in [22]. 

GI 7.5 ~ ~a2 - ~(b - c)2 ~ 16Rr + 4/3F/9, 

GI 10.8 ~ ~ b + c - a a ~ 2F 
b 1 + c 1 - a 1 r 1 

GI 4.4 ~ GI 4.7I • 

5° [11] If x, y, z are real numbers and 0 < t ~ 1, then 

ttl 2 r-;-t 
~yza (s - a) ~ 3(~x) (Rrv3) , 

t t r.::. r-;t 
I~yza (s - a) I ~ v3A(2F/v3) (A = xyz(~x) > 0). 

These inequalities are the Te- duals to VII.2.(8) and (9). 

6° Let p, q, r be real numbers such that p + q > 0, q + r > 0, 
r + p > O. If 0 < t ~ 2, then 

P t t 3 t 
~ -- a (s - a) ~ -2 (2F/I3) • 

q + r 

This is the T - dual with VII.2(10), and a generalization of some 
results from [30].e 

7° Using (1) for n 3 and GI 5.22 we get [21]: 

~«12 + 1) cos ~ - sin ~)-1 ~ /6 - 312. 
8 8 

5.3. The inverse transformation to the T -transformation was also con­
e 

sidered in [20]. This is the T-1-transformation, and it gives a triangle 
e 2 

of sides a 3 , b3, c 3, such that a = a 3 (s3 - a 3), etc. The following 

relations are valid for this triangle [20]: 

a2 (b2 +c2 _a2 ) 
4td 

2F 
d 
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2 
d tan A, A3 IT - 2A, 

R 
d, s3 - a 3 = R3 r3 d 

2F, 
2F 

h 
2Fd 

F3 = r cotan A, 
R2 a 3 d a 3 sin 2A 

2 2 2 
where d = s - (2R + r) . Of course, it is obvious that the triangle 
ABC of sides a, b, c must be an acute triangle. 

EXAMPLES. So [20] GI 5.1, 5.11, 5.12 ~ 

It is obvious that this is valid for all triangles. 
9 0 [11] If x, y, z are real numbers and 0 < t ~ 2, then for acute 

triangles the following T- 1-duals to VII.2.(S) and (9) are valid: 
e 

100 [20] GI 2.56 ~ 2R2 + SRr + 3r2 ~ s2. 
This inequality is due to A. W. Walker (see Section X.2.3); 

4 2 2 2 2 
GI 5.7 ~ Lb2 c 2 > ~(13R + SRr + 2r - 2s ). 

2 
R 

Remark. Of course, we can combine the above transformations, i.e. 
if we first use the Te and later the T 2- transformation we get the 

e 
Te * T 2 - transformation. Bilcev noted that using this transformation 

e 
from the known inequality 

I3L cos A > L sin 2A 

we get 

3/2 1/2 
L(b + c - a) va > 4r(4R + r) /(3RS) . 

6. Parallelogram Transformations 

In the papers [23], [24] and [25] the parallelogram transformations were 
considered. For example, let ABC be a given triangle and let OM = mc. If 

we extend this median an equal length, we get a triangle ACC 1 with sides 
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AC1 = a, AC = band CC1 = 2mc ' i.e. we get the parallelogram transform­

ation with respect to side c: PT(c). This transformation implies that if 
we have an inequality 

then, using PT(c) we get the inequality 

( 
I\a, b, 2mc ' F, c/2, abmc /2F, 2F/(a + b + 2mc ) , 

\ 

2F/(b + 2mc - a), 2F/(2mc + a - b), 2F/(a + b - 2mc ) , ha' ~, 

F/m ) :;;, O. , c 

EXAMPLE. P GI 4.4 ~ 3a2 + 3b2 - c 2 :;;, 4FI3, (see [26]), 

In each example there is equality only if a:b:c = 1:1:13. 
Of course, we can combine several parallelogram transformations 

(see [23]), or parallelogram transformations with some other transform­
ations (for example with the median-dual transformation: MDT as in [24]). 
So the following tran~formations are also valid: 

(1) Using the P'.\' (c) * PT (b) -transformation we have: 

I ( b ) ::" 0 {} ( (6 2 + 3b2 _ 2c 2 ) 1/2, a, ,c, F 7 E ~ I,a, a 

2m , 
c 

with equality if and only if a:b:c = 1:13:17. 

(2) Using the PT(c) * PT(b) * PT(a)-transformation we have 

I (a, b, c, F) :;;, 0 

with equality if and only if a:b:c 13:17:119. 



SOME OTHER TRANSFORMATIONS 117 

(3) Using the PT(C) * MDT (or MDT * PT(c»-transformation we have 

I(a, b, c, F) ~ 0 {E}'" I(ma , ~, 3c/2, 3F/4) ~ 0 

with equality if and only if a:b:c = 17:17:1. 

EXAMPLE. 4° GI 4.4 ... a 2 + b2 + 13c2 ~ 12F/3. 
(4) Using the PT(c) * PT(b) * MDT-transformation we have 

( 1 2 2 
I(a, b, c, F) ~ 0 {E} ... I rna' I(-4a + 5b 

3c/2, 3F/4) ~ 0 

with equality if and only if a:b:c = 119:113:1. 

EXAMPLE. 5° GI 4.4 ... _Sa2 + 7b2 + 31c2 ~ 12F/3. 
Some other combinations and further generalizations of the paral­

lelogram transformations were given in [24]. We shall give the following 
results: 

Let be M E AB such that AM:MB = m:n. We extend the cevian AM to the 
point C1 such that Ac1 I1BC. Then we have 

( m 1 2 2 2 1/2 
I(a,b,c,F)~O"'I-a,b'-n«m+n)(ma +nb)-mnc) , ,n 

EXAMPLE. 6° GI 4.4 ... m(2m + n)a2 + n(m + 2n)b2 - mnc2 ~ 4mnF/3. 

7. A Transformation for Acute Triangles 

We now return to I.3.2, i.e. if f, g, h are the 

angle, then g2 + h2 ~ f2 etc.; if we write f2 
a, b, c are the sides of a triangle. If ~, n, s 
acute triangle, then ([27]): 

sides of an acute tri-
2 2 

a, g b, h = c, then 
are the angles of ~his 

(1 ) 
2 

(b + c - a) /4bc 

2 
x / (x + z) (x + y) • 

In this way we can derive inequalities for the sides and angles of an 
acute triangle from inequalities for positive numbers x, y, z (see 
Chapter III). 

EXAMPLE. [27] For what values of A, ~, V is the inequality 
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(2) 64\11 cos2 E, + 16]1Z cos2 n cos2 1;; + 4\JZ cos2 E, -

- (\ + 3]1 + 3\J) ) 0 

satisfied for all acute triangles? Using (1) we reduce (2) to 

(3) (\J - \ - 3]1)P + (4\J - 4\ - 12]1)(2 -I- (4\J - 4\ + 4]1)T 

+ (4\J - 12\ - 4]1)S ) 0, 

where P, Q, T, S are given as in Theorem 111.6. Using this theorem, 
necessary and sufficient conditions for the validity of inequality (3) 
are 

4\J - 4\ - 12]1 = 482 (say), 

2 
4\J - 4\ + 4]1 = 4w (say), 

2 
4\J - 12\ - 4]1 = -48w + 2s (say), 

where 8, w) O. Thus (2) is a valid inequality if and only if it can be 
written in the form 

2 2 
E, - 4Z cos 

2 2 2 
E, -8 (16IT cos n cos 1;; + 2Z cos 1) + 

4w2 (4IT 
2 

E, + Z 
2 2 2 

E, -+ cos cos n cos 1;; + Z cos ~ 1) + 

(-28w 
2 2 

E, - Z cos 
2 

E, + 1) ) 0, + + s ) (-1611 cos 

where 8, w) O. Oppenheim's inequalities (GI 11.18) are given by 8 = 1, 

w = 0, s2 = 1 and by 8 = 1, w = 0, s2 2. Kooistra's inequality (GI 

2.24) i.e. Z sec2 E, ) 12, is given by 8 = 0, w = 1, s2 = 4. 
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Chapter VIII 

CONVEX FUNCTIONS AND GEOMETRIC INEQUALITIES 

1. Jensen's and Related Inequalities and Geometric Inequalities 

1.1. That convex functions play an important role in generating in­
equalities for the triangles was apparently first noticed by M. Petrovic 
in 1916 (see [1-3]) who obtained the first general inequalities which 
include a convex function and the sides of a triangle: 

THEOREM 1. If f:[O, +00) ~ R is a convex function and a, b, c are the 
sides of a triangle, then 

(1 ) 3f(2s/3) ~ Uta) ~ f(O) + 2f(s). 

M. Petrovic proved (1) using 

(2 ) 3f(s/3) ~ Lf(x) ~ f(s) + 2f(0), 

where s = (a + b + c)/2 and x = s - a, etc. The first inequality in (2) 
is a special case of Jensen's inequality, and the second one of the 
Petrovic inequality for convex functions (see for example AI, pp. 12 and 
23). As an example of (1), M. Petrovic gave GI 1.16, 1.17, 1.19, 1.20, 
and several other results are also consequences of these inequalities. 
But it is clear that using Jensen's and Petrovic's inequalities we can 
get several similar results for other elements of a triangle. On the 
other hand, these results are consequences of majorization (see part 2), 
so here we shall only give a simple method of generating inequalities 
from identities. 

Suppose the following inequality holds: 

where ¢, ¢1' .•. , ¢n are real functions defined on U C Rm. Then by 

Jensen's inequality for the convex functions F:[a, b] ~ R (¢(x), ¢k(x) 

E [a, b], Vx E u, 1 ~ k ~ n), 

(3) 
n 
L F(¢) ~ nF(l¢). 

k=l k n 

If F is concave, the reverse inequality is valid. 
If F is convex for x ~ 0 and if F(O) = 0, then by Petrovic's in­

equality, 
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n 
(4) I F(<!Jk ) (: F(<!J). 

k=l 

Again if F is concave, the reverse inequality holds. 
Now we give some applications of (3) and (4) to triangle inequal-

ities. 

1 ° From I ~ = 1, 
s 

(s - a) 1 we get IF ---s-- > 3F(}) if F E C (the cone 
x 

of convex functions), and the reverse inequality if F f C (concave 
v 

functions). If 
F E C and the 

x 

additionally F(O) = 0, x > 0, then ZF(~) (: F(l) if 
reverse if F E C . 

v 
s 

For F(x) 
1.20. 

= l/x and F(x) = IX, respectively, we have GI 1.15 and 

To avoid constant repetition, it will be assumed in each of the 
following cases that we have the same conditions for F as in 1°, i.e., 
in the first inequality F E ex and in the second inequality, we addition-

ally have F(O) = 0, x ~ O. Also if F E Cv ' then the two inequalities 
are reversed. 

2° I 
r 

[4] ~ IF(~ ) > 3F(t) and IF(~ ) (: F (1) • r 
a a a 

For F(x) = l/x we have the left hand side of GI 5.41. Also, since 
h - r 

we get IFCa 
- r ) 

> 3F(!) C -r ) r a [5 ], IF ha + r (: F(l) . h 
and 

r + r + r 3 
a a a a 

Remark. Since (s - a)/s = 

For F(x) 

For F(x) 

r 
I"h 

a 

l/x, we have GI 6.2. 

r 
a 

I 4R + r 

IF a ( r ) 
4R + r 

(: F(1). 

a 
r/ra , examples 1° and 

and 

than the following result from [7]: Irn> 3(R + r)n. 
a 

a a 
2° are 

and 

'C • 2 A 
~ Sln "2 2R2; r ~ IF(sin2 ;) > 3F(2R6; r) and 

IF(sin2 ~) (: F(2R2; r). 

equivalent. 
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2 2 
Since sin2 ~ = 4R r b

a + rc [6], we have 6 -r-b~a_+-r-c-

and 

4R - 2r '* 

6F( a
2 

r) ~ F(4R - 2r). 
rb + c 

These results are improvements and extensions of results from [6] . 

For 

s ;;. 

6 sin A * '* 6F(sin A) ;;. 3F(;R) and 

F(X) n (n ;;. R) , 6 
n A;;' 

l-n sn 
= x 1, n E we have: sin 3 -

n 
R 

3r/T (GI 5.11 ) we get a result from [7]: 

(n ;;. 1, n E R) • 

6 tan !l. t C 2 an 2 
B C 1 

1 '* 6F(tan 2 tan 2) ;;. 3F(3) 

6F(tan ~ tan ¥) ~ F(l) • 

and 

Since 

123 

For F(x) = xn (n;;' l,n real), from the first inequality we get a result 
from [8]. 

1.2. In Section 1.1, we started out with a knownidentity. Here we start 
out with a known inequality 

Also, we write F E A, FEB, F E C, FED to denote that F is a.function 
which is convex non-decreasing, convex non-increasing, concave non­
increasing, or concave non-decreasing, respectively, in the domain in­
volved. 

It now follows immediately from Jensen's inequality that if F E A 
and if (5) is valid, then 

(6) 
n 

6 F(~k);;' nF(~ ~) • 
k=l 

Analogously, (6) is valid if the reverse inequality in (5) holds and 
FEB; the reverse inequality in (6) is valid if (5) holds and F E C; 
and finally the reverse inequality in (6) is valid if the reverse in­
equality in (5) is valid and FED. 
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We now apply these results to give extensions to a sample of known 
inequalities in GI. The reader can do the same with respect to other in­
equalities in GI and elsewhere. 

8° GI 2.3 ~ LF(sin2 A) ~ 3F(~)' (F € D, x > 0) • 

By specializing the function to x ~ F(x) = xk/2 (0 < k ~ 2), and 
x ~ log x, we immediately obtain (for k < 0 we can use the inequality 
for means) 

(7) Mk(sin A, sin B, sin C) ~ 1:3/2 (k ~ 2) 

which is better than GI 2.6 (and also contains GI 2.5, 2.7 and 2.49). 
Note that the same method and the weighted version of Jensen's in­

equality was used in Chapter VII, where a generalization of (7) was ob­
tained. 

9° GI 2.33 ~ LF(tan~) ~ 3F(I:3/3) , (F € A, x > 0). 

F(X) 
2 6 we obtain 2.35 and 2.36, respectively. For x , x , GI 

A 
r + r 

Since 
___ a = a 

tan "2 = , we also have b + c rb + r 
c 

LF(r + ra) = LF( a r ) ~ 3F(1373) , 
b + c rb + c 

(F € A, x > 0) • 

This generalizes an inequality in [6]. 

10° GI 2.41 ~ LF(cotan~) ~ 3F(IJ) , (F € A, x > 0). 

For x ~ F(x) x2 , we obtain GI 2.43. 

(
rb + rc\1/2 

Since cotan ~ = __ a__ = we also have 
2 r - r r - r) , 

a a 

(F € A, x > 0). 

This generalizes some of the results in [6]. 

11° GI 4.5 ~ LF(bc) ~ 3F(4L1/IJ) , (F € A, x > 0, ~ area). 

For F(x) 
2 

x we have GI 4.12. 

GI 4.6 ~ LF(bc) e~ Q) ~ 3F T3 + 6" ' (F € A, x > 0, Q 
2 

L (b - c) ). 
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For F(x) 
2 

x , we get 

which is an improvement on GI 4.12. 

12° GI 5.29 _ LF(r ) ~ 3F(s/I3), 
a 

For F (x) 
2 

x , we have GI 5.34. 

13° GI 6.28 _ LF(r /h ) ~ 3F(1), 
a a 

(F E A, x> 0) • 

(F E A, x> 0). 

For F(x) = xn (n ~ 1, n E R), we have a result which was given in 
Remark 1 of GI 6.28. 

14° A simple application of Jensen's inequality is GI 2.37, i.e. 
its generalization from VII 3.10. For some other applications, see 
Chapter VII. 

Remark. The previous results were given by J. E. Pe~ari6, 

125 

R. R. Jani6 and M. S. Klamkin. Now, we shall note that using weighted 
version of Jensen's inequality we can give the following generalization 
of (3): 

n 

(3') L PkF(~k/Pk) ~ PF(~/P), 
k=1 

where 

P 

n 

L Pk' ~k/Pk E [a, b] 
k=1 

(k 1, ... , n). 

For some applications of (3') see part XI.4.1. Here we shall only 
give an example of D. Milo~evi6: 

Comment by V. Mascioni. Note that 

(see Example 8°) is equivalent to 

and, since R 
1 2 La/L sin A, to 

13 M1 (a) 
M1 (sin A) ..;; - ---

2 M2 (a) 
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2 
Using cotan W = (La) /4F (w - the Crelle-Brocard angle), one sees 
further that 

M2 (sin A) ,;:; 13/2 

is also equivalent to 

8 11' "" t 9 SLn A ~ an w 

which is due to D. P. Mavlo (problem 639, Nieuw Arch. Wisk. (3) 30 
(1982), 116 and 31 (1983), 87-89. 

Inequality GI 4.12 which is used in Example 11°, is equivalent to 

The remark above implies then that inequality (7) also contains GI 4.5. 
Note also that inequalities GI 4.6 and 5.29 which are used in Examples 
11° and 12°, respectively, are equivalent. D 

Comment by W. Janous. l1itrinovic, Pecaric and Janous (see VI.l.Remark 1°) 
have shown that 

(k log(9/4)/log(4/3) > 2) • 

Hence 

3 Ml (a) 
Ml (sin A) ,;:; - --- .D 

2 Mk(a) 

Comment by J. F. Rigby. Examples 10° and 13° for F(x) = xk (k> 1) be-
kA k k 1 kA 

come L cos 2 ~ 3(/3) and L(ra/ha ) ~ 3. But 3 L cotan 2 ~ 

(11 cotank ~)k/3 ~ (3/3)k/3 = (/3)k for k ~ 0 (using GI 2.42). See 
1T A 1 k 

also GI 11.8 (put a = 2 - 2 ' A = 1T - 2a). Also, 3 L(ra/ha) ~ 

(l1(r /h )k)1/3 ~ 1 (GI 6.27) for k ~ O. 
a a 

Note that (7) also contains GI 4.5 (it is equivalent to 11_1 Ca) ,;:; 
nR) .0 

1.3. If m';:; f" (x) ,;:; M and S 
n 

n 

2 L 
n i,j=l 

i<j 

2 M 2 
(x. - x,) , then x ~ -2 x - f(x) 

L J 

m 2 
and x ~ f(x) - 2 x are convex functions and Jensen's inequality gives 
[9] : 

(8) ~ S ,;:;! ~ f (x .) - f(~ ~ 
2 n n i=l L i=l 

""'~S 2 n 
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We shall now give some applications of (8) to geometric inequalities 
from [9]. 

1 2 
R ~ 2r eXP (24 L(B - C) ). 

Proof. Consider the function x ~ f(x) = log sin x on (O,IT). We 
have M = -1. In (8) put n = 3, xl A/2, x 2 = B/2, x3 = C/2; we get 

All 2 
IT sin "2 ,;;; 8" exp (- 24 L (B - C) ) 

and since IT sin 
A r 

get 15°. 
2 4R 

we 

The following examples were proved similarly in [9] : 

16° 3/3 ~ L 
2 

sin A~313 
2 

- ~ L(B 
2 

C)2. 

E.~~ 1 2 
R 2 - 6" L (B - C) • 

Comment by V. Mascioni [24]. Since 

27 1 2 1 2 3" ABC ~ 1 - 24 L (B - C) ,;;; exp (- 24 L (B - C) ) 
IT 

(it is easy to prove this with the multiplier method), the following in­
equality of V. Mascioni (see IX.6.58): 

is stronger than the one proved in Example 15°. 

2. Majorization and Geometric Inequalities 

That majorization can play a role in generating geometric inequalities 
was noted by Steinig [10, 11] and Oppenheim [12). In the well known 
book [13) (denoted further in the text by MO), Chapter 8 considers these 
inequalities with respect to majorization. 

We shall now give some definitions and main results on majorization: 
1) A vector y = (Yl' ... , Yn) is said to be majorized by a vector 

x = (xl' ... , x n ), in symbols x> y or y < x, if after possible re­

ordering of its components so that Xl ~ ... ~ xn and y 1 ~ ... ~ Yn we 
have 

k 
L 

r=l 
x ~ 

r 
for k 1, ... ,n-l, and 
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n n 
l: x l: y . 

r=l 
r r=l 

r 

But, if we have 

k k 
l: x ~ l: Yr for k 1, ...... , n 

r=l 
r 

r=l 

we write y <",x or x >\.7. 
2) A real-valued function F defined on a set A C Rn is said to be 

Schur-convex on A if 

x < y on A =* F (x) ~ F (y) :) • 

If, in addition, F(x) < F(y) whenever x < y but x is not a permutation 
of y, then F is said to be strictly Schur-convex on A. Similarly, F is 
said to be Schur-concave on A if 

x < y on A ~ F (x) ~ F (y) • ) , 

and F is strictly Schur-concave on A if strict inequality F(X) > F(y) 
holds when x is not a permutation of y. 

Of course, F is Schur-concave if and only if -F is Schur-convex. 

3) Let I C R be an open interval and let F:In ~ R not be continu­
ously differentiable. Necessary and sufficient conditions for F to be 

Schur-convex on In are: F is symmetric on In and for all i # j 

4) A real-valued function F defined on a set A C Rn satisfies 

x < y on A ~ F (x) ~ F (y) 
w 

if and only if F is increasing and Schur-convex on A. 

n 
l: 

i=l 

We shall now give some important classes of Schur-convex functions: 
(i) If I C R is an interval and g:I ~ R is convex, then F(x) = 

g(x.) is Schur-convex on In. 
1. 

In this case the inequality F(x) ~ F(y) from the definition of 
Schur-convex functions gives the well-known majorization theorem for 
convex functions. 

(ii) A function F:ln ~ R is convex if 

F(AX + (1 - A)y) ~ AF(x) + (1 - A)F(y) 

for all A E [0, 1] and x, y E In. 
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If F is symmetric and convex, then F is Schur-convex. Consequently, 
x -< y implies F(X) .;;; F(y). 

(iii) A function F:I 
n 

-+ R is said to be quasi-convex if 

F(AX + (1 - A)y) .;;; max(F(x), F(y)) 

for all A E [0, 1] and x, y E In. 
If F is symmetric and quasi-convex, then F is Schur-convex. 
(iv) Denote by x -+ Tk(X) the ~th elementary symmetric function of 

xl' ••• , xn • That is 

n 
TO (x) 1, Tl (x) L xi' T2 (X) L xixj ' 

i=l i<j 

n 
T3 (X) L xixjxk ' ... .. , T (x) II x .. 

i<j<k n i=1 ~ 

2.1. Inequalities for the Sides of a Triangle and Polygon 

In what follows we shall use the following notation 
(~) - for all triangles, 
(~ ) - for acute triangles, 

a 
(~o) - for obtuse triangles. 

First, we shall give some results for the sides of a triangle: 

1) (~s 2s 
'3 ~s) -< (a, b, c) -< (s, s, 0), (M, 

(t ' t ' t) -< (x, y, z) -< (s, 0, 0), (M. 

[0, +00)). 

n, for 

These basic majorizations for the sides of a triangle yield gener­
alizations of (1) and (2) to Schur-convex functions. 

EXAMPLES. We shall give some examples from MO, pp. 199-201. 
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1° (L1) (GI 1.9) 

2 
1/4 < Zbc/(Za) < 1/3 (L1) (GI 1.1) 

3° For a real number d ~ 0, 

4(9 - 2d) s2 < Za2 _ ~ ITa < 2s2 (L1) 
27 s 

3° for d 36/35 is an extension of GI 1.2. 

3 (3d + 2) < Z ds + a < 5d + 4 
4 b + c 2 

(L1 ) (0. o gives GI 1.16) 

5° IS < z;s-:-a < I3S (L1) (GI 1.20) 

6° Ua(s - a) < I2S (L1) (GI 5.47) 

3 
1/4 < IT(b + c)/(Za) < 8/27 (L1) 

8° 9/s < Z (s - a) -1 (6) (GILlS) . 

In MO, p. 199, the followinq results were also given: 
(a, b, c) < (s, s/2, s/2) and (x, y, z) < (s/2, s/2, 0) (L1o); 

but V. Mascioni has shown that these results are not valid (the same is 
true for several examples which are consequences of these results). 

However, C. Tanasescu communicated to us the following corrections 
of these results: 

((2/2 - 2)s,(2 - /2)s, (2 - /2)s)< (a, b, c) 

((/2 - l)s, (/2- l)s, (/2- l)2 s ) < (x, y, z) (L1 ). 
o 

He also gave the following examples for these results: 

222 
Za /(Za) ~ 2(/2 - 1) ; 

2 
Zbc/(Za) < (4/2 - 5)/2; 

IT(b + c)/(Za)3 < (2 - /2)/2; Zs/(s - a) ~ 5 + 4/2; 

Z(ds + a)/(b + c) ~ ((2 + 512)d + 2(5/2 - 4»/4; 

z;s::-a < (/2 - 1 + 2//2 - 1)15; 

Zla(s - a) < (/2 - 1) (/2/2 - 2 + 2~)s. 
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In fact, Tanasescu proved the following result: If a ~ b ~ c, then 
for all obtuse triangle, if degeneracy (in any sense) is also allowed, 

((212-2)s, (2 - 12)s, (2 - 12) s) < (a, s - a/2, s - a/2) < 

< (a, b, c) < (s, s - c, c) 

< (s, s, 0) , 

((12-1)s, (12 - l)s, (12 - 1) 2 s) < (a/2, a/2, s - a) < 

< (x, y, z) < 

< 

< (s - c, c, 0) < (s, 0, 0), 

but it is evident that only the first majorizations are valid only for 
obtuse triangles, i.e. the other results are valid for all triangles. 

(a + b b + C C + a) 
2) 2' 2 ' --2- < (a, b, c) (1'1). 

EXAMPLE. go (MO, p. 201) 8IIa ..;;; II(b + c) (GI 1.4) . 

3) (a, b, c) < (2x, 2y, 2z) (1'1). 

Here we shall give examples from MO, p. 202. 

EXAMPLES. 10° 8xyz ..;;; abc (GI 1.3). 

11° 2xyz/(~y.z) ..;;; abc/ (llic) , 

12° 32xyz(~yz) ..;;; abc(~bc) • 

We shall now give some similar results for the sides of a polygon. 
4) If a 1 , ••. , an are the sides of a polygon with perimeter p and 

if a i ..;;; s, i = 1, ••• , n, where for some integer k, piCk + 1) ..;;; s";;; p/k, 

then 

< (s, •.• , s, p - ks, 0, •.• , 0). ------ ~ k n-k-l 

This result is a generalization of Theorem 1(in the case of Schur-convex 
functions, of course). A particular result in the case p = sk for convex 
functions is given in [14], but as a consequence of Jensen's inequality 
and its conversion of Lah and Ribari~ (see for example [14]). A simple 
consequence of this result is GI 16.5. 

Note that for every polygon the following is valid 

1 
n(p, ... , p) < (a1 , ••• , an) < (s, s, 0, ..• ,0), 
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where s is semiperimeter of the polygon. 
Remark. This result contains the following inequality of 

T. popoviciu: 

(m ~ 1, mER). 

The following two results are generalizations of (2) and (3) (see 
[14]) • 

5) If a 1 , 

(n - 1) s and if 

an are the sides of a polygon with perimeter p = 
a i ~ s (1 ~ i ~ n), then 

n EXAMPLES. 13° rra 1 ~ (n - 1) rr(s - a 1). 

The latter result has been obtained previously by D. D. Adamovic as 
answer to a problem of D. S. Mitrinovic (AI, p. 209). For n = 3 we get 
10°. Of course, this is a special case of the following result: 

This inequality follows from the Schur-concavity of Tk(x). 

This inequality follows from the Schur-concavity of Tk (x)/Tk _1 (x). 

6) Under the same condition as in 5) (see [14]): 

, ... , s - a~ 1)' 
n ,. 

EXAMPLE. 17° (n - a)nrra1 ~ rr(p - a 1). 

For n = 3, this is 9°, i.e. GI 1.4. 
7) Again under the same conditions as in (5), we can get the fol­

lowing results for a triangle and quadrilateral (see [14]): 

(p ; a , p ; b , P ; c) < (p _ a, p _ b, P _ c), 

a + b 
2 

p + b + c 
2 

p + c + d 
2 

< (p - a, p - b, P - c, P - d) . 
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2.2. Inequalities for the Angles of a Triangle and polygon 

We shall begin with some basic results for a triangle. 

1) (n/3, n/3, n/3) < (A, B, C) < (n, 0, 0) (t.) • 

(n/3, n/3, n/3) < (A, B, C) < (n/2, 11/2, 0) 

(n/2, n/4, n/4) < (A, B, C) < (n, 0, 0) (I:; ). 
o 

These results were given by A. Oppenheim in [12], but he used them only 
for convex functions. Of course, if we use them for Schur-convex func­
tions as in MO, pp. 193-198 we get more general results. 

We shall now give some examples from MO, pp. 194-198 with some ex­
tensions. 

EXAMPLES. 1° The function x ~ sinkx is convex for k < 0, concave for 
o < k ~ 1 on [0, n], and convex for k ;;;. 2 on [0, n/4], so the following 
results are valid: 

(a) fork<O, (M, 

+ 21- k/2 

(b) for o < k ~ 1, 0 < l: sink A ~ 31+k/ 2/2k 

2 < l: sinkA ~ 31+k / 2/2k (I:;a) , 

o < l: sinkA ~ + 21- k/2 (1:;0) ; 

(c) for k < 0, (M, 

2-k/ 2 2(~)k ~ ~ . k A + 2 ~ ~ SLn 2 

(d) for 0 < k ~ 1, 

(I:;a) , 

1 < l: sink ~ ~ 2-k/2 + 2(~)k 

(e) for k ;;;. 2, 

and 

(M, 

(M, 

2° The function x ~ log sin x is concave on (0, n) so the following 
inequalities are valid 
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° < IT sin A ,;;; 313/8 

° < IT sin A ,;;; 1/2 

° < IT sin A/2) ,;;; 1/8 

(1'1) 

(1'1 ) , 
a 

(1'1 ) 
a 

CHAPTER VIII 

(GI 2.7,2.8), 

(GI2.12). 

3 0 Let Mk(X, y, z) be the mean of order k of positive numbers x, y, 

z. Then from the above results in 1 0 and 2 0 we get for k ,;;; 1 and k f _00 

(see MO, p. 196) 

° < Mk(sin A, sin B, sin C) ,;;; 13/2 (1'1), 

° < ~(sin A, sin B, sin C) ,;;; «1 + 2 1- k /2)/3)1/k 

For 0 < k ,;;; 1 we have 

(2/3)1/k < Mk(sin A, sin B, sin C) ,;;; /3/2 

(not for k ,;;; 1 as in MO, p. 196). 
For k -00, the following results are valid (they are trivial) 

° < min (sin A, sin B, sin C) ,;;; 13/2 (1'1) , 

° < min (sin A, sin B, sin C) ,;;; 12/2 

4 0 The functions x ~ coskx is convex for k < 0, concave for ° < k ,;;; 
1 on [0, n/2], and concave on [0, n/4] for ° < k ,;;; 2. So the following 
results are valid: 

(a) for k < 0, 

(b) for 0 < k ,;;; 1, 

(c) for k < 0, 

(d) for 0 < k ,;;; 1, 

(e) for 0 < k ,;;; 2, 

(1'1 ); 
a 

(L'I) , and 

k k 
(f) Using the method of 1.2 we get 3/2 ,;;; z: cos A for k ?< 2 (1'1 ) 

(V. Mascioni). a 
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5° The function x ~ log cos x is concave on (0, n/2), so the fol­
lowing inequalities are valid (MO, p. 197): 

o < IT cos(A/2) :( 313/8 (M (GI 2.28), 

1/2 < IT cos (A/2) :( 313/8 (lIa ) (GI 2.28), 

o < IT cos(A/2) :( (1 + 1:2)/4 (ll ). 
o 

6° The function(A, B, C) ~ T2 (sin(A/2), sin(B/2), sin (C/2» is 

Schur-concave, so the following inequalities are valid (MO, p. 195): 

0< Z sin(B/2) sin(C/2) :( 3/4 (1I), 

1/2 < Z sin(B/2) sin(C/2) :( 3/4 (ll ), 
a 

and 

o < Z sin(B/2) sin(C/2) :( (2 - 12)/4 + /(2 - /2)/2 (ll ). 
o 

7° The function x ~ tank x (k ~ 1) is convex on (0, n/2), and the 
function x ~ log tan x is convex on to, n/2) so we have (MO, p. 197): 

(M, 

o < IT tan (A/2) :( 13/9 (ll ). 
a 

8° In the previous examples we considered the trigonometric func­
tions of the angles A, B, C and A/2, B/2, C/2. Of course, we can gener­
alize the above results in a very simple way to the angles A/r, B/r, 
C/r. For such results see for example [15] and [16]. Here we shall only 
give results from [16]: 

sin (n/r) < Z sin (A/r) .;;; 3 sin (n/3r) , (1';;; r), 

2 + cos{n/r) < Z cos(A/r) .;;; 3 cos (n/3r) (2';;; r), 

tan (n/r) > Z tan{A/r) ~ 3 tan(n/3r) 

Note that for r = 4 we have sin{n/4) = cos(n/4) 
(16 - /2)/4, cos(n/12) = (16 + 12)/4, tan{n/12) 

90 (W. Janous) The function 1 sin tx x~ og~ 

on to, n). So we have 
(i) for t = 1 

3 o < IT sin A';;; (3/3/2n) ITA (1I) 

o < IT sin A < (16/n3 )ITA (ll ). 
o 

(2 .;;; r). 

12/2, sin (n/12) 
2 - /3. 
o < t .;;; 1, is concave 
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(ii) for t = 1/2 

(1/4rr)ITA < IT sin (A/2) ,;;; (3/2rr)3 IlA (ll ) 

(1/rr2 )ITA < Il sin(A/2) ,;;; (3/2rr)3 IlA (ll ) 
a 

(1/4rr)IlA < Il sin(A/2) < (8(/2 - 1)/rr3 )ITA 

Remarks. 1° We can get, from these inequalities, refinements con­
cerning (ll), (ll ), (ll ) of the results of IX.6.58 and IX.7.11 holding in 
any triangle. a 0 

2° We can get several interesting results using the following ident­
ities from [6]: 

1:(r + ra)k 
b + c 

2k 
1: tan (A/2), 

~ (4R)k1: Sin2k (A/2), "'(rb a+
2
rc)k --

( 
2 \k 1: _._a __ 

r - r) 
a 

2k 
1: cos (1'./2). 

k 
1: tan (A/2), 

2) Let ABC be any triangle with A ,;;; B ,;;; C, and let PQR be any tri­
angle such that P ) C) Q ) B, then A ) R and (see [17]): 

(P, Q, R) > (A, B, C). 

In his answer to the problem from [17] Klamkin gave only the result for 
convex functions. It is obvious that for Schur-convex functions we have 
a more general result. 

EXAMPLE. 10 0 Let ABC be an acute triangle of Bager's type II (see X.2.1), 
i.e. TI/6 ,;;; A';;; B';;; TI/3 ,;;; C,;;; TI/2. Then ([17]): 

Proof. Since x ~ log sin(x/2) is a concave function on (0, TI), we 
have 

Il sin(A/2) ) sin(TI/4) sin (TI/6) sin(TI/12) (/3 - 1) /8, 
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so the above result follows from the identity r/R = 4IT sin(A/2). 
Remark. Using other Schur-convex (concave) functions, we can get 

sever~ilar results: 

IT sin A ~ 13/4, L cos A ~ (1 + 13)/2, etc. 

3) There exists a number s, 0 < s < 2, such that [11] 

-< 3s / 2 (sins (A/2), sins (B/2), sins (C/2)) • 
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Using this result for Schur-convex functions, we have a generalization 
of a result from [11], where a result is given only for convex functions 
(see the result (i) for Schur-convex functions). As a special case 
J. Steinig gives the following result: 

(9) 13M (sin(A/2)) ~ M (cos(A/2)) 
r r for r < S; 

13M (sin(A/2)) ~ M (cos(A/2)) 
r r 

for r > s. 

The inequalities are strict unless A = B = C = ~/3, when equality holds 
for all r. 

Remark. Steinig also proves several similar results. We shall give 
some of them: 

1. There exists a number t, 0 < t < 1, with the property that 

3M (tan(A/2)) ~ 2M (COS(A/2)) 
r r 

for r < t, 

and the reverse inequality for r > t; the case of equality is the same 
as for (9). 

2. There exists a number u, -1 < u < 0, such that 

M (cotan(A/2)) ~ 2M (cos(A/2)) 
r r for r < u, 

and the reverse inequality for r > u, with equality as in (9). 
3. There exists a number v, -1 < v < 0, with the following property 

13M (tan(A/2)) ~ 2M (sin(A/2)) 
r r 

for r < v, 

and the reverse inequality for r > v, with equality as in (9). 
Comment by V. Mascioni. Some of Steinig's results may be improved using 
~eby~ev's inequality (AI, p. 36). For instance, if k> 0 we have 

( 4R)1/3 ( A) ~ r- ~ cos "2 

(for k < 0 these inequalities are reversed). For k > 0 this is better 
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than Steinig's results since (4R/r) 1/3 ~ 2. 
We shall now give two similar results for polygons. 

4) Let A1 , ... , An be the angles of a convex polygon. Then 

(71 - 271/n, 

EXAMPLES. 11° [18] Z sinA Al ~ n sinA(271/n) for 0 < A ~ 1, and the re­

verse inequality for A < O. 

13° Z COSA(Al/2) ~ n sin A(7I/n) 

inequality for A < O. 

for 0 < A ~ 1, and the reverse 

A A 
15° [19] I tan (A1/2) ~ n cotan (7I/n) for A ~ 1. 

5) Let A1 , ... , An be the angles of an arbitrary polygon. Then 

(71 /n, 7I/n) < (A1/(n - 2), ... , An/(n - 2)). 

EXM4PLES. 16° Z SinA(A1/(n - 2)) ~ n sinA(7I/n) for 0 < A ~ 1, and the 

reverse inequality for A < o. 

17° IT sin(A1/(n - 2)) ~ sinn (7I/n). 

18 0 A A Z cos (A 1/(2n - 4)) ~ n cos (7I/2n) for 0 < A ~ 1, and 

the reverse inequality for A < O. 

A A Z tan (A1/(2n - 4)) ~ n tan (7I/2n) for 

Equality in all examples holds only for regular n-gons. Note that 19° is 
given in [19] only for convex polygons. 

2.3. Majorization for Other Elements of a Triangle 

1) The following results are valid for exradii and altitudes: 

(~ ~) «~ 
3r ' 3r ' 3r h 

a 
~) < (~ 

h ' h r 
b c a 

~); 
r 

c 
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(
r rb r) 
h a , h ' h c >w (1, 1, 1); 
abc 

and as consequences of these results in MO, pp. 203-205, we obtain the 
following results: GI 6.8, 6.16, 6.18, 6.19, 6.20, 6.21, 6.22 and a re­
sult from Remark 1 from 6.28. 

2) For each t ~ 1 (MO, pp. 206-207): 

EXAMPLES. 1° (13/2)tLat ~ Lrt, 
The case t = 1 is GI 5.29. a 

t ~ 1. 

< 
w 

k ~ 1. 

3° From the Schur-concavity of ITx., x. > 0, follows GI 5.35. ___ -l. l. 

3) For t ~ (MO, pp. 207-208) 

(mt, mt mt) < (t t r t ). a b' c w r a , r b , c 

2.4. Majorization and Isoperimetric-Type Inequalities 

For a class C of plane figures, isoperimetric inequalities are often 
stated in one of these two forms: 

(i) Of all figures in C with perimeter p, the figure G has the 
greatest area. 

(ii) Of all figures in C with area F, the figure G has the least 
perimeter. 

These are dual theorems; a particularly simple proof of the equiv­
alence is given by Kazarinoff [20, p. 43]. 

In MO, pp. 208-214, it is shown that for plane figures possessing 
certain properties the area is a Schur-concave function of the parameters 
of the plane figure. Consequently, the area is maximized when these 
parameters are equal, from which the isoperimetric result follows, and 
therefore the corresponding inequality for the area of this figure fol­
lows. 

Here we shall give without proof some of these results (MO, pp. 208-
212) : 

1) The area of a triangle with one fixed side is a Schur-concave 
function of the other sides. 

2) The area of a triangle is a Schur-concave function of the sides. 
Remark. We note that a consequence of this result is GI 4.2. 
------3) The area of a quadrilateral inscribed in a circle is a Schur­
concave function of the sides. 
Remark. We note that a simple consequence of this result is GI 5.3. 
------4) Let H be a polygon of n sides a 1 , ..• , an with vertices A1 , 
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An' inscribed in a circle of radius r and containing the center a of the 

circle. The area of H is a Schur-concave function of the central angles 
G1 , ... , Gn subtended by the arcs A1A2 , A2A3 , ... , AnAl' of the sides, 

and of the altitudes h 1 , ... , hn from a to the corresponding sides. 

Remark. As a consequence of (4), the area of a polygon containing a is 
maximized when the polygon is regular. 

5) The area of a polygon of n sides with fixed perimeter inscribed 
in a circle is a Schur-concave function of the lengths of the sides. 

3. Applications of Some Other Inequalities for Convex Functions 

3.1. First, we note that the well-known Levinson inequality for 3-convex 
function (AI, p. 363) has the following simple consequence: 

(1) If f is a 3-convex function on [0, 2s], then 

Remark. If a function f is three times differentiable, then it is 3-con­
vex if and only if f'" (x) > 0 for every x E to, 2s). 

EXAMPLE. 1° The function x ~ f{x) = x/{2s - x) is 3-convex, so the fol­
lowing inequality is valid 

Z b + c _ Z ___ a__ > 9 
a b + c 2 

(2) If f:[O, TI/2] ~ R is a 3-convex function, then for every tri-
angle 

(10) Zf(TI ; A) - Zf(~) > 3f(~) - 3f(~). 
If f is strictly 3-convex, equality in (10) holds only for equilateral 
triangles. 

Proof. In the proof we shall use the generalization of Levinson's 
inequality from [21, 22]; i.e. the following special case of this 
generalization: 

Let f:[O, 2a] ~ R be a 3-convex function, x, E [0, 2a] (i = 1, 2, 
3) and 1 

(11) 

then 

(12) Zf{x1) - 3f{l Zx1 ) ~ Zf{2a - x ) - 3f{2a - l Zx ) 
3 1 3 1 

If f is strictly 3-convex the equality in (12) holds if and only if 
xl x 2 =x3 · 

Let A, B, C be the angles of a triangle such that A > B, C. Using 
the substitutions a = TI/4, xl = A/2, x 2 = B/2, x3 = C/2, from (12) we 
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get (10), since the conditions (11) are fulfilled. 

EXAMPLES. 2° The function x ~ tank x is 3-convex on [0, n/2] for 
k E (0, 1) U (2, +00), so the following inequality is valid 
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For k = 1, we get L cotan A ~ 13 (GI 2.38), since cotan(A/2) - tan(A/2) 
= 2 cot an A. For k = 2, we get the first inequality in 

The second inequality is GI 2.35. These inequalities are a refinement of 
GI 2.43. 

3° The function x ~ coskx is 3-convex on [0, n/2] for k E (-00, 0) 
U [1, 2], so the following inequality is valid 

For k E (0, 2/3] we have the reverse inequality. 
For k = 2 we get L cos A ~ 3/2, i.e. the second inequality from 

GI 2.16. For k = -1, we get the first inequality in 

L cosec (A/2) ~ 6 - 2/3 + L sec (A/2) ~ 6. 

The second inequality follows from Example 4° (c) of (1) in 2.2. For 
k = -2, using GI 2.48, we get the following refinement of GI 2.52 

2 2 L cosec (A/2) ~ 8 + L sec (A/2) ~ 12. 

4° The function x ~ log sin x is 3-convex on [0, n/2], so the fol­
lowing inequalities are valid: 

IT tan(A/2) ~ 13/9 (GI2.34), IT cotan(A/2) ) 3~(GI 2.42). 

Remark. In all examples equality holds only for equilateral triangles. 
3.2. The following result is a simple consequence of the well-known 

Popoviciu inequality for convex functions (AI, p. 174): 
If f:[O, n] ~ R is a convex function, then 

3f(n/3) - 2Lf(n ; A) + Lf(A) ~ 0. 

EXAMPLES. 

5° 3 1+k / 2 /2k _ 2L cosk(A/2) + L . k 
A{ 

~ 0, for k < 0, 
(Ll) Sln 

~ 0, < k ~ for ° 1, 

6° 3/2k - 2L sink (A/2) + L k 
A{ 

~ 0, for k < 0, 
cos 

~ 0, for ° < k ~ 1, 
(6a ) 
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8° 

9° 

3/3 2 
IT sin A (; IT cos (A/2) (ll) , 

8 
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for k ) 1 (6 ). 
a 

Comment by V. Mascioni. Example 7° may be extended: by Steinig's (9), 
there is an s, 0 < s < 2, such that 

for r < s. 

Then, by cebysev's inequality (AI, p. 36), we have 

(0 < k < s), 

which directly implies 7°. 
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Chapter IX 

MISCELLANEOUS INEQUALITIES WITH ELEMENTS OF A TRIANGLE 

1. Inequalities Involving only the Sides of a Triangle 

1.1. {E} 

A. W. Walker and L. Carlitz, 'Problem 774', Math. Mag. 43 (1970), 
226 and 44 (1971), 172-173. 

1.2. {E} 

M. S. Klamkin, 'Asymmetric Triangle Inequalities', Univ. Beograd. 
Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 357-380 (1971),33-44. 

1.3. 
b2 

abel: 2" ~ ~a 3 
+ ~ab(b - a). {E} 

c 

M. S. Klamkin, The same reference as in 1.2. 

1.4. 3~b/c ~ ~a~l/a. {E} 

M. S. Klamkin, The same reference as in 1.2. 

1.5. ~ (2a - s) (b - c) 2 ~ O. 

This inequality is equivalent to GI 1.6 and to the first inequality in 
GI 5.8 (the well-known Gerretsen inequality). 

v. N. Murty and W. J. Blundon, 'Problem 708', Crux Math. 9 (1983), 
49-50. 

1.6. ± 2/9 + 6/3 are the largest and smallest permissible values of k 
in inequality 

La3 ~ 3abc + kIT(b - c). 

M. S. Klamkin, D. J. Newman, C. C. Rousseau, and D. Shanks, 'Prob­
lem 71-78', SIAM Review 14 (1972), 656-657. 

1.8. (~a)3~IT(2b+2c-a). {E} 
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Remark. 1.7 and 1.8 are due to L. Goldstone. 

1.9. {E} 

H. S. Hall and S. R. Knight, Higher Algebra, London (1940), p. 521. 

1.10. L ___ a __ + 3ITa < 2. 
b + c IT (b + c) 

~his inequality is better than the second inequality of GI 1.16. 
D. D. Adamovi6 and I. Paasche, 'Problem 152', Mat. Vesnik 6 (21) 

(1969), 472. 

1.11. Let A> 0 be a real number. Then 

This inequality is due to W. Janous. A = 3 yields: 
C. J. M. Swinkels, 'Problem 2799', Nieuw Tijds. Wisk. 1973, No.4. 

1.12. IL ~I < l(8/2 - 515). 
a + b 3 

D. S. Mitrinovi6 and W. Janous, 'Problem 1080', Crux Math. 12 
(1986), 11. 

1.13. "~,;:::o 
'-' b '" . s -

S. G. Guba, 'Problem 674', Mat. v. skole 1969, No.5, 76, and 1970, 
No.4, 78. 

1.14. Let a ~ b ~ c be sides of a triangle. Then 

~ min (a/b, b/c, cia) • max(a/b, b/c, cia) < ~(1 + 15), 

with equality at the left-hand-side for isosceles triangle; the right­
hand-estimate is the best possible one. 

E. S. Langford, D. Singmaster, and G. Singmaster, 'Problem E 1705', 
Amer. Math. Monthly 71 (1964),680. 

1.15. n ;;, 1. 

This is a generalization of GI 1.2. 
B. Milisavljevi6, 'Problem 448', Mat. Vesnik 2 (15) (30) (1978), 

294-295. 

1.16. (a) 
A 

La (a - b) ;;, 0, A > O. 
For A < 0 the reverse inequality is valid. 
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It ~ 2. {E} 

(a) is due to M. S. Klamkin (the same reference as in 1.2), and (b) 
is given in 

V. Cirtoaje, 'Problem 0:473', Gaz. Mat. (Bucharest) 91 (1986), 138. 

1.17. Conjecture: 

W. Janous, 'Problem E 3146', Amer. Math. Monthly 9~ (1986),299. 

1.18. Let It ~ 1 be a real number. Then 

This inequality due to W. Janous generalizes the results of 
H. S. Hall and S. R. Knight, Higher Algebra, London, 1940, 523. 
I. Stojanov, 'Problem 3', Matematika i Fizika 13 (1982),334. 
M. Selby and L.-W. Yip, 'Problem 233', The ColTege Math. J. 15 

(1984), 272-273. = 
B. Prielipp, E. M. Klein, and H. S. Lieberman, 'Problem 580', Pi Mu 

Epsilon J. ~ (1984),43 and ~ (1985), 193. 

1.19. abcDJc ~ 32xyzl:yz and abcl:yz ~ 2xyzl:bc. 

A. W. Walker, S. Reich, and M. Goldberg, 'Problem E 2284', Amer. 
Math. Monthly 78 (1971),297 and 79 (1972), 183-184. 

1.20. l: ~(: ~~) c ~ 2(a ~~ + c) IT(-a + b + c). {E} 

N. Pantazi, 'Problem 8969', C~z. Mat. (Bucharest) B 19 (1968), 
372 and B 20 (1969),228. --

1.21. 

A. W. Walker, 'Problem 300', Nieuw Arch. Wisk. (3) 19 (1971), 224. 
J. Wolstenholme, A Book of Mathematical Problems on:subjects In­

cluded in the Cambridge Course, London and Cambridge, 1867, 56. 
Generalization. The functions appearing in 1.21 are special cases of the 
general function 

where s and x are real. Althouqh Walker qave 1.21 for real a, band c, 
here we consider only results for positive values of a 1 , .•. , an' For 
example the following results are val~d: 

(1) 
2 

(D4 ,1(1» >3D4 ,1(2). 
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We remark that (1) becomes an equality if we set a 1 = a 2 = a 3 and take 

the limit as a 4 ~ O. If we let a 4 ~ 0 and then use the elementary in­

equality 3(a2 + b 2 + c 2 ) ~ (a + b + c)2, we get 1.21. 

(2) D3 ,1 (X)D3 ,1 (y) ~ D3 ,1 (x + y) (x, y> 0), 

with equality if and only if a 1 = a 2 = a 3 . 

x+y x+y x+y 
(3) Suppose a 1 ,a2 ,a3 are the sides of a triangle. If x and 

yare positive and s ~ 1, then 

2 
D3 (x) D3 (y) > 2 (1 - s) D3 (x + y) . 

,S ,5 ,S 

C. E. Carroll, C. C. Yang, and S. Ahn, 'Some Triangle Inequalities 
and Generalizations', Canad. Math. Bull. 23 (3) (1980), 267-274. 

1.22. 

Proof. If ~ denotes a Crelle-Brocard point of a triangle ABC, then 
B~ = (2R sin W)b/c etc. Since also 

the given inequality can be rewritten as 

2Z~ > 4 (La)FR/ITa = La. 

The latter inequality is now an immediate consequence of the basic tri­
angle inequality, since for any point P, BP + CP > a, CP + AP > b, 
AP + BP > c. 

J. Brejcha and M. S. Klamkin, 'Aufgabe 771', Elem. Math. 1l (1976), 
99, and ~ (1977), 97-98. 

Comment by ~ Janous. The right-hand-sides (RHS) of 1.4 and 1.22 are in­
comparable in general. Indeed, if a = b = c, then RHS(1.4)/RHS(1.22) = 
2/13 > 1. On the other hand, if a = 1, b = c ~ 00, then RHS(1.4)/RHS(1.22) 
-+ 2/3 < 1. 

1. 23. Z (a + b)/ab ~ 6(~)3/2. 
la + b - c 3 

This inequality is due to W. Janous. 

1.24. If x, y, z E R, then 

2 Za (x - y) (x - z) ~ o. 

J. Wolstenholme, A Book of Mathematical Problems on Subjects In­
cluded in the Cambridge Course, London and Cambridge, 1867, 24. 

M. S. Klamkin, The same reference as in 1.2. 
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1.25. 
2 

Ix = 0 ... Ia yz ~ o. 

1.26. 

J. Wolstenholme, The same reference as in 1.24. 

2 
I ~ = 0 and Ix > 0 ... xyz < o. 

x 

w. J. Greenstreet and H. W. Curjel, 'Problem 11433', Math. Quest. 
and Sol. from Educ. Times 59 (1893), 37. 

1.27. 

4 < (Ia)2/(bc) ~ 9 {E}, 2 
8 < (Ia) /(ac) < ~, 

L. Ratz and G. Bach, 'Aufgabe 696', Elem. Math. 28 (1973), 76 and 
29 (1974),73-74. 

1.28. 
2 2 

(b + c) (a + b - c) (a + c - b) ~ 4a bc. 

v. Tifui and B. Tudor, 'Problem 18368', Gaz. ~1at. (Bucharest) 10 
(86) (1981),386. 

1.29. F = 1 ... s )/(s - b) (s - c) + IbC 

with equality if b = c. 
L. Pirsan, 'Asupra problemei E 2955', Gaz. Mat. (Bucharest) B 20 

(1969), 139-140. 

1 .30. If k ) 1, then 

a ~ 3 
I k(b + c) _ a r ~ • 

M. S. Klamkin, 'Solution of Problem 689', Crux Math. 8 (1982), 
308-309. 

1.31. Ia2 (b + c) ) 48IT(s - a). 

K. Cimev, 'Problem 1', Mat. i Fiz. (Sofija)~, 4 (1961),59. 

1.32. 

S. Bilcev, 'Problem 3', Ob. po Matematika (Sofija), 1984, No.3, 55 
and 1985, No.3, 59-60. 

1.33. (7 (La) 2 _ 18 (Ibc) ) 3/2 + 9 (Ia) 3 + 54abc ) 36 (Ia) (Ibc) . 

S. Bilcev and D. Mihov, 'Problem 3', Matematika (Sofija) 1984, 
No.5, 38, and 1984 No. 10, 31. 
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1.34. 

1.35. 

Let g(a, b, c) 1: __ a __ b - 4c • Then 
a + 2b b + 2c 

-5/3 < g(a, b, c) ~ -1. 

W. Janous, 'Problem 1079', Crux. Math. 11 1985),250. 

(n EN). 

This inequality is due to S. J. Bilcev. 

2. Inequalities for the Angles of a Triangle 

2.1. Bager's Graphs 

149 

Here we give Bager's two graphs of goniometric inequalities. One vertex 
in each graph is the constant function 1, the other letters represent 
certain normalized symmetric functions of (A, B, C) (a function of (A, 
B, C) is called normalized if it takes the value 1 at (TI/3, TI/3, TI/3)). 
The arrows are numbered and represent the inequalities. For instance, 
from the first graph 

1 
a---b 

denotes the inequality 

(1) 1: cotan -2B cotan ~ ~ ! IT cosec A 
928 2 

In each inequality stated equality occurs if and only if A = B = C. 
The first graph is from [1]. Of course, we give a modification of 

this graph because the conjectures from this paper were proved in [3] 
and [4]. The second graph is given in [2]. Of course, every inequality 
from the graphs can be found somewhere in the given references [1-7]. 

The letters representing normalized symmetric functions for Bager's 
first graph are: 

a = -91 1: cotan ~2 cotan C 2' b !IT A 8 cosec 2 ' 

c = 13 1: 
3 

cotan A, d 313 IT 
8 

cosec A, e 

313 IT A 3..1: A =! 1: f sec 
2 

, g sin 2 h 
8 3 6 

i 
B C 

12 1: cosec 2 cosec 2 ' j 8IT sin i 

131: tan A , 
3 2 

A 
cosec 

2 
, 
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4 
Z sin 

B 
sin 

C 
L srr cos A, 4 

Z cos B cos C, k 2 , = m 
3 2 3 

n 

q 

t 

w 

4 
Z 

9 
sin B sin 

I3 Z A 
cos , 

3 2 

8/3 II A 
cos 

2 
, 

9 

313rr tan A x 2' 

C, 0 = 

r = 1.. Z 
4 

u 
13 

= 9 

/3L: 
6 

2 
Z cos 

4 
Z cos 

B C 
A, P 2 cos 2 3 9 

B C 13 
Z sec 

A 
sec 2 sec , s = 2' 2 6 

II cotan 
A sl3 II sin 
2 

, v A, 
9 

cosec A, y = 3/3rr cotan A. 

The letters representing normalized symmetric functions for Bager's 
second graph are: 

a 

d 

f 

h 

m 

p 

r 

t 

w 

y 

A' 

1 
L: 2(B - C), cos 

3 

4 
L: =3 cos B cos C, 

~(L: 2 
cos B cos C) , 

9 

. 2 A 
6411 s~n "2' i 

b = 313 II cotan A, c = Sll 

4 
Z sin 2B sin 2C , e = 9 

2/3 
L: 2A 

813 
II g 

9 
sin 

9 

~7(L: sin 2A)2 
64 II . 2 27' s~n A, 

cos A, 

sin A, 

16 
L: 

2 2 
k i L: sin 

2 
2A, 1..L: cos(B ='3 cos B cos C, L 3 9 

27 II 
2 A ~(L: C)2, 811 sin 

A 
tan , n sin B sin 0 = 2 S1 2 

313rr A ~(Z sin 
B 

sin .s:.) 2 
tan 2 q 

9 2 2 ' 

4 
L: sin sin 

16 
L: sin 

2 
sin 

2 
9 

B C, s 
27 

B C, 

~L: 2A, iL: sin 
B 

sin 
C 2 

L: cos u 
2 2 

, v 
3 

cos A, 
3 3 

~(L: . 2 ) 2 213 L: sin 
s/3 

II cos 
A 

s~n A , x A 2 , 
81 9 9 

= .!.-( L: sin A) 2 = 64 II 2 A i(Z 2 
cos 2 , z cos A) , 

27 27 9 

~L: 2B 2C 
27 cos 2 cos "2' 

4 
B' - 3 L: cos 2B cos 2C, 

, 

, 

- C) , 
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Bager's First Graph 
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.!.I: B - C 16 B £)2 C' 
3 

cos -2- D = 81 (I: cos 2" cos 2 ' 

~(I: 2 A 2 
E cos 2) , 

81 
F = i I: 

9 
sin 

2 
A, G = i(I: 

9 

= i(I: ~)2 = i I: 
2 A 4 

H sin I cos 2" J "27 (I: 9 2 ' 9 
, 

iI: B C 
K 

9 
cos 

2 
cos 

2 
, 

~I: sin 
2 B 

sin 
2 C 

N 
2 2 3 

P .!..§.I: 
3 

cos 
4 

A, Q 

.!..§.I: 4 A 
S cos 

2 
, T 

27 

V = ~(" . 2 A)2 
9 t.. Sln 2" ' W 

L i I: 
3 

2 
cos 

, 0 = 2/3 I: 
9 

.!..§.(I: 2 2 
cos A) , 

9 

~ I: 
3 

sin 
A 
2 

, 

i" . 2 A 3 t.. Sln 2" 

2A, M 

A 
cos 

2 
, 

R = i I: 
3 

u .!..§.I: 
3 

153 

2 
cos 2A) , 

cos ~)2 
2 ' 

.!..§.l: sin 
4 

A, 
27 

2 
cos A, 

sin 
4 A , 

2 

Remark. Note that using Bager's graphs we can directly obtain inequal­
ities from [8-15]. 
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2.2. Miscellaneous Inequalities for the Angles of a Triangle 

2.2.1. IT(l - cos A) ) IT cos A. 

Proof. (M. S. Klamkin) It is known that 

2 
IH cos A) - IT cos A). 

Since IH2 ) 0, the above inequality of Bager follows, with equality just 
when I and H coincide, that is just when the triangle is equilateral. 

A. Bager, 'A Family of Goniometric Inequalities', Univ. Beograd. 
Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 338-352 (1971), 5-25. 

v. N. Murty, G. Tsintsifas, and M. S. Klamkin, 'Problem 544', Crux 
Math. ~ (1980), 153; l (1981), 150-153. 

2.2.2. IT(l + cos 2A) + IT cos 2A) 0 

with equality for equilateral triangles or for isosceles right triangles. 
This is an ineql~ality of Botterna. Now, we shall give a proof from 

'Problem 836', Crux Math., where it was shown that 2.2.2. could be 
proved by using 2.2.1. 

Proof. (M. S. Klamkin) We assume without loss of generality that 
A ) B-)~ If A n/2, then Bottema's inequality reduces to 

~(1 - cos 2(B - C)) ) 0, 
2 

and this clearly holds, with equality just when B = C = n/4. If A < n/2, 
then the angles of the orthic triangle are n - 2A, n - 2B, n - 2C; and 
Bottema's inequality results if we apply inequality 2.2.1. to the orthic 
triangle. If A> n/2, then the angles of the orthic triangle are 2A - n, 
2B, 2C. If we now apply Bager's inquality 2.2.1. to the orthic triangle, 
the result is 

(1 + cos 2A) (1 - cos 2B) (1 - cos 2C) ) -cos 2A cos 2B cos 2C, 

and Bottema's inequality will follow if 

(1 + cos 2B) (1 + cos 2C) ) (1 - cos 2B) (1 - cos 2C), 

or, equivalently, if 

cos 2B + cos 2C = 2 cos(B + C) cos(B - C) ) o. 

This is clearly true, since both B + C and B - C are less than n/2. 
Now, we shall show that Bager's inequality follows from Bottema's 

inequality, too. Let ABC be any triangle. Then A' = (n ; A) , B' = 

(n - B) (n - C) 
2 ,C' = 2 are also the angles of a triangle, and Bager's in-



MISCELLANEOUS INEQUALITIES \UTH ELEt1ENTS OF A TRIANGLE 155 

equality results if we apply Bottema's inequality to triangle A'B'C'. 
Note however that, even though inequalities 2.2.1. and 2.2.2. are 
equivalent, the corresponding equalities are not, for equality holds in 
2.2.2. but not in 2.2.1. when ABC is an isosceles right triangle. 

Generalization. C. Cooper (see Editor's comments in Problem 836) gave 
the following generalization of Bottema's inequality: 

Proof. (N. S. Mendelson). Proceed inductively. If A ~ B ~ C are the 
angles of a triangle, then either 

TI - 2A, TI - 2B, TI - 2C or 2A - TI, 2B, 2C 

are angles of a triangle. Replacing A, B, C in the inequality 2.2.2. by 
either of these sets increases the value of n by 1. The only thing to 
note is that 

n n n+l cos 2 (TI - 2X) = cos 2 (2X - TI) = cos 2 X, n = 1, 2, 3, •.. 

O. Bottema, 'A New Inequality for the Angles of a Triangle', Crux 
Math. 8 (1982),296-297. 
~N~ Murty, M. S. Klamkin, and N. S. Mendelson, 'Problem 836', 
Crux Math. 9 (1983), 113; 10 (1984),228-229 and 320. 

= = 

2.2.3. 

E. Just, B. Kabak, L. H. Cairoli, and M. S. Klamkin, 'Problem 394', 
Pi Mu Epsilon J. 6 (1977),366; 6 (1978),493-495. 

2.2.4. 

= 
2 0: sin A) 0: sin A + 8IT sin A) ~ 40: sin B sin C) . 

This inequality is due to S. J. Bilcev. 

2.2.5. I sin3 A < (I sin A) (I sin2 ~) . {E} 

A. Bager and H.Frischknecht, 'Aufgabe 672', Elem. Math. 27 (1972), 
68, and 28 (1973), 75. 

2.2.6. I(sin 3A - sin 2A + sin A) ~ o. 

E. Braune and H. Frischknecht, 'Aufgabe 716', Elem. Hath. 29 (1974), 
52, and 30 (1975),43. 

-

2.2.7. I cos B cos2 C < t - IT cos A, 

I sin B sin2 £<! _ IT sin A 
222 2 

1. Paasche, 'Aufgabe 250', Mat. Vesnik 10 (25) (1973), 209. 
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2.2.8. L: tan 2 ~ ;;" 2 - 8 IT 
2 

sin A 
2 

J. Garfunkel and L. Bankoff, 'Problem 825', Crux Math. 9 (1983), 
79 and 10 (1984), 168. 

2.2.9. 
2 A 

2L: cos A + L: tan 2;;" 4. 

A. Bager and L. Bankoff, 'Aufgabe 671', Elem. Math. 27 (1972), 68 
and 28 (1973),74. 

2.2.10. 4L: tan ~ ~ /3 + L: cotan ~ ~ 2L: cosec A. 
2 2 

A. Bager and P. Hohler, 'Aufgabe 675', Elem. Math. 27 (1973),95 
28 (1973), 100. 

2.2.11. 

These 
V. N. 

Math. 6 

2.2.12. 

2L: sin B sin ~ ~ lL:sin B sin C ~ L: cos A ~ L: 
2 2 

sin A 
2 

inequalities are due to M. S. Klamkin. 
Murty, G. Tsintsifas, and M. S. Klamkin, 
(1980), 153 and 2 (1981), 150-153. 

8IT sin A ~ IT(sin B + sin C) ~ 2L: sin A 

'Problem 544', Crux 

A 
8IT cos 2 

A. Viorel, 'On an Inequality' (Romanian), Gaz. Mat. (Bucharest) 
B 19 (1968), 336. 

D. Milosevic and S. Sreckovic, 'Problem 54', Matematika (1979), 
74-76. 

2.2.13. 4 L: sin B sin C ~ IT cos ~ ~ ~ L: A 9 2 3 cos . 

J. Garfunkel, G. Tsintsifas, and V. N. Murty, 'Problem 768', Crux 
Math. ~ (1982),210 and ~ (1983),282-283. 

2.2.14. L: cosec A cos ~ >-: 6 
2 2 "" • 

J. Garfunkel and M. S. Klamkin, 'Problem 585', Crux Math. 6 (1980), 
284 and 7 (1981), 303-304. 

C 

2.2.15. 
r::: cos 
~ ~ L: ___ .;:::2_ ~ 1. IT cotan A 

2 A-B 2 2 
cos --2-

These inequalities are due to W. Janous. 

2.2.16. L: sin A < l IT cosec A. 
(sin B + sin C)2 4 
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L. Constantinescu, 'Problem 17184', Gaz. Mat. (Bucharest) 83 (1978), 
211. 

2.2.17. 
B tan.£ tan 2" + 2:;, 

I sin B + sin C 7 2. 

D. Milo~evic and S. Sreckovic, The same reference as in 2.2.12. 

2.2.18. 

B + C 
3 cos --2-
2""; I B_c<2. 

cos --2-

Remark. W. Janous noted that these inequalities are equivalent to GI 
1.16. 

C. popa, 'Problem 18218', Gaz. Mat. (Bucharest) 85 (1980), 163. 

2.2.19. I cos A :;, 3 
cos(B - C) 7 2" • 

V. Stoican, 'Problem 9720', Gaz. Mat. (Bucharest) B 20 (1969), 441 
and ~ (1970), 148. 

2.2.20. . A A 913 
(I s~n 2") (I cotan 2") ~ -2-

D. Mavlo, Matematika (Sofija) 1985, No. 10, 48. 

2.2.21. -313/8 < I sin(B - C) cos3 A < 3/3/8. 

M. S. Klamkin, 'Aufgabe 941', Elem. Math. 41 (1986), 78. 

2.2.22. If, in a triangle, we have a> b > c or b> c > a, or c> a> b, 
then 

IT(s~n B)COS A < 1. 
s~n C 

H. W. Segar, 'Problem 10615', Math. Questions 59 (1893),93-94. 

2.2.23. If A E (_00, -1] U [0, +00», then 

~ t A A:;, 3(A+2)/2 
t.. co an 2 7 

Proof. Using the arithmetic-geometric mean inequality and GI 2.41 

i.e. IT cotan ~ ~ 313, we get for A E [0, +00) 

A A A Al3 (A+2) /2 
L cotan 2 ~ 3(IT cotan 2) ~ 3 

Using the inequality for means of order A « -1) and -1, and GI 
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2.33, i.e. L tan ~~ 13, we get for A E (_00, -1] 

In both cases equality holds if and only if the triangle is equilateral. 
Remark. The above result is a generalization of GI 2.35, 2.36, 2.41 

and~ The case A = 0, ±1, ±2, ... , is given by V. F. Zvezdin. 
V. F. Zvezdin, 'Problem 488', Mat. v ~kole 1968, No.3, 65 and 

1969, No.1, 77. 

sin ~ < L sin! < ~ 
n n n 

2.2.24. (n E R, n ~ 1). 

I. Bursuc, 'Problem 18378', Gaz. Mat. (Bucharest) 85 (1980), 365 • 

2.2.25. .!.< L sin A 
2 (B - A) (C _ A) < o. 

S. Gaina, 'Metoda functiilor convexe', Gaz. Mat. (Bucharest) 85 
(1980),245. -

2.2.26. 13 + SL cotan A ~ 3L cosec A. 

We were informed of this result, which is better than GI 2.62, by 
W. Janous. 

2.2.27. sin2 A + sin B sin C ~ ~~ 

S. Berkolajko, Kvant 1980, No.1, 9. 

2.2.28. Let m be a positive real number. Then 

A-B 1 3 2 2 
sin --- + sin A 2- C + - sin ~ ~ ~ 

2 m 2 2m 

This is a result of E. Mutu. For m = 
Tiu. 

we get a result of C. Ionescu-

Proof. (W. Janous) Let 

t 
A - B A - C 

sin --2- + sin 2 2 sin 
2A - B - C 

4 
cos 

C - B 

4 

3A - TI C - B 
2 sin --4-- cos 4 

Since m> 0, the desired inequality becomes 

y(m) m2 - 2mt + 2(1 - sin ~A) ~ O. 

The function m ~ y(m) has its minimum for mo t, i.e. 
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y(t) 
2 

2(1 -t + 

/1 
\ - sin 

sin 

3A\ 
- sin "2) 

3A _ 2 2 3A - n 
2 

sin --4-- cos 

3A 
2 

" 2 3A - n\ 
2 Sln --4--) 

= 2(cos(;A _ ~) _ sin ~A) = O. 

2 C - B\ 
-4-) 
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;;;, 

Remark. Of course, y(t) = -6/4, where 6 is the corresponding discrimi­
nant, therefore 6 ~ 0, and y(m) ;;;, O. 

E. Mutu, 'Problem 18008', Gaz. Mat. (Bucharest) 12 (1970),728. 

2.2.29. Let m be a real number. Then 

m(m - 2) sin ~ + cos B ; C ;;;, O. 

Proof. Let us consider the quadratic inequality 

m2 sin ~ _ 2m sin ~ + cos B ; C ;;;, O. 

Since the discriminant 6 
true for every mER. 

4 Sl"n A2 (-2 " B " C) / 0 Sln 2 Sln 2 ~ , the inequality is 

2.2.30. sin2 B + sin2 C ~ 1 + 2 sin B sin C cos A. 

D. Andrica, 'Problem 16048', Gaz. Math. (Bucharest) 81 (1976), 337. 

2.2.31. cosec A + cosec B ;;;, 8/(3 + 2 cos C) . 

Z. Mijalkovic, 'Jedna nejednakost 0 trouglu', Matematika 2 (1978), 
67-68. 

2.2.32. Let 0 < r, s, t ~ 1. Then 

o < sin rA sin sB sin tc ~ sin rAO sin SBO sin tCo' 

where AO' BO' Co is the unique solution of 

r cotan rA = s cotan sB = t cotan tC. 

This result is due to W. Janous and it is a generalization of 
GI 2.10, 2.11 and 2.13. 

2.2.33. The following results are valid: 
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Remarks. 

o < t ~ 1/2 ~ 3 sin2 tTI ~ L sin2 tA < sin2 tTI; 
3 

1/2 < t~2 sin 1./3 - 13 ~ 3 sin 
2 t7f ~ L: arc 

7f 2 3 

< 2 

3 .1~ 3 /33-n arc s~n 2 v3 - v3 < t < TI arc cos 8 

sin 
2 

t7f < L: sin 
2 

tA < 2 sin 
2 t7f 

2 

3 ITI - 1 ~ t ~ 1 ~ sin 
2 < L: sin 

2 
- arc cos t7f 
7f 8 

1 0 
3 

sin 1. h - /3 0.571077 ... - arc 
7f 2 

3 m-
0.8937467 ... - arc cos 

8 7f 

CHAPTER IX 

sin 
2 

tA < 

sin 
2 t7f 

2 

tA ~ 3 
2 t7f 

sin 
3 

2 0 Using L: cos2 tA = 3 - L: sin2 tA and L: cos 2tA = 3 - 2(L: sin2 tAl 

inequalities are easily obtained for L: cos2 tA, 0 < t ~ 1, and for 
L: cos tA, 0 < t ~ 2. 

These results are due to W. Janous, and they are generalizations of 
GI 2.3, 2.14, 2.21, 2.29 and 2.16. 

2.2.34. 3/4 ~ L: cos A - L: cos B cos C < 2 in each triangle, 

3/4 ~ L: cos A - L: cos B cos C < in acute triangle, 

(212 - 1)/2 < L cos A - L: cos B cos C < 2 in obtuse triangles. 

These results are due to W. Janous, and they are improvements of 
(IV.1 .12) . 

2.2.35. 3/4 ~ ~ . A ~ . B s'n ~ < 
~ ~ s~n 2 - ~ s~n 2 ~ 2 in each triangle, 

3/4 ~ L: sin ~ - L sin I sin i < (2/2 - 1)/2 in acute 
triangles, 

/2 - /2(1 - 1/12) + (312 - 2)/4 < L: sin ~ - L: sin ~ sin ~ < 
2 2 2 

in obtuse triangles. 

W. Janous, 'Problem 1154', Crux Math. 12 (1986), 139. 

2.2.36. 3 sin(2A7f/3) ~ L(tan AB + tan AC)/(l + tan AB tan AC) < 



MISCELLANEOUS INEQUALITIES WITH ELEI1ENTS OF A TRIANGLE 

< 2 tan AlT, 

where 0 < A < 1/2. 
This is a Janous' generalization of a Stocker's problem. 
Hj. Stocker and W. Janous, 'Aufgabe 923', Elem. Math. 41 (1986), 

74-75. 

2.2.37. Let 0 < A ~ 1/2. Then 

L cos AA ~ 2 + ff COS(A7T + 2:.) + L sin AA. 
4 
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This result is due to W. Janous. For A = 1/2, we have a result from: 
M. S. Klamkin, 'Problem E3180', Amer. Math. Mo~!?ly 93 (1986),812. 

2.2.38. It is known that k = (log 9 - log 4)/(log 4 - log 3) is maximal 
such that (see VI.l.S): 

~: = ~(sin A, sin B, sin e) ~ 13/2. 

(a)*Determine for p> k the least value m(p) such that M ('S) m(p). 
(b) Let 0 < t ~ 1 and k ~ 1. Then p 

(1) Mk(sin tA, sin tB, sin te) ~ sin(t7T/3). 

(c)*Find the maximal k = k(t) such that (1) is valid (From (b) it 
follows k ~ 1). 

This result is due to W. Janous; (b) is a generalization of GI 2.6. 
and (a) and (c) are conjectures. 

2.2.39. (i) If k ~ 3, then 

(1) ~(sin A sin B, sin B sin e, sin e sin A) ~ 3/4. 

(ii) If 3 < k ~ 4, then 

(2) Mk(sin A sin B, sin B sin e, sin e sin A) ~ 3-1 / 4 . 

2 A 2 A 
(iii) If A ~ B ~ C and cotan 2 ~ 7, then for k ~ 1 + cotan 2 (1) 

is also valid. 
Remark. (i) for k = 1, 2, 3 and (ii) for k = 4 were proved by 

V. Vajaitu. J. E. Pecaric and B. Crstici noted that a simple extension 
of his proof gives the above result. 

2 
2.L.40. LBC log A ~ ~ log 2:. 

3 3 
(A, B, e in radians) • 

We were informed of this result by W. Janous. 

2.2.41. If A ~ B, C, then 
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~ ~ arc cotan(13 - % + Z i). 
This result is due to v. Mascioni. 

2.2.42. 7J L: sin A ~ Z cos B ; C ~ 7J L: cos ~ 

J. Garfunkel, 'Problem 1083', Crux Math. 11 (1985), 288. 
Proof and comments by C. Tanasescu. We first perform some trivial 

transformations, after assuming, with no loss of generality, A ~ B ~ C, 
B - C A - B A - B TI - 3C A C 

L: cos --2- = cos --2- + 2 cos --4- cos --4-- , L: cos 2 = cos 2 + 

A - B TI - C A - B C 
2 cos --4- cos --4- , L: sin A = sin C + 2 cos 2 cos 2 . So, by 

putting t = cos((A - B)/4) E (1/12, 1], the left and the right inequal­
ity, respectively, become 

(1) 
8 C 2 TI - 3C 

h(t;C) = (73 cos 2)t - 2 cos --4-- t + 

4 C 2 
+ (1 - 73 cos 2 + 73 sin C) ~ 0, 

(2) g(t;C) 2t2 + 2(cos TI : 3C _ 7J cos TI : C)t 1 2 ~ ,;;: 0 - 73 cos 2 ~ . 

Since C E [0, TI/3] and h(O;C), g(O;C) ~ 0 (~COS % > 2), it 
suffices to check that 

h(1;C) ~ 0, g(1;C) ~ 0, 

moreover, since h(1;TI/3) = g(1;TI/3) = 0, it finally suffices to show 

that dh~~;C) > 0, dg~~;C) > 0, C E [0, TI/3). And this is true. Indeed, 

we have: 

dg( 1 ;c) 

dC 
4 TI - 3C 4 . TI - 3C 2C 

(6 - 73) sin --4-- + 73(s~n --4-- + sin ~ -

TI - C 
- sin --4-) > 0, 

simply because sin(a + S) ~ sin a + sin Bon [0, TI/4]; further, 

dh(l ;c) 

dC 
2 TI - C 3 TI - 3C 
73(cOS C - cos --2-) - 2 sin 4 

TI - 3C 4 TI + C 3 
sin --4--( 73 sin --4- - 2) > 0, 

because sin IT ; C ~ sin ~ > 3~ , on [0, IT/3). 
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Hence, both inequalities are strict for C ( [0, TI/3) and become 
equalities if and only if C = TI/3, i.e. A = B = C = TI/3, ABC is equi­
lateral. 

Remark 1. An almost similar device, i.e. the study of some appro­
priate second degree function, is used in the solution of the following, 
apparently insignificant problem: prove that for any non-degenerate tri­
angle the following holds: 

(3) 1 _ 8.I1 sin !2 ;;;. 2 sin B sin C (1 _ cos B - C) 
2 B-C -2-' {E} 

cos 2 

Set t 
B - C 

cos ---2-- E (0, 1], x = sin(A/2) E (0, 1) and (3) reads: 

2 2 2 3 
f(x;t) = 2(1 + t)x - 4t x + (t + 2t - 2t ) ;;;. 0, 

where, for t E (0, 1], 

2 
min f(x·t) = f(--t ___ .t) , 1 + t' 
xER 

t(1-t)(t+3) ;;;'0. 
t + 1 

So, the transformed inequality holds, with equality if and 
2 

x = It+ t = t ' i.e. (3) holds, with equality if, and only 

A TI/3, that means only for equilateral triangles. 

only if t = 1, 

if, B C, 

But (3) is not so insignificant as it appears because it is the 
goniometric transcription of a very interesting (and strong) linear in­
equality, namely 

(4) R - 2r ;;;. w - h 
a a 

(see also IX.ll.19), due to L. Panaitopol. We are not able to give a 
viable geometric interpretation to (4): possibly that would involve the 
Euler nine points circle, or Feuerbach pOints, etc. 

Remark 2. Although (1) and (2) are of great interest and beauty 
when written in goniometric form, they are also equivalent to some power­
ful and subtle metric inequalities, as one can see below. 

(5) 

(6) 

B - C 
First, since cos 2 

h 
a , (1) reads, succesively, 

w 
a 

h 
2s ./ 'C a 
R\71"''"W" 

2s 2F 
~~~l::---~ 

Rv3 aw 
a 

(Rr/3)-1 ~ l::(aw )-1 
a 

or 

a 

~ ~ l:: (see also IX.ll.9) ~ 
abc" 3 aw a 

~ (Rrl3)-l ~ l::(b + c)/(2abc COS~) ~ 
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(7) 8s &L~ 
73'" A 

cos 2" 
(see also IX.4.10 for p 

And now some trivialities: (5) also reads as 

4s//3 :;;; Lbc/w 
a 

where (hi' h 2 , h3) is some permutation of (ha , h b , he)· 

1) • 

h 2 
From: L wa :;;; 73 L cos ~ {E}, we get the following conjecture: 

a 

hi 2 A 
L -:;;; ~ Leos 

w v3 2 
a 

For isosceles triangles it is highly plausible and, in this problem, to 
be isosceles is not a drastic restriction. 

Finally, we shall note that the following result, i.e. 2.2.43 is a 

simple consequence of the first inequality in 2.2.42 (put A 
etc.) . 

2.2.43. L cos ~ :;;; 13 Leos B - C 
2 2 4 

71 
-->-

2 

J. T. Groenman, 'Problem 1152', Crux Math. 12 (1986), 138. 

2.2.44. 
t;;. A A -1 I t;;. L((v2 + 1) cos - - sin -) ~.6 - 3v2. 

8 8 

s. Bilcev, 'Problem 1158', Crux Math. 12 (1986), 140. 

A A A 
sin 

A 
cos -+ sin "4 

cos 
4 4 4 < < 2.2.45. B - C B - C 

cos -4- sin 1-4-1 

2 
A 

(2 sin ~)1/2 cos -
4 2 

< B - C I~I ~)1/2 cos --- + sin - (cos 
4 4 2 

A 

2 ' 

Proof. (B. Crstici). Let B> C. Put A/4 = x, (B - C)/4 = y. The 
first inequality becomes sin(x + y) < cos(x + y), what is true since 
x + y < 71/4. The second inequality becomes 

i.e. 

cos x - sin x 
sin y 

< (4 cos2 x - 2 sin 2x) (cos y + sin y + leas 2y) 
(1 + sin 2y - cos 2y) (2 cos x + ~~ 2x) 
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(1 ) ,Isin x(sin y + cos y) < ,Icos x. ,ICO'S2Y. 

We noted that x + y < rr/4. Also, we have x + 2y < IT/2. Hence 

. IT 
sin x < sln(2 - (x + 2y», 

i.e. 

sin x < cos(x + 2y), 

i.e. 

sin x(sin y + cos y)2 < sin x cos 2y, 

i.e. (1). 

C. Ionescu-Tiu, 'Problem 10465', Gaz. Mat. (Bucharest) B 21 (1970), 
421. 

2 
2.2.46. (8IT \3 II 

(IT A) II sin A ~ {E} 
A ~'" 373) . 

cos '2 

2.2.47. I Sin(~ + B) > I sin A. 

'Problem F 2600', K6z. Mat. Lapok ~ (1986),319. 

3. Inequalities with (R, r, s) 

3.1. {E} 

L. Bankoff, 'Problem Q 417', Math. Mag. 40 (1967), 289. 

3.2. 
r t s t ~ 1 + 33t/2 

(-) + (-) "" ----''---
R R 2t 

(t > 0). 

This generalization of Onofras' inequality is given by I. Tomescu 
(see also paper of F. Fanaca, where many known inequalities are proved 
by using Jensen's inequality for convex functions). 

E. Onofras, 'Problem 18300', Gaz. Mat. (Bucharest) 85 (1980),266 
and 86 (1981), 31-32. = 

L-"Tomescu, 'Problem C 69', Gaz. Mat. (Bucharest) 85 (1980), 481. 
F. Fanaca, 'Citeva demontratii ale ineqalitatii lUI Euler cu 

ajutorul inegalitatilor algebrice, Aplicatii'. (;az. Hat. (Bucharest) 
87 (1982), 16-20. 

3.3. If d = rS/R, then 

4d2 2 2ds 3Rr13 ::::: s2 sR 3R2/3 
~,;;; 2dr ,;;; 3r 13 ,;;; -::-=-,;;; rs ,;;; '" ~,;;; - ,;;; 
3d 3d 2 3d 2 4 
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K. Schuler, Praxis der Math. 9 (1967), 344. 

3.4. If d = rs/R, then 

3.5. 

913r - s ~ 4d ~ 613r ~ 2s ~ 3/3R. 

1. Paasche, 'Problem 165', Mat. Vesnik 10 (25) (1973), 97. 

3r(4R + r) ~ __ r __ ~ __ 3_r_ ~ r(4R + r) " 
(7R _ 5r)2 2R - r 4R + r (2R - r) (2R + 5r) ~ 

~ r(16R + 3r) ~ __ r_ ~ r(16R - 5r) ~ 
(4R - r) (4R + 7r) R + r r)2 (4R + 

2 2 
~ 4r(12R - llRr + r ) ~ ( __ s_._)2 ~ R ~ 

r) 2 4R + r 2(2R - r) 
(3R - 2r) (4R + 

4R2 + 4Rr + 3r2 " 1 " 4R + r " R2 
~ 2 ~ -3 ~ ~ ~ 4r(R + r) . 

(4R + r) 

This result, due to S. J. Bil~ev, is an extension and interpolation 
of results from: 

A. Bager and O. Reutter, 'Aufgabe 688', Elem. Math. 28 (1973), 20 
and 29 (1974), 18-19. 
A.~ager, Private communication. 
Remark. In his solution of Aufgabe 688, L. Bankoff gave the fol­

lowing inequalities 

2r(4R + r)2/(2R - r) ~ 2r(4R + r)2/(R + r)~ 

~ 2r(16R - 5r) ~ 2s2. 

3.6. 2s2 ~ r(20R - r + 13(12R + r) (4R - 5r) ~ 32Rr - 10r2. {E} 

A. Bager and O. Reutter, 'Aufgabe 690', Elem. Math. 28 (1973),48 
and 29 (1974), 46-47. 

3.7. If x = r/R and y = siR, then 

V. N. Murty and B. Prielipp, 'Problem 850', Crux Math. 9 (1983), 
144, and 10 (1984), 241-242. 

3.8. IF < R + (r/2). 

This inequality is due to G. Mircea. 

3.9. 
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I. Paasche, 'Problem 332', Mat. Vesnik 12 (27) (1975), 221. 

3.10. Let u and v be constants such that the following inequality 

holds for every triangle. If in (1) equality occurs for equilateral tri­
angles, then 2u - v = 27, u E (_00, 16], v ( (_00, 5]. If we 9ut ti 16-

u = 1.-(5 
2 

- v) for i = 1 , 

tl (Rr - 2r2) 

t2 2 
27r2) 16(s -

t 
----.l( 2s2 - 27Rr) 
5 

2, 3, then 

2 
~ 

2 
+ uRr - vr s 

are the best possible improvements of (1), if tl ~ 0; 0 ~ t2 ~ 16, i.e. 
u ~ 0; and 0 ~ t3 ~ 5, i.e. v ~ o. 

I. Paasche, 'Problem 330', Mat. Vesnik 12 (27) (1975), 218-220. 

3.11. The maximum values of the positive numbers A, B, C, D, E such that 
the inequalities 

D E 

holds for any triangle are: 

A 16, B = 5, C = D 
5 
8 ' E 

20 + 5117 
8 

I. Paasche and A. Bager, 'Aufgabe 743', Elem. Math. 30 (1975), 63 
and ~ (1976), 67-70. 
O.~ottema, 'A Triangle Inequality', Elem. Math. 33 (1978), 36-38. 

3.12. The best possible constants x and y in the inequalities 

o ~ s - rill ~ R - 2r ~ Rm - 2s 
2 x Y 

are x = 1 and y = 127 - 4. 
I. Paasche, 'Problem 332', Mat. vesnik 12 (27) (1975), 220-221. 

= R p 1-p} 1 3.13. If M = sup{p:s ~ .27 (2) r ,then M = 2 . 
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This is Bottema's answer to a problem of A. Makowski. 
A. liakowski, 'Problems and Remarks on Inequalities for a Triangle', 

Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 412-460 
(1973), 127-130. 

o. Bottema, 'Two Problems of A. Makowski', Ibid. No. 412-460 
(1973), 131-133. 

3.14. For k ~ 1, we have 

(k + 1)r[2(k - 1) (7k - 9)R2 - (k2 + 17k - 16)Rr + 4r2] C 

For k 

2 
C (k - 1) [k (k - 1) R - 4r] s . 

3, we have the first inequality in 

s2 ~ 4r (12R2 _ llRr + r2) ~ r(16R - 5r), 
3R - 2r 

what is an interpolating inequality for the well-known Gerretsen in­
equality (GI 5.8). 

S. J. Bilcev and E. A. Velikova, ~(k)-Transformation for a Tri-

angle and Some Applications, (to appear) . 

4. Inequalities for the Sides and the Angles of a Triangle 

4.1. If A ~ B ~ C, then La(C - B) ~ o. 
M. Martin, 'Problem 11576', Gaz. Mat. (Bucharest) B 22 (1971), 680. 
F. Cirjan, 'Problem 16354', Gaz. Mat. (Bucharest) 82 (1977), 20 and 

179-180. 

4.2. Let p > 0 and x, y, z and X, Y, Z be any permutations of a, b, c 
and A, B, C, respectively. Then 

This result is due to W. Janous, and it is an improvement of a 
result of C. T. Nedelcu ('Problem 18227', Gaz. Mat. (Bucharest) 85 
( 1980), 164). 

A. W. Walker, 'Problem E 2245', Amer. Math. Monthly 77 (1970), 652; 
78 (1971~, 793-795; 79 (1972), 1034 and 80 (1973), 809-=-810. 

4 
3 

4.4. L ~C s {E} cos 
2 2~ 

Ngo Tan and H. Charles, 'Problem 608' , Crux Math. 7 (1981) , 49 and 
8 (1982) , 27. 
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4.5. 
c b ..... IT(----- + ----- - a) ~ 27abc. 

cos B cos C 

169 

R.R. Janie and I. Paasche, 'Problem 172', Mat. Vesnik 7 (22) (1970), 
275-276. = 

4.6. The following inequalities are valid 

(1 ) 

(2) 
n A 1 n A 13 n n A 

~a tan - ~ - ~a ~ tan - ~ -- ~a ~ 3 (~a ) IT tan -
2 3 2 3 2 

(3) 

(4) 

with equalities if and only if the triangle is equilateral. 
Proof. Here, we shall give only proof of (1). The proofs for the 

other results are similar. If a ~ b ~ c, then cos A ~ cos B ~ cos C, 
and using the Ceby~ev inequality for monotone sequences we get the first 
inequality in (1). The second inequality is equivalent to GI 2.16, and 
the third is a simple consequence of Cauchy's inequality. 

Remark. (1) and (2) are generalizations and refinements of results 
of A. V. Nikulin and R. L. Sejncvit (Mat. v ~kole 1975, No.6, 69-71). 
(2) is also a generalization and refinement of an inequality of W. Janous 
('Problem 0:88', Gaz. Mat. (Bucharest) 85 (1980),392 and 86 (1981), 
170). (4) is a refinement of an inequality of D. M. Milo~evle ('Aufgabe 
921', Elem. Math. 40 (1985». 

Comment by W.~anous. The following generalizations of (2-4) are 
valid: 

(2' ) 

3-p/2~an ~ 3P(Lan )IT tanP ~ , 

{
where p ~ 

3(3-p )/2(Lan )IT tan ~ , 

where 0 ~ p ~ 3, 

(3') ~an sinP ~ ~ t ~an ~ sinP ~ ~ 23- p (l:an ) II sin ~ , 

where 0 ~ P ~ 3, 

(4') ~an cosP ~ ~ t ~an~ cosP ~ ~ (i)P/2~an ~ 3P / 2 21- P (f ~a2n-1)1/2, 
where 0 ~ P ~ 2. 

4.7. Let u, v, w ~ 0, u + v + w ~ 9, r, s, t ~ 0 and q> O. Then, 
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Remark. For r = s = t = 1 we have a result of W. Janous. For u = 4, 
v = ~ w = 3, r = s = 1, t = 0, we have a result of G. F. Molea. 

G. F. Molea, 'Problem 19833', Gaz. Mat. (Bucharest) 88 (1983), 334. 

4.8. 
r- b' 1 b . 2 .sa c SLn C ~ _ !abC ~ a SLn C + sc 

ab sin2 C + sc 2 ~ 4~ sin C 

Remark. This is a correction of a result of N. Plesu. 
N. Plesu, 'Problem 19912', Gaz. Mat. (Bucharest) 88 (1983), 419 

and 89 (1984), 372-373. 

4.9. 
2 2 2 

Ea (b + c) ~ 6 a c 
b 

sin3 B 
A 

IT cos "2 

M. Voicu, 'Problem 17746 and 18255', Gaz. Mat. (Bucharest) 84 
(1979), 192 and 341-342, and 85 (1980), 214. 

4.10. For p ~ 1 

W. Janous, 'Problem 1172', Crux Math. 12 (1986), 205. 

4.11. 3Ea ~ rrEa/A, 

A. Oppenheim, 'Problem E 2649', Amer. Math. Monthly 84 (1977), 294. 

4.12. blc > BI{A + B) and alc > A/{A + B) • 

J. V. Uspensky, 'A Curious Case of the Use of Mathematical In­
duction in Geometry', Amer. Math. Monthly 34 (1927), 247-250. 

4.13. E bc{2 cos A - 1) ;s-:-a ~ 0 
(b - a) (c - a) • 

This inequality is due to S. J. Bil~ev and E. A. Velikova. 

5. Inequalities with (a, b, c) and (R, r, s or F) 

The main method for generating inequalities with (R, r, s or F) and 
other elements of a triangle is the use of identities and the main in­
equalities with (R, r, s or F) (Le. inequalities GI 5.1,5.3,5.4, 
5.8,5.9,5.10,5.11,7.9,7.10,7.11), as we said in chapter V. Of 
course, the best possible inequalities could be obtained by using GI 
5.10 and 7.11 i.e. the well-known fundamental inequality. Here we shall 
give only three examples of applications of this inequality. 

5.1. 
2 

36r ~ 18Rr ~ 12r{2R - r) ~ 
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~ 4R2 + 16Rr - 3r2 - 4(R - 2r)~2 _ 2Rr ~ L:a2 ~ 

~ 4R2 + 16Rr - 3r2 + 4(R - 2r)~2 - 2Rr ~ 

Remarks. 1° Of course, the most interesting inequalities are 

(1) 

Note that using Theorems III.13 and 14 we can also consider the best 
possible inequalities of the form 

Za2 ~ 
2 2 

(u, E R) and uR + vRr + wr v, w 

L:a2 ~ 
2 2 

(u, w E R). uR + vRr + wr v, 

These results are 

2 2 
+ r (1 + 48 + 28 )) (0 ~ 8 < 1) , 

and 

(0 ~ W < 1). 

Similarly, we can get several results of the same type (for some results 
of this kind see paper of M. Marcev). 

2° O. Mu~karov considered the inequality 

and showed that there must be k ~ 8 and j = 4(9 - k). The best inequal­
ity of this type holds for k = 8 and j = 4 (L. Panaitopol). 

3° Of course, the above results are generalizations and extensions 
of results from SM, p. 39 and GI 5.13, 5.14 and 5.15. 

L. Liviu, 'Problem 17055', Gaz. Mat. (Bucharest) 83 (1978),82. 
M. Marcev, 'Neravenstva mezdu perimet'ra i radiusIte na vpisanata 

i opisanata okr'znost na tri'g'lnika i njakoj sledstvija od tjah', 
Ob. Matematika (Sofija) ! (1976), 3-7. 

o. Mu~karov, 'V'rhu edTn vid neravenstva v tri'g'lnik', Matematika 
(Sofija) 16 (1977), 32-35. 

L. Panaltopol, 'A Geometric Inequality' (Romanian), Gaz. Mat. 
(Bucharest) 87 (1982), 113-114. 
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5.2. 
2 2 2 12 

36r ~ 18Rr ~ 20Rr - 4r ~ 2R + 14Rr - 2(R - 2r)/R - 2Rr ~ 

Remark. This result is a refinement of GI 5.16, 5.17, 5.18, 5.19, 5.36, 
~39. 

5.3. 8r(R - 2r) ~ 4(R - 2r) (R + r 
2 

- IR(R - 2r) ~ Q = L(b - c) ~ 

~ 4(R - 2r) (R + r + IR(R - 2r) ~ 8R(R - 2r). 

Remark. This is a refinement of GI 5.25. 
A. Lupa~, 'Problem 441', Mat. Vesnik 2 (15) (30) (1978), 293. 

5.4. 2413r3 ~ 1213Rr2 ~ abc ~ 4Rr(2R + (313 - 4)r) ~ 

Remark. This result is a refinement and extension of results from SM, 
p. 39 and GI 5.27. 

5.5. 
3 2 2 3 

7213r ~ 3613Rr ~ 1213r (5R - 4r) ~ 4sr(5R - 4r) ~ La ~ 

~ 4sR(2R - r) ~ 4R(2R + (313 - 4)r) (2R - r) ~ 

2 
~ 613R (2R - r) • {E} 

Remarks. 1° The above result, an interpolation of a result from SM, p. 
39, we obtained using results of Bottema-Veldkamp and Tsintsifas­
Klarnkin. 

2° Since sr = F, we have the following refinement and extension of 
GI7.7 

La3 ~ 4F(5R - 4r) ~ 8F(2R - r) ~ {1;;'~(S - rl3)} ~ 24rF ~ 

~ 7213r3. {E} 

This is a result of A. Bager. 
O. Bottema and G. R. Veldkamp, 'Problem 364', Nieuw Arch. Wisk. 

22 (1974), 79 and 22 (1974), 266-267. 
A. Bager (1972), Private communication. 
G. Tsintsifas and M. S. Klamkin, 'Problem 816', Crux Math. 9 

(1983), 46 and 10 (1984), 157. 

5.6. 
322 

19213r ~ 9613r R ~ 1213r (9R - 2r) ~ 4sr(9R - 2r) ~ 

2 2 
~ IT(b + c) ~ 4s(2R + 3Rr + 2r ) ~ 
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4(2R + (313 - 4)r) (2R2 + 3Rr + 2r2) ~ 613R(2R2 + 3Rr + 2r2) ~ 

Remarks. 1° This is an interpolation of a result from SM, p. 39. 
2° The fourth inequality is equivalent with the first inequality 

in 

n(b + c) ~ 4F(9R - 2r) ~ 26Fr. {E} 

This result is a refinement of the following result of I. Dorobantu 

3° Note that M. S. Klamkin proved 

n(b + c) ~ 4s(2R2 + 3Rr + 2r2) ~ SsR(R + 2r). {E} 

I. Dorobantu, 'Problem 9470', Gaz. Mat. (Bucharest) B 20 (1969), 
162. --

G. Tsintsifas and M. S. Klamkin, The same reference as in S.S. 

S.7. 13~ 2(SR - r) 
~ 

SR - r ~ SR - r ~ ~ .!.~ R 313R2 "" R(2R + (313 - 4)r) Rs a 

(R + r)2 2 
~ ~ 

(R + r) ~ I3R {E} 
Rrs 2 "" --2 

313ar 4r 

Remarks. 1° This is an interpolation of a result from SM, p. 39. 
2° Since rs = F, we have 

r(SR - r) ~ L:.!.~ (R 
2 

+ r) {E} RF a RF 

what is better than GI 7.12. We also have 

2(SR - r) ~ L:aL:.!.~ 2(R + r)2 
{E} 

R a Rr 

~~ ~~ 
222 3 

~ _1_ S.S. ~ 
(R + r) + Rr {E} 2 2 2 3 2 

R a R r (16R - Sr) 4r 

Remark. This is a result from SM, p. 39. The first inequality was given 
by M. Erdman. 

M. Erdman, 'Problem 9', Matematyka (Warszawa) 111 (1970), 367. 

S.9. __ 1_ ~ .!.(~ .!.)2 ~ ~ ~~ __ 1_ 
2rR 3 a 2 2 

a 4r 
{E} 
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Proof. 

2s 
abc 

a + b + c 
abc 

CHAPTER IX 

A. W. Walker and H. Meyer, 'Problem E 2248', Amer. Math. Monthly 77 
(1970), 765 and 78 (1971), 678. 

5.10. 
7R 2r b + c 2R2 + Rr + 2r2 3R 6 ~ - .~ E ~ ~-

R a Rr r 

B. M. Milisavljevic, 'Some Inequalities Related to a Triangle', 
Univ. Beograd. publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 498-541 , 
(1978),181-184. 

SM, p. 40. 

5.11. 

B. M. Milisavljevic, The same reference as in 5.10. 

5.12. 

Remark. This is a problem of M. S. Klarnkin. He remarked that the 
problem was suggested by an inequality of O. S. Mitrinovic (Amer. Math. 
Monthly 75 (1968), 1124). 

M. S. Klarnkin and A. A. Jagers, 'Problem 346', Nieuw Arch. Wisk. 21 
(1973), 178 and 22 (1974), 90-91. 

Comment by C. Tanasescu. The following inequality is also valid: 

(1) 2 2 2 
min ((a - b) , (b - c) , (c - a) ) < 2r (R - 2r) 

with equality if and only if s2 9r(2R - r) . 
(1) is best on the set of all (R, r)-triangles, taking s as free 

parameter. 
From (1) we easily deduce 

(2) min 2 2 2 2 
((a - b) , (b - c) , (c - a) ) ~ R /4, 

with equality if and only if r = R/4, s = 3y7R/4, or equivalently, after 
performing some trivial calculations, if and only if the sides are pro­
portional to the numbers 17 - 1, 17, 17 + 1, respectively. This result, 
i.e. inequality (2), is due to L. Panaitopol. 

Of course, (2) is also the best inequality on the set of all R-tri­
angles with rand s as free parameters. 

Another similar result is: 
2 

If Q E(a - b) ,0= Irr(a - b) I, then we have 

(3) Q min (I a - b I, I b - c I, I c - a I) ~ 3D, 
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with equality if and only if either the triangle is isosceles, or the 
sides form an arithmetic progression. 
Remark 1. Of course (3) is equivalent to 

175 

Remark 2. Both (3) and (4) are still valid for any real numbers a, b, c, 
with the same equality conditions. 
Remark 3. For the specialization n = 3 the Mitrinovic-Presic inequality 
(AI p. 341) reads 

It is less sharp than (4). 

5.13. 

L. Panaitopol, 'Problem C:2', Gaz. Mat. (Bucharest) 85 (1980),4. 

222 
La /bC/ (Lla) .;;; R • 

Remark. This is a result of I. I. Tomescu. Using the idea of his proof 
and 5.1. we can get an interpolation of this inequality, i.e. the fol­
lowing result is valid: 

Comment by W. Janous. Let q be an arbitrary positive real number. Then 

:;:: p/3 1- p /2 
'" R , 

fo < p .;;; 1, 
if 

\.1 < p .;;; 2. 

I. I. Tomescu, 'Problem 9374', Gaz. Mat. (Bucharest) 20, B7 (1969), 
425-427. 

5.14. 

SM, p. 40. 

5.15. h 3 /' /' 2 h /' 3/3 2 /' 3/3 R3 
3v3r '" xyz "" r (2R + (3v3 - 4)r) ""-2- Rr "" 8 . 

Remark. This is an interpolation of a result from SM, p. 40. 

5.16. 

9 
Remark. We put the term 2 Rr in the result from SM, p. 40. 



176 CHAPTER IX 

5.17 . 
3 9/3 2 2 3 

913r ,.;; - r R ,.;; 313r (4R - 5r) ,.;; sr (4R - 5r) ,.;; Ex ~ 
2 

Remark. This is an interpolation of a result from SM, p. 40. 

5.18. 213 ,;::: 2 (4R + r) ,;::: 4R + r ,;::: E 1. ,.;; 
R'" 313Rr '" r(2R + (313 - 4)r) "" x 

,.;; 4R + r,.;;~ {E} 

313/ 213/ 

Remark. This is an interpolation of a result from SM, p. 40. 

5.19. 

SM, p. 41. 

5.20. 

~ 16R2 _ 24Rr + l1r2 R2 
'" 3";; -- {E} 

r (16R - 5r) 4r4 

Remark. We put the term 2/Rr in the result from SM, p. 41. 

5.21. 
12R2 + 4Rr _ 2r2 1 16R2 - 8Rr + 6r2 

{E} 2 
,.;; E Z ";; 

p2 p x 

5.22. 
2 

E ~ ~ 6sR ~ 12s. {E} 
x r 

5.23. 1 3 2 R 
,.;; EaEa /(Ebc) ,.;; 2r • {E} 

A. Bager and M. S. Klamkin, Elem. Math. 28 (1973), 102 and 29 
(1974), 96-97. 

5.24. {E} 

Remark. This result is due to A. Bager. 

5.25. 10 - 8r ,.;; na3/abc ,.;; 4R _ 2 ,.;; 9R _ 4r _ 10. 
R r r R 

{E} 
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Remark. This is a refinement and extension of a result of E. Braune and 
O. Bottema. 

E. Braune and O. Bottema, 'Aufgabe 734', Elem. Math. 30 (1975),18 
and 31 (1976), 15-16. 

5.26. La4 ~ ~ R(R - r) (4R + r)2 ~ 54R3 (R - r). 
3 

Remark. This result is due to A. Bager. 

5.27. 
2 2 1 4 

16F /3 ~ La /L ~ ~ 9R {E} 
a 

A. Mirea, Gaz. Math. (Bucharest) 39 (1933),411. 

5.28. 
2 2 222 2 

16F /9R ~ La b /La ~ 3R • 

A. Mirea, Gaz. Math. (Bucharest) 39 (1933),,411. 

5.29. 

Remark. This result is due to L. Goldstone. 

5.30. 

5.31. 

(1) 

i.e. 

V. Bandila, 'Problem C:474', Gaz. Mat. (Bucharest) 90 (1985),65. 

b 2 + 2ac 2 
a ;;;. b ;;;. c ~ ~ -(2R + (3/3 - 4)r) ~ RI3. 

a+b+c 3 

Proof. Using Ceby~ev's inequality for monotone sequences we get 

2 2 
3(b + 2ac) = 3(ac + bb + cal ~ (a + b + c) 

b 2 + 2ac 25 2 r-; M 
-----'-.:..:..:..- ~ -3 ~ -3 (2R + (3d - 4) r) ~ Rd. 
a + b + C 

Remarks. 1° This is a refinement of a result of V. Boskoff and D. Mihet. 
2° Analogously, (1) becomes 

2 2 
3(b + 2ac) ~ 4s , 

so, the following inequality is also valid 

242 2 
b + 2ac ~ 3(4R + 4Rr + 3r ). 

V. Boskoff and D. Mihet, Gaz. Mat. (Bucharest) 90 (1985), 108. 
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5.32. (0 < p < 1). {E} 

This result is due to W. Janous. For p = 1/2 we get a result from 
P. Flore, Gaz. Mat. (Bucharest) 83 (1978),217. 

5.33. Ea/x ~ 3~4R/r ~ 6. 

Remark. This result is due to A. Bager. 

5.34. 
2 

E(b - c) + k(rsl3 + 

2 

{
Ea , for k = 4, 

+ (4 - 213)r(R - 2r)) ~ 2 
(Ea) /2, for k = 6. 

{E} 

I. Paasche and L. Carlitz, 'Aufgabe 642', Elem. Math. 26 (1971),46 
and 27 (1972), 39-40. 

= 

-1 
5.35. If 28 = Ex , and x = s - a, etc. then, for p ~ 1, 

This result is due to W. Janous. For p = 2 we get a result from: 
P. Balev, Matematika (Sofia) ~ (1968), 33. 

5.36. (m, n, pER). 

Remark. This is Milisavljevic's generalization of a problem of 
D"'":M. Milo1levic • 

D. M. Milo1levic and B. Milisavljevic, 'Problem 410', Mat. Vesnik 2 
(15) (30) (1978), 425-426. 

5.37. If -1 ~ k ~ log 9 - log 4 then 
log 4 - log 3 ' 

213r ~ ~ (a, b, c) ~ I3R. 

Remark. For the second inequality see GI 5.28. 
J. Berkes, 'Certaines Inegalites Relatives au Triangle', Univ. 

Beograd. Publ. Elektrotehn. l"ak. Ser. Mat. Fiz. No. 247-273(1969), 
151-152. 

5.38. 

5.39. 

bc 
E -- ~ (5 - 2r/R)s. 

s - a 

S. J. Bil~ev, Matematika (Sofija) 1985, No.3, 52. 

2 3 2 
4r(Ea) + 2Ea < 9abc + (Ea) (Ea ) • 

S. J. Bil~ev, ab. po matematika (Sofija) 1984, No.4, 62. 
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5.40. 4Z1/a - Za/be ~ (5/R + 2/r)/I3. 

This inequality is due to S. J. Bilcev. 

5.41. The following inequality is equivalent to 2.2.20: 

Z(a/(s - a))1/2 ~ 9(3Rr)1/2/s . 

This result is due to S. J. Bilcev. He also gave some other similar 
results. 

5.42. The 
sueh that 

maximum value of the positive numbers A, B, C, D, E, F, G, H 
the inequalities 

(1) A(R - 2r)r + 3Zbe ~ 
2 

(Za) , 

(2) + ~(s 2 2 
B(R - 2r)r 

35 
+ abe/s) ~ Za , 

(3) C(R - 2r)rs + Bxyz ~ abc, 

(4) D(R - 2r)rs + Babe ~ IT(b + e) , 

(5) E(R - 2r)rs 
3 

+ 8 IT(b + e) ~ 
3 

Za , 

(6) 

(7) 
2 2 

G(R - 2r)rs + 3(Za x) ~ abe, 

(B) H(R - 2r)rs + 4Bxyz ~ Zbe(b + c), 

hold for any triangle are 

A 4, B 24/7, C = 4, D 4, E 1/4, 

F 0, G 3/4, H = 2B. 

I. Paasche and B. Milisavljevic, 'Problem 325', Mat. Vesnik 12 
(27) (1975),315. 

5.43 
l2.n( 1-n 

4F ~ 3 2 2Z(be)2 _ Za2 2 2-n) n-1 
(n = 1, 2, ... ). 

Remark. For n = 1 we get the following inequality of F. Finsler and 
H. Hadwiger. 

{E} 
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D. D. Adamovic, 'Problem 153', Mat. Vesnik ~ (23) (1971), 92. 

5.44. Let F and s be fixed. The maximum and minimum values of one of the 
sides are roots of the equation 

G. H. Hardy, 'Problem 15689', Educational Times (2) 15 (1905),8 
and 74. 

6. Inequalities Involving A, B, C and R, r, s or F 

6.1. 

This is a refinement of a result from SM,p. 44, and an extension of 
GI 3.15 and of a result of M. Marcev. 

M. Marcev,'Neravenstva mezdu perimet'ra i radiusite na vpisanata 
i opisanata okr'znost na tri'g'lnika i njakoi sledsvija ot tjah', 
Db. po matematika (Sofija) 1976, No.6, 3-7. 

6.2. 9r ~ ~(5R _ r) ~ l: sin A sin B ~ (~) 2 ~ 9 
2R 2 R 4 

R 

This result from SM, p. 44, is an extension of a result of 
M. Marcev (see reference from 6.1). 

6.3. 
2 

s 
l: sin A sin B ~ ---2 

3R 

Proof. 

l: sin A sin B 

where we used GI 5.5. 

{E} 

Remark. Since x ~ IX is a concave increasing function we have 

i.e. 

l:/sin A sin 

l:Jsin A sin B ~ E:.-­
Rr 

which is a result of I. Nanuti and V. Drula. 
I. Nanuti and V. Drula, Gaz. Mat. (Bucharest) 83 (1978), 218. 

F 

Rr 
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6.4. 
2 

313r ~ IT sin A ~ -;-(2R + (313 _ 4)r) ~ 3/3r < 313 
2R2 2R 4R 8 

This is an interpolation of a result from SM, p. 44. 

6.5. {E} 

This result from SM, p. 44, is an extension of a result of 
M. Marcev (see reference from 6.1). 

181. 

{E} 

6.6. 
2 2 

913r ~ 3/3r (SR _ 4r) ~ ~(SR - 4rl ~ L sin3 A ~ _s_(2R - r) 
2~ 2~ 2~ 2~ 

~ 2R + (313 - 4)r{2R _ r) ~ 3;/3(2R _ r) < 313 {E} 
2R2 4R 2 

This is an interpolation of a result from SM, p. 44. 

6.7. 
2 2 

1213 E- ~ 313r (9R - 2r) ~ ~(9R - 2r) 
R2 2R3 2R3 

IT(sin A + sin B) ~ 

This is an interpolation of a result from SM, p. 44. 

6.S. 6 ~ 7R - 2r ~ L sin A + sin B ~ 2R2 + Rr + 2r2 ~ 3R 
R sin C Rr r 

{E} 

SM, p. 45. 

6.9. 3r ~ L cos A ~ l 
R 2 • 

SM, p. 45. 

6.1Q. 
2 2 

7r - 2R ~ 4Rr - r - R ~ ~ B ~ r(R + r) ~ 
2R '" 2 - L. cos A cos '" 2 -. 

R R 
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This is an extension of GI 3.11 and of a result of M. Marcev (see 
reference from 6.1), and a refinement of a result from SM, p. 45. 

6.11. 
9r 
4R 

6 2R2 - 3r2 r2 1 
1 ~ Rr - 2 ~ IT cos A ~ -2- ~ "8 

2R 2R 
{E} 

Remark. Using GI 3.11 we gave a refinement of a result from SM, p. 45, 
and an extension of a result of M. Marcev (see reference from 6.1) . 

6.12. 
2 R2 2 

l~ 2Rr - r - r 2 3 2 
4 ~ 2 ~ 2 ~ I cos A ~ ~(R - r) < 3. 

R R R 

2Rr _ r2 
Remark. We inserted the term 2 in the result from SM, p. 45, and 

R 
in the result of M. Marcev (see reference in 6.1). 

6.13. 

122 
~ --2 (4R + 12Rr - 34r ). {E} 

4R 

SM, p. 45. 

6.14. 
4 2 2 
~ ~ ~(9R - 2r) ~ IT(cos A + cos B) ~ 
R2 4R3 

SM, p. 46. 

6.15. 13 ~ 2 (2R - r):;;:: 3 (2R - r) ~ l(2R _ r) ~ I cotan A ~ 
I3R '" 2R + (313 - 4) r s 

Remark. Using a result of D. M. Milo~evic and S. Z. Arslanagic we gave 
an interpolation of a result from SM, p. 46. 

6.16. 

D. M. Milo~evic and S. Z. Arslanagic, Private communication. 

I cotan A ;;;, ~ 
3r 

v. Petkov, Matematika (Sofija) 1968, No.7, 30. 
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6.17. 

6.18. 

6.19. 

6.20. 

6.21. 

12Rr - 4R2 - 6r2 6Rr _ 2R2 _ 3r2 6Rr _ 2R2 _ 3r2 

313Rr ~ r(2R + (313 - 4)r) :( rs :( 

r 1 
:( II cotan A :( - :( ~ {E} 

s 3>,.j 

This is a refinement of a result from SM, p. 46. 

2 
1 ~ 

9(2R - r) 
- 2 :( l: cotan2 A :( 

4R2 2 
+ 4Rr + 3r 

:( (2R2 + /)2 3R3 
{E} 

r3 (16R 
- 2 ~ --3 - 2. 

- Sr) 8r 

SM, p. 46. 

2 
l: cotan A 

SM, p. 47. 

2 
;;._s_ 

2 - 2. {E} 
9r 

2 
I1(cotan A + cotan B) :( ~ 

313r2 

13 r ~ 2(4R + r) :( 4R + r 
2 3 R '" 3\13R 2R + (313 ~ l: tan ~ :( 

4)r 2 

This is a refinement of a result from SM, p. 47. 
Remark. The following result is also valid. 

6.22. 

6.23. 

6.24. 

A 9Rr 9R2 
r tan - ~ -- ~ --2 2F 4F 

This is a refinement of a result of T. Rajkov. 
T. Rajkov, Kvant 1976, No.6, 56. 

l: tan ~ :( ~ 
2 3r 

~ ~ r :( II tan ~ ~ ~ 
3>,3R 2R + (3/3 - 4)r 2 3v.j· 

This is a refinement of a result from SM, p. 47. 

1 :( l: tan2 ~ :( 16R2 - 24Rr + 11r2 
2 r (16R - Sr) 

{E} 

183 
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6.25. 

6.26. 

where 

6.27. 

6.28. 

6.29. 

6.30. 

6.31. 

6.32. 

6.33. 

CHAPTER IX 

SM, p. 47. 

322 
1 ~ 2(4R + r) - 24R(4R + 4Rr + 3r ) ~ L tan3 ~ ~ 

73~ 313R(4R2 + 4Rr + 3r2 ) 2 

SM, p. 48. 

Proof. 

3 ~ = ~(4R + r)3 12s2R) 
1 2 

L tan - ;;. -(3s (4R + r) 
2 3 3 

s s 

we used GI 5.5. 

8 ~ A B 
~ 

4R {E} 373"'- JI(tan 2 + tan 2) 313r 

SM, p. 48. 

313 ~ L cotan ~~ 2R + (3/3 - 4)r ~ 313R {E} 
2 r ~zr . 

This is a refinement of a result from SM, p. 48. 

9 ~ L cotan ~ cotan ~ = 4R + r ~ 9R 
2 2 r 2r 

{E} 

SM, p. 48. 

L 
A B s2 

{E} cotan - cotan - ~ ---
2 2 3r2 

9 ~ 9R ~ 8R - 7r ~ L cotan 2 ~~ (2R - r)2 
{E} 

2r r 2 2 
r 

h 9R. h 1 f S 49 We put t e term 2r ~n t e resu t rom M, p. . 

2 A ~2 
L cotan -;;.---

2 3r2 

9/3 ~ 913R ~ 313 (4R - 5r) ~ L cotan3 ~ ~ 
2r r 2 

2 
- 12s R) 

3r 
s 
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6.34. 

6.3S. 

6.36. 

6.37. 

6.38. 

6.39. 

6.40. 

6.41. 

6.42. 

Remark. We put the second term in the result from SM, p. 49. 

r-." r-. ~ " A B ,,613R2 
24v3 '" 12v3 r - IT(cotan 2 + cotan 2) - 2 

SM, p. 49. 

tan ~ + tan ~ 
C 

tan 2 

SM, pp. 48-49. 

r 

A B 
cotan 2 + cotan 2 

L ----"---c----'" 
cotan 2 

4R - 2r 
r 

{E} 

3r " r(2R - r) . 2 A . 2 B R2 - Rr + r2 2R - r 
8R'" 4R2 ~ L s~n 2 s~n 2~ 4R2 ~~. 

L 
2 A 9r 

cos 2 ~ 2R {E} 

2 
2 

L 
A s 

{E} cos 2 ~ 6Rr 

27r ~ 8R + 11r " 4R2 + 6Rr 
2 

2 ~ cos2 ~ ~ - r 
~ L 8R 8R '" 4R2 

cos 
2 2 

SR2 + 3Rr 
2 

lOR + 7r " 27 ~ 
+ r 

~ {E} 
4R2 8R "'16 

2 2 
2 

L 
A ~~ _s_ {E} cos 2 cos 

2 4R2 

213 " 4 (SR - r) 
~ 

2(SR - r) 
~ 

2(SR - r) 
~ L cosec A ~ 

'" 3\13R 2R + (313 - 4)r s 

r)2 2 2 
~ 

2(R + 
~ 2 (R + r) "I3R {E} 

sr 2 '" --2-
313r 2r 

This is a refinement of a result from SM, p. 44. 

L cosec A ~ 2s 
3r 

{E} 

18S 

{E} 
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6.43. 
2 4 

4(5R - r) _ 4R ~ L cosec2 A ~ 4(R + r) 

4R2 + 4Rr + 3r2 r r 3 (16R - 5r) 

4R 
r 

This is a result from SM, p. 45. The following result is due to 
D. M. Milosevic: 

6.44. 

6.45. 

6.46. 

6.47. 

2 
2 27R ~ L 

2 
cosec A. 

s 

L 
A 

sin "2 Isin B sin C~~ 
2R 

{E} 

L. PIrsan, Gaz. Mat. (Bucharest) B 20 (1969), 663-664. 

L cos ~ Isin B sin C ~ * . {E} 

L. PIrsan, Gaz. Mat. (Bucharest) B 20 (1969), 663-664. 

B 

5 _E~ L 
cos "2 cos 

R A 
sin "2 

C 

2 ~ 
2 

(R + r) 

Rr 
{E} 

This result of D. M. Milosevic is an extension of GI 2.57. 

2sr(6Rr 2R2 3r2 ) ~ IT 
2r3s 2r3 (2R + (313 - sin 2A ~ --4- ~ 4 4 

R R R 

- 4)r) 
~ 

6.48. ( . A sin B, sin C) ~ ~ ~ ~ + (13 Mk Sln , 3R 3 i)E. ~ 13 
3 R 2 

(k ~ 1) {E} 

Remark. This is a refinement of GI 2.6. For k 
lowing refinement of GI 2.5 

1/2 we get the fol-

Of course, using identities from 3.2 and Jensen's inequality for 
convex function we can give series of similar results. Here, we shall 
give a selection of such results but only for the function x ~ IX. 

6.40. L/sin A sin B ~ 3~ . {E} 

6.50. ;---r;. / 4R + r / 4R + r I-R-Utan ~ ~ 3 --- ~ ----,;;:-- ~ 3 ~ 
2 3s v3r 2v3r • 
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6.51. ~Ic t A.::::~.;;; /3 (2R + 313 - 4) .;;; 3.m co an "2 '" r r 2r {E} 

6.52. A ft< 2s s '-
~ cotan - ~ 3 (2 - d) + - ~ 6 + - '" 3 (2 + 13) • 4 r r 

{E} 

This result is due to S. Z. Arslanagic and D. M. Milosevic . 

6.53. .:::: 2r ~ cos(B - C) "" (1 +R)~ cos A. 

This result is due to A. Bager. 

6.54. 

where p is a positive number. 
This result of W. Janous is a generalization and refinement of a 

result from: 

187 

D. M. Milosevic, 'Problem 391', Mat. Vesnik ~ (15) (30) (1978),396. 

6.55. 
r 2 '- 3 

~ cos A - ~ cos A cos B ~ 1 - (R) '" 4 . 

This is a refinement of a result of J. Garfunkel and G. Tsintsifas 
(see inequality (12) from Chapter IV) . 

Comments by W. Janous. 1) As an upper bound we have 

r r 2 
2 > 2 - 3 i + (i) ~ ~ cos A - ~ cos A cos B. 

2) The following similar inequalities are also valid: 

(i) o < A ((32 - 1513) E. - (10 - 313) (E.) 2) .;;; 
3d R R 

.;;; ~ sin A - ~ sin A sin B < 1. 

Remark. It would be interesting to find also an upper bound 
depending on rand R which is less than 1. 

(ii) ~ cotan ~ cotan ~ - ~ 
A 

~ 5 313 + 2R ~ 9 313. cotan "2 - -2 2 r 

(iii) 2- .;;; 1..(3 r (E.) 2) .;;; ~ 
2 A 

~ 
2 A 2 B cos 

2 
cos 2" cos 2"= 16 4 R R 

~ sin 
2 A 

~ sin 2 A . 2 ~.;;; r + l..(E.) 2 .;;; 2"- 2"sw - -
2 R 4 R 

.;;; 1 _ 7r < 
8R 1. 
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J. Garfunkel and G. TSintsifas, Inequalities through R-r-s Tri­
angles, Private communication. 

6.56. 

6.57. 

6.58. 

6.59. 

This inequality is due to W. Janous. 

A 
tan 2 

1 +--­
sin B sin C 

This inequality is due to S. J. Bilcev. 

2 2 2 
max (a , b , c ) < 2FZ cosec A. 

Problem B-I-3. Rozhledy Mat. Fyz. Praha 59 (1980/81),466. 

3A 2r 
11(-) ~-. 

11 R 

V. D. Mascioni and W. Janous, 'Aufgabe 899', Elem. Math. 38 (1983), 
106 and ~ (1984), 102-103. 

6.60. 3/(Zl/A) ~ i 12r/R. 

V. D. Mascioni, 'Aufgabe 930', Elem. Math. 40 (1985). 

6.61. For a triangle ABC with circumradius Rand inradius r, let M = 

(R - 2r)/R. An inequality P ~ Q involving elements of a triangle ABC 
will be called strong or weak, respectively, according as 

(1) 

(2) 

(3) 

(4) 

(5) 

or P - Q ~ M. 

(a) The following inequalities are strong: 

Z sin ~ ~ Z cos A, 
2 

Z sin 
2 ~~2 

2 4' 

Z cos A ~2 
4 

+ 611 sin 

2~ Z sin 
A 

2 2 
, 

Z cos A~! 
2 

+ II cos 

A 
2 

, 

B - C 
2 
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(6) 

(b) 

(7) 

(8) 

(9) 

L sin2 ~ ~ 1 - l IT cos B - C 
242 

The following inequalities are weak: 

L cos A ~ 12 IT sin ~ 

1 ~ 8 IT sin 
A 

2 

~~ 
4 

L sin B sin C, 

" cos2 ~ ~ " (10) t.. 2 - t.. sin B sin C, 

(11) L cos A ~ 2Z cos B cos C, 

(12) Z tan 2 ~ ~ 1. 

Further, we can also consider a third class, where 

P - Q';:; M/2. 

189 

Such inequalities do exists, but they are quite rare. For example, in­
equality (2) belongs to this class (see Problem 856 from Crux Math.), 
which we may call 'super strong'. 

J. Garfunkel, Private Communication. 
J. Garfunkel and W. J. Blundon, 'Problem 856', Crux Math. 9 (1983), 

179 and lQ (1984),303-304. 

6.62. 

6.63. 

6.64. 

B ~ ~ 9/3r 
Z sin 2 sin 2 ' ~ 

Z cosec ~~ 9/3 : 

These inequalities are due to W. Janous. 

~ + 3(2 - /3) .;:; L cosec ~ < 1 + ~ 
R 2 R 

These inequalities are due to D. M. Milosevic. 

L tan2 B tan2 ~ ~ 8R - 7r ~ l 
2 2 16R - 5r 3 

This result is due to D. M. Milosevic. 

6.65. 1" 
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2° L 
2 

2A ~ 3 _ 6 (.!::)2 12 (.!::) 4 ~ 3 36 (.!::) 4 {E} cos - -
R R R ' 

3° L sin 
2 

2A ;:;: 6 (.!::)2 12 (.!::) 4 ;:;: 36 (.!::) 4 + R R R ' 

4° L sin 2B sin 2C ~ S (.!::) 2 
R 

+ s (.!::) 3 
R 

~ 9(*)2. 

6.66. If x = d/R, where d 
equalities are valid 

01 (R2 _ 2Rr)1/2, then the following in-

(1) 

(2) 

(3) 

(4) 

(S) 

(6) 

(7) 

(S) 

1 + x + 211=X ~ 2L sin !2. ~ 1 - x + 2/1+){, 
2 

i3+X(2 + ~) ~ 2L cos !2. ~ /3=X(2 + i1+X), 
2 

1 - x + 2(1 + x)~ ~ 4L . A sin ~ ~ Sln '2 2 

~ 1 + x + 2(1 - x)~, 

(3 + x) (1 + 2~) ~ 4L cos A cos ~ ~ (3 - x) (1 + 2~); 
2 2 

2 4 • A 2 4 
--- + -r.==== ~ L cosec - ~ ---
l+x Vl-x 2 1-x+~' 

+ __ --"-S-",:== ~ L cosec !2. cosec ~ ~ 
1 - x (1 + x) ,Ii - x 2 2 

4 

~ __ 4_ + ___ ~S __ ==== 
+ x (1 - x)/l + x ' 

2 1 A 2 1 
~ (2 + ~) ~ L sec '2 ~ ~ (2 + ~), 

__ 4 __ (1 + 2 ) ~ L sec !2. sec ~ ~ 
3-x ~ 2 2 3!X(1+ 11 2 _ X)' 

All inequalities are the best possible. 
D. S. Mitrinovic, J. E. Pecaric, C. Tanasescu, and V. Volenec, 

Inequalities Involving R, rand s for Special Triangles, Rad JAZU 
(Zagreb), (to appear). 

7. Inequalities with (a, b, c), (A, B, C) and (R, r, s or F) 

7.1. 
2/ 9 

9r ~ i2r(1 - ~) ~ La sin A ~ 4R + --- ~ 4R + r ~ ~ 
2R R 2 

Proof. Using the identity La sin A 
2 

2R La , GIS.14 and GIS.i. 
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we get the above result. 
Remark. This is a refinement of GI 3.14. Of course, using GI 5.10 

we can give a stronger result, and using results from 5.1 we can give 
some other results. 

7.2. 3R ~ Ea tan ~ ~ 5R - 4r. 
2 

Proof. (D. M. Milosevie and S. Z. Arslanagie.) This is a simple 
consequence of the identity 

7.3. 

A 
Ea tan 2" = 2(2R - r). 

D. M. Milosevie, 'Aufgabe 919', Elem. Math. 40 (1985). 

2n-131+(nfl)/2rn ~ Ean cos ~ ~ (l sEa2n-1) 1/2 
2 2 

(n ;;;. 1) . 

Remarks. 1° For a refinement of the second inequality see inequal­
ities (4) from 4.6. Here we state the original problem from Elem. Math. 

2° Note that using this result we can give the following refinement 
of Problem 367 from Mat. Vesnik: 

A t;; 9R 
9r ~ Ea cos 2" ~ /3s ~ 2/3R + (9 - 4v3)r ~ 2 . 

D. M. Milosevie, 'Aufgabe 921', Elem. Math. 40 (1985). 
B. Milisavljevic and D. M. Milosevic, 'Problem 367', Mat. Vesnik 12 

(27) (1975), 418 and ~ (14) (29) (1977), 406-407. 

7.4. 

R. R. Janie and I. Paasche, 'Problem 124', Mat. Vesnik 5 (20) 
(1968),555-557. 

7.5. 
4 3 3 3 
-27 (Ea) ~ E __ a __ ~ 12R /3. 

sin2 A 

D. M. Milosevie, 'Problem 381', Mat. Vesnik 2 (15) (30) (1978), 
99-100. 

7.6. 

7.7. 

T. Rajkov, Kvant ~ (1976), 56. 

9..-- + 13 ~ E cotan A ~ /3 + 3Q 
4F 4F 

Remark. This result is due to D. M. Milosevic and S. Z. Arslanagic. 
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7.8. 

N. Schaumberger and D. C. Fuller, 'Problem 225', The College Math. 
J. 15 (1984), 164-165. 

7.9. 

C. Ionescu-Tiu, 'Problem 7847', Gaz. Mat. (Bucharest) B 17 

7.10. (a) 
21T 2 

IT (Aa) ~ (~) rF, 

(1) 

Proof. (vl. Janous) 
~ince F = abc/(4R), the given inequality is equivalent to 6.59. 
(b) As before, the given inequality reads equivalently 

IT(1T - A) 

Since s 
4R 

A 
IT cos "2 (1) becomes 

(2) 
9 3 ~ IT sin((1T - A)/2) 

(21T\I3) (1T - A) /2 

sin t . 
Because of f(t) = log ---t-- belng strictly concave, we obtain 

rf((1T - A)/2) ~ 3f((r(1T - A)/2)/3) = 3f(i) 3 I 313 og 21T 

with equality if and only if A = B = C. Thus, (2) is proved. 
v. D. Mascioni, 'Problem E 3054', Amer. Math. Monthly 91 (1984), 

515. 

8. Inequalities for the Radii of Excircles and cOther Elements of a 
Triangle* 

8.1. 27r2 ~ ~ Rr ~ r(16R - 5r) ~ rr r ~ 4R2 + 4Rr + 3r2 ~ 
2 b c 

2 
~ ~(4R + r) 2 ~ 27R 

3 4 

* In all inequalitits from this Section, equalities hold only if the 
triangle is equilateral. 
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8.3. 

Remark. This is a refinement of a result from SM, p. 43. 

r 2 27 2 ~ 27 3 
:s;; 3(4R + r) :s;; 4 rR '" 8 R . 

Remark. This is a refinement of a result from SM, p. 43. 

:s;; 16R2 _ 24Rr + 11r2 :s;; 4R - 5r s2 
3r 

Remark. This is a refinement and extension of GI 5.43 and of a 
result from SM, p. 43. 

193 

8.4. Let u ~ 0 and v :s;; 2u be given constants. The maximum value of the 
positive number k = k(u, v) such that the inequality 

s2 + k(R - 2r) (uR - vr) :s;; Lr2 
a 

holds for any triangle is 

k = k = min (! 12) 
max u ' 2u - v . 

I. paasche, 'Problem 329', Mat. Vesnik g (27) (1975), 317-318. 

3 
+ r . 

Remark. This is a refinement of a result from SM, p. 43. 

8.6. 216r3 :s;; 108Rr2 :s;; 12Rr(4R + r) :s;; 4Rr(16R - 5r) :s;; IT(rb + rc) :s;; 

2 2 4R 2 3 
:s;; 4R(4R + 4Rr + 3r ) :s;; 3(4R + r) :s;; 27R . 

Remark. This is a refinement of a result from SM, p. 43. 
Note that the inequality: IT(l + rb/rc ) ~ 8 {E} is given in: 

~.O.,'Su una relazione fra lati ed altezze di un triangolo 
rettineo', Boll. Soc. Mat. Calabrese 21 (1970),87-89. 

8.7. 

SM, p. 43. 



194 CHAPTER IX 

8.8. 
4R + r ,;:: 

2 '" 
r (16R - 5r) 

~ _1_~ ~ 
2 3 

3r 6r 

SM, p. 43. 

_1_ ~ 8R - 7r 
~ L 1 (2R _ r)2 

8.9. 
2 r2 (16R 

2~ 
r2(4R2 3r2 ) 3r - 5r) r + 4Rr + 

a 

SM, p. 43. 

rb + r 
4R - 2r 

8.10. 6 ~ L c 
r r 

a 

SM, p. 43. 

!~ 
r 

4R -
8.1l. L __ a_~ 5r 

r r r 
3r 

2 b c 

Remark. The first inequality is given by M. Erdman. 
M. Erdman, 'Problem 14', Matematyka (Warszawa) No.3 (112) (1970), 

190. 

8.12. 9r(Lr )2 + 9r3 ? 32TIr 
a a 

S. Reich and R. W. Frucht, 'Problem E 1930', Amer. Math. Monthly 2l 
(1966), 1017 and].2 (1968), 299. 

8.13 . Lar ;;;: 3Rs ;;;: 6F. 
a 

This is Milosevic's interpolation of a result from: 
Gh. Vernic, 'Problem 11934', Gaz. Mat. (Bucharest) B 23 (1972),. 

169. 

8.14. 18 E. ~ L ~ ~ 9 ~ 
s r s 

a 

Proof. Since ra = rs/x (x = s - a) and Lax 2r(4R + r), we have 

La/ra = Lax/rs = 2(4R + r)/s. 

using the inequality 2r ~ R we get the above inequalities. 
Z. M. Mitrovic, 'Problem 215', Mat. Vesnik 9 (24) (1972), 181. 

== 

8.15. 3~~ L~ ~ 12/~ 
s r r 

a 
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W. Janous communicated to us the following generalization: 

For p E (-00, +00): L(a/r )p ~ 3(4R/S)p/3. 
a 

195 

A. Makowski, 'Problems and Remarks on Inequalities for a Triangle', 
Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 412-460 
(1973), 127-130. 

S .16 25 _ SR ,,;; SR - 7r ,,;; L ~,,;; 
37:3s s r 

a 

{ ~'R ; r)' 
- 213 

r 

Remark. This result is due to D. S. Mitrinovie, J. E. Pecarie, and 
W. Janous. The terms of the right-hand-side are incomparable in general. 

S .17 . 

Remark. This result is due to I. Paasche, and it is a refinement of ---
GI 5.30. 

R. R. Janie, A. Lupa~, and I. Paasche, 'Problem 133' , Mat. Vesnik 
6 (21 ) (1969) , 93-94. 

S.lS. 

This inequality is due 

S .19. 
2 2 

16(4R - SRr + 3r ) ,,;; L 

These results are due to D. M. Milosevie. 

S.20. 

Proof. Since F sr = (s - c)r 
c 

abc/ (4R) , we have 

F F 
+---r + r 

c s s - c 2F2(a + b) =~a)(s - b) (a + b) 
2R abc s(s - c)abc abc 

2F 
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(a + b) (c2 - (a _ b) 2) 

2abc 

= cos A + cos B, 

2bc 

and therefore 

rr(r + r ) = 8R3rr(COS A + cos B). 
a 

Now, using 6.14 we get the desired result. 

2 
- a 

+ 

CHAPTER IX 

Remark. This result is an extension and refinement of an inequality 
of M. Stankovic. 

M. Stankovic, 'Problem 174', Mat. Vesnik ~ (21) (1969), 351. 

8.21. There exists a number s, 0 < s < 1, with the property that 

for r > s, 

and the reverse inequality for r < s. 
J. Steinig, 'Sur quelques applications geometriques d'une inegalite 

relative aux fonctions convexes', Enseign. Math. (2) 11 (1965), 
281-285. 

8.22. 
r 

Za air ~ (abc)r/r. 
a 

Proof. (W. Janous). Since F 
is equivalent to 

sr (s - a)ra , the above inequality 

F F 

This inequality is a simple consequence of the weighted arithmetic-
'- u s - a 

geometric inequality Zux r rrx (Zu = 1), because Z ---s-- = 1. 

M. Burtea, 'Problem 033', Gaz. Mat. (Bucharest) 84 (1979),210. 

8.23. 

This result is due to D. M. Milosevic. 

8.24. 

Remark. D. M. Milosevic proved the following inequality 
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r + r 
b c ~ s(3R + 2r) 
b + c ~ r(9R - 2r) 

which is stronger than the second inequality. 
D. M. Milosevic and M. Vowe, 'Aufgabe 916', Elem. Math. 39 (1984), 

15§ and 40 (1985), 152-153. 
S. z. Arslanagic and D. M. Milosevic, 'Some Inequalities for a 

Triangle', Radovi Matematicki (Sarajevo) 2 (1986), 35-44. 

8.25. II 

M. S. Jovanovic, 'Some Inequalities for Triangle Elements', Univ. 
Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 498-541 (1975), 
171-178. 

8.26. La/ra ~ 9R/s, 

2 
La /(ra - r) ~ 9R. 

P. Balev, 'Problem 4', Mat. i Fiz. (Sofija) i, 11 (1968), 56. 

8.27. ((r )1/2 (r )1/2)2 
24 * ~ L, r: + r: ~ 6 ~ . 

T. zamfirescu and T. Albu, 'Problem 6621', Gaz. Mat. (Bucharest) 
B 15 (1964), 514 and B 16 (1965), 405. 

8.28. If a > b > c, then 

3R - 2r < 0, 
a 

> 
3R - 2rb < 0, 3R - 2r > O. 

c 

L. Toscano, 'Les distances des centres des cercles tritangents d'un 
trianqle a la droite des pOl-nts isogones', Univ. Beoqrad. Publ. 
Elektrotehn. Fak. Ser. Mat. Fiz. No. 274-301 (1969), 115-119. 

l~ 3(5R - 2r) 
r - r 2R2 - 3Rr -

8.29. ~ L _a __ ~ l + 
2 9R - 2r r + r 2 2 

a 2R + 3Rr + 

2r ~ 
r + r 2(R2 /) 

6 ~ 7 - L 
_a __ ~ + 

~ 2 1 + 
R r - r Rr 

a 

These inequalities are due to D. M. Milosevic. 

(r + r) 2 
8.30. (i) R ~ ~_a __ ~ 

4 (r - r) , 
a 

2r 
2 

2 < 2, {E} 
2r 

2R 
{E} + 

r 
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(ii) 3r(Er ) ~ Erbr • a c 

S. Iwata, Encyclopedia of Geometry (Japanese), Tokyo, 1971, Vol. 5, 
p. 337. 

8.31. Given the angle A and the side a of a triangle ABC. Then 

(i) o < r < ~(sec ~ - tan ~) . 
2 2 2 ' 

(ii) a < r ~ ~(sec ~ + tan ~) . 
a 2 2 2 ' 

(iii)O < rb < %(cotan ~ + cosec 

(or r ) 
c 

Proof. (i) Since r = (s - a) tan~, and b + c = 2R(sin B + sin C) 
. B + C B - CAB - C 

4R Sl.n --2- cos --2- = 4R cos 2 cos --2- , we have 

Thus, 

NOW, 

i.e. 

(ii) 

A A 
a < b + c ~ 4R cos 2 = a/sin 2 

o < r (s - a) tan ~ = (b + c - a) tan ~ ~ 
222 

~ 
( a 

- %) 
tan ~ a A A 

\2 
= - (sec 

2 
- tan 2) . 

. A 2 2 
Sl.n 2 

A 
r 

Since tan 2 a , we have 
s 

A 1 
(a + b + c) ~~ r stan tan 

a 2 2 2 '" 

1 
(a + __ a_) A a A A 

~2 tan 2 = - (sec 2 + tan 2) . . A 2 
Sl.n 2 

-
(iii)rb c) A (a + b c) A 

(s - cotan 2= 2 
cotan 

2 

b - c 
B + C . B - C 

2R(sin B - sin C) = 4R cos --2- Sl.n --2- = 

4 . A . B - C 
R Sl.n 2 Sl.n --2-
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-4R sin ~ < b - c < 4R sin ~ (B - C ~ ±TI means non-equality), 

< 4 . A 
a + b - c R Sln 2 + a 

(a + ~ - c) cotan ~ < (4R sin ~ + a) t cotan ~ 

A a A 
2R cos 2 + 2 cotan 2 

a A a A 
sin A cos 2 + 2 cotan 2 = 

a A A 
= 2 (cosec 2 + cotan 2)' 

S. Iwata, Encyclopedia of Geometry (Japanese), Tokyo, 1971, Vol. 5, 
p. 345. 

8.32. The following inequalities are valid: 

(1) 

(4) 

(6) 

(7) 

(9) 

(11 ) 

2 
L:a/r ~ 

a 
6/s, (2) 

2 
L:a /r ~ 12r, 

a 
(3) L:a(b 

L:a2 /r2 ~ 
a 

4, (5) 
2 3 2 

L:a /r .;;; 4(R - r)/3r , 
a 

(a + c)2 + (a + b)2 (b 
2 

- c) ~ 8(r + raj , 

3 
r 

5 
r 

r 
c rb 

L: _1_ ~ 24r 
3 2 

r F 
a 

L: _1_ ~ 4013R 
5 3 

r F 
a 

1:....- _ L: _1_ ~ 364R 
7 7 4 

r r F 
a 

r 

(8) 1:....- + L: _1_ ~ 28 
442 

r r F 
a 

+ c) /r 
a 
~ 24r, 

Proof. These results are simple consequences of the following 
identities of L. Toscano: 

(1) 

(3) 

2 
L:a/ra = 2(2R - r)/F, 

L:a(b + c)/r 
a 

12R, 

2 
(2) L:a Ira = 4(R + r), 

~ «4R + r/ _ 52), 

s 
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(5) 

(6) 

(7) 

(9) 

2 
(a + c) 

r 
c 

3" - Z 
r r 

3 
a 

1 Z~ 5- 5 
r r 

a 

4(4R + r) (R 

12R 
2 

F 

10(Za2 )R 

F4 

r)/Fr, 

(b - c) 2 

r 

(8) 
1 

+ Z 4" 
r 

(10) 
1 

r 
6 

1 

4 (R + 2r ), 
a 

(Za 2 )2 
4 2F4 r 

a 

CHAPTER IX 

+ 8F2 

+ Z 
Za 6 + 15F2Za2 

6 F6 r 
a 

(11) 

and of inequalities GI 5.1, 5.5, 4.4 and 4.13. Of course, using some 
other inequalities we can obtain several new results. 

L. Toscano, 'Sui raggi dei cerchi tritangenti e circoscritto di un 
triangolo' , Bolletino della Soc. Mat. Calabrese (5) 21 (1970), 60-67. 

9. Inequalities Involving Altitudes and Other Elements of a Triangle 

9.1. Let be A ~ B ~ C. Then 

with equality only for isosceles triangles. 
M. Moisei and L. Olaru, 'Problem 16726', Gaz. Math. (Bucharest) 82 

(1977), 291 and 83 (1978), 113-114. 

9.2. 

Z. Mitrovic, A. Makowski, and I. Paasche, 'Problem 176', Mat. 
Vesnik ~ (22) (1970), 425-426. 

W.O. 'Su una relazione fra lati ed altezze di un triangolo rettilineo' , 
Bolletino della Soc. Mat. Calabrese 21 (1970),87-89. 

9.3. 

Z. M. Mitrovic, A. Makowski, and Z. Mijajlovic, 'Problem 204', 
Mat. Vesnik.§. (23) (1971), 339-340. 

Comment by W. Janous: We can strengthen it to its ultimate range: 
The inequality: 
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is valid for every triangle, if and only if k ~ (log 9 - log 4)/(log 4 -
log 3) . 

h 
9.4. Za a/h ~ (abc)r/r. 

9.S. 

a 

M. Burtea, 'Problem 0 33', Gaz. Mat. (Bucharest) 84 (1979),210. 

9r ~ 2r (SR - r) ~ Zh ~ ~(R + r) 2 ~ 2R + Sr ~ 3 (R + r) ~ 
R a R 

~ ~ R. {E} 

A weaker result is given by L. Bankoff, 'Problem S94', Math. Mag. 
39 (1966), 130. 

Remark. This is an extension of GI 6.11, 6.12 and 6.13, and a re­
finement of a result from SM, p. 41. The following result is also valid 

9F/s ~ Zh ~ 2s2 /(3R). {E} 
a 

The first inequality (note that F/s = r) is given by N. Schaumberger. 

27r2 

S4r3 /R ~{6r2(4R + r)/R} ~ 2r2 (16R - Sr)/R ~ Z~hc ~ 9.6. 

9.7. 

9.8. 

& ?:2 & 27 2 
- 2 Rr '" 4 R • 

Remark. This is a refinement of a result from SM, p. 41. 

3 2r3 2r2 2 2 
27r ~ ~(16R - Sr) ~ nha ~ ~(4R + 4Rr + 3r ) ~ 

2r 
2 

~ ~(4R + r)2 ~?:2 r2R ~ ?:2 R3 {E} 
2 8 

27r2 ~ Zh2 ~ 
2 
~ 27R2 /4. {E} s 

a 

SM, p. 41. 
Remark. V. Vajaitu communicated to us that the best inequality of 

type Zh2 ~ kR2 + jr2 holds for k = 4 and j = 11. We note that the fol­
a 

lowing interpolating inequality is valid 



202 

form 

i.e. 

i.e. 

2 2 2 3 2 2 
Lh ~ 4R + 7r + 8r /R ~ 4R + llr . 

a 

CHAPTER IX 

Indeed, the fundamental inequality can be written in the following 

4 222 2 2 2 
s -(8Rr-2r)s +r(4R+r) ~4R«R+3r)s -r(4R+r)), 

RLh2 ~ (R + 3r)s2 - r(4R + r)2. 
a 

Now, using Gerretsen's inequality s2 ~ 4R2 + 4Rr + 3r2 , we get the first 
inequality. The second inequality is a simple consequence of the Chapple­
Euler inequality. 

9.9. 
3 2r3 

216r ~ ---(16R - 5r) (9R - 2r) ~ IT(h + h ) ~ 
R2 b c 

2r 2 2 2 2 2 
~ ~(4R + 4Rr + 3r ) (2R + 3Rr + 2r ) ~ 54R r ~ 

R 

SM, p. 42. 

9.10. ~~ L ~ 
R h r 

a 

SM, p. 42. 

9.1l. __ 4_ ~ __ 2_ ~ 5R - r 
~ L __ 1_~ 

3R2 3Rr r(4R 
2 

+ 4Rr + 3r2 ) hbhc 

~ 
(R + r)2 

~~ {E} 
r3 (16R - 5r) 6r3 

SM, p. 42. 

9.12. ~ ~ __ 2_ ~ 3(2R - r) 
~ L __ 1_ ~ 

3R2 3Rr r(4R 
2 

3/) h2 + 4Rr + 
a 

2R2 2 
~ 

+ r ~~ {E} 
r 3 (16R - 5r) 6r3 
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SI·I, p. 42. 

9.13. 
- 2r hb + hc 2R2 + Rr + 2r2 7R - 2r 6 ~ 7R ~ Z ~ ~ ___ _ 
R h Rr 2r 

{E} 
a 

SM, p. 42. 

9.14. F ~ ~ min (h h h) 
3 a' b' c· 

E.C. Popa, 'On Some Geometric Inequalities (Romanian) " Gaz. Mat. 
(Bucharest) 87 (1982), 256-257. 

l~ 115R - 38r h - r 
9.15. ~ Z _a __ <2 {E} 

2 75R - 22r h + r 3 
, 

a 

3(19R - 6r) 
h + r 

6 ~ ~ Z _a __ < 7. {E} 
9R - 2r h - r 

a 

These results are due to D. M. Milosevic. The second result is an 
extension and interpolation of GI 6.22, and the first one is an inter­
polation of a result from: 

D. M. Milosevic and o. P. Lossers, 'Aufgabe 900', Elem. Math. 38 
(1983), 128 and 39 (1984), 130. 

9.16. 
2 

+ c 

This inequality is due to S. J. Bilcev. 

9.17. If k ~ K = log 9 - log 4 
log 4 - log 3 

( 1 ) 

If -1 ~ k ~ K, then 

/'3 (2) 0 ~ - M (h hb , h ) 
3 k a' c 

Remark. Inequality (1 ) was 

J. Berkes. A similar result was 
-----

2n _ 1 
Zhn < n 

(n > ---Za 
a 

2n 

2.81 ... , then 

2 
- '3 Mk(a, b, c) ~ R - 2r. 

proved by F. Leuenberger, 

proved by S. C. Dumitru: 

2) . 

and (2 ) by 

F. Leuenberger, 'Bemerkungen zu zwei Arbeiten von A. Makowski und 
J. Berkes', Elem. Math. 18 (1963),33. 

J. Berkes, 'Certaines Inegalites Relatives au Triangle', Univ. 
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Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 247-273 (1969), 
151-152. 

S. C. Dumitru, 'Problem 13337', Gaz. Mat. (Bucharest) B 24 (1973), 
484. 

9.18. Now we shall give some results of M. R. Taskovic for the ex­
pressions: 

IA (a , b , c) MA (a , b , c) 

NA (a , b , c) (A f 0 is a real number) . 

The following results are valid (we shall write only IA instead of 
IA (a , b , c), etc.): 

1.1. (O<A<:;;;l), {E} 

and the reverse inequality if -1 <:;;; A <:;;; o. 

1.2. 

where 
A = 1 

IA ;;, /3 (A ;;, 1 ) 

here and further on {E 1} 
or -1 and a = b = c. 

and IA <:;;; 

means that 

4-133 / 2 

equality 

(A<:;;; -1) , 

holds if and 

1. 3. IA <:;;; 2-(1+A/2)3 1- A/ 2 (R/r)3A/2 

>-2-(1+A)31-A/2(./ )2A 

(0 < A <:;;; 2) and 

IA / R r (-1 <:;;; A < 0) • 

1.4. 
-1 A/2 A 

IA <:;;; 2 3 (R/r) (0 < A <:;;; 1), 

~ 2A-3 2-3A/2( / )2A IA ~ 3 R r (A ;;, 1) and 

, 1+A -3A/2( / 2A 
IA 7 2 3 R r) (A <:;;; -1) . 

2.1. MA ;;, l3 1-A/2 (A > 0) and 

>- 31-A/2( / )A MA ~ R r (A < 0). 

2.2. MA <:;;; 2-A31- A/ 2 (R/r) 2A (0 < A <:;;; 1) I and 

MA <:;;; l3 1- A/ 2 (-1 .::;; A < 0) . 

2.3. (A ;;, 1) I and 

h1 } 

only if 
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MA ~ 
33/2/2 (A ~ -1) . {E1} 

3.1. NA ~ 
21+A31-A/2 (A > 0), and 

NA ~ 2 • 31-A/2(R/r)A (A < 0). {E} 

3.2. NA ~ 
21-A31-A/2(R/r)2A (0 < ft. ~ 1), and 

N ~ 
A 

21+A31-A;2 (-1 ~ A < 0). {E} 

3.3. NA ~ 2 
A;2 A • 3 (R/r) (A ~ 1), 

NA ~ 2A-132-3A/2(R/r)A (A > 0) and 

NA ~ 33/2/2 (A ~ -1) . {E1 } 

4.1. 1: sin 
A 
A~ 9. {E} I • 

A 

4.2. MA ~ 2IA· {E} 

A 2 l2A {E} 4.3. 6F NA ~ N_A • R 

Remark. Some special cases of the above results were first given by 
R.R. Janie and M. R. Taskovic. 

M. R. Taskovic, 'Generalisations de certaines Inegalites Geo­
metriques et Quelques Inegalites Geometriques Nouvelles', Mat. Vesnik 
7 (22) (1970). 73-81. 

R. R. Janie and M. R. Taskovic, 'Quelques Inegalites Relatives a 
un Triangle', Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. 
No. 247-273 (1969), 131-134. 

9.19. 
2 

3R ~ 1: a h < 4R. 
~ + c 

D. M. Milo~evic, 'Problem 107', Matematika 4 (1980),70 and 2 
(1981), 90. 

9.20. {E} 

I. Paasche and Z. Mitrovie, 'Problem 166', Mat. Vesnik 7 (22) 
(1970), 275. 

9.21. {E} 
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j(4R) 

Proof. Since h /x = 2r /a = 2s tan ~/(2R 

CHAPTER Ix 

2 A 
sin A) = 2s(1 + tan 2)/ 

---22 a a 2 2 
(s + r a )/(2RS), and Lra = (4R + r) 

2 
- 2s , we have 

Lh /x = (s2 + (4R + r)2) /(2Rs). 
a 

Now, using the well-known Gerretsen inequalities GI 5.8, i.e. 

(1) 
2 2 2 

r(16R - 5r) ~ s ~ 4R + 4Rr + 3r 

we get the second and the third inequality. The first inequality is also 
a simple consequence of the second inequality in (1) and Chapple-Euler's 
inequality R ~ 2r. 

Remark. The first two inequalities are Leuenberger's refinement of 
Mitrovi6's problem. Of course, the above proof also contains the fol­
lowing inequalities: 

9.22. 

9.23. 

2 2 
~~ 4R + 6Rr - r 
R Rs 

2 2 2 
Lr r lab ~ 81r /4. 

a b 

tan ~ ~ a 
2 211 

a 

r 5R2 + 3Rr + r2 
~ L ~ ~ ---------------

r Rs 
{E} 

{E} 

E. G. Gotman, 
29-32. 

'Teorema kosinusov i ee sledstvija', Kvant 7 (1972), 

9.24. h ~ /be cos A 
a 2 

E. G. Gotman, 'Problem 2734', Mat. v skole 1984, No.3 and ~, 
No.2, 64. 

9.25. 3 ~ 2(2 - E.) ~ Lh /r ~ 2(.!3. + E. - 1). 
R a a r R 

Remark. The second inequality, due to D. M. Milosevic, gives a 
refinement of the following inequality from Mat. Vesnik, Problem 232: 

Lh/r ~3. {E} 
a a 

Of course, using the method from VIII 1.2 we can give a generalization of 
an inequality from Problem 449 from Mat. Vesnik. 

Z. Mitrovi6 and I. Paasche, 'Problem 232', Mat. Vesnik ~ (24) 
(1972), 311. -

B. Milisavljevic, 'Problem 449', Mat. Vesnik 2 (15) (30) (1978), 295. 

9.26. {E} 
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R. R. Janie and I. Paasche, 'Problem 124', Mat. Vesnik 5 (20) 
(1968), 555-557. 

9.27. The following inequalities are valid: 

( 1 ) h/3F } ,,:: L:x = s ,,;; L:r //3, 
L:h /13 '" a 

a 

(2) L:hbhc ,,;; 3/3F ,,;; 3L:yz ,,;; 2 L:bc 
4 

,,;; L:rbrc ' 

(3) ITh ,,;; 3/3xyz ,,;; /3/3F3 ,,;; ITr ,,;; 3/3abc/8. 
a a 

I. Paasche and Z. M. Mitrovic, 'Problem 220', Mat. Vesnik 8 (23) 
(1971), 90 and 415. 

9.28. a/27 + 4h - r ,,;; 27R/2. 
a a 

I. Paasche, 'Problem 327', Mat. Vesnik 12 (27) (1975), 316-317. 

9.29. If ax b + c, then 

Proof. Since x = (b + c)/a, x + 1 = 2s/a, haa/2 = rs, and ha 

207 

r(x + 1), we have hX(xr)-x = (1 + l/x)x : = f(x). The function x ~ f(x) 
a 

is strictly increasing on (1, +00), so 2 < f(x) < e. 
F. Leuenberger and R. Weissauer, 'Aufgabe 674', Elem. Math. 27 

(1972),95 and 28 (1973),99. 

9.30. (L:rn /L:h-2n )2,,;; ((L:a)6/1728 )n 
a a 

(n ;;;. 1). 

D. Milosevie, 'Problem 381', Mat. Vesnik 2 (15) (30) (1978), 99-100. 

9.31. The following inequalities are valid: 

1 0 
lhb + hc\A 

,,;; 3 (0 < A ,,;; 1) {E1}*, 
\rb + r } 

c 

hb + h r + h 
,,;;2 IT c ,,;; 1 {E}, 3 0 IT a a /3 {E}, r + h b + c 8 a a 

r + h 
a ;;;. ~ L: 

a 
{E}, 

r + r 2 
a 

* {E1} means that equality holds if and only if A 1 and a b c. 
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with 

8 0 

9 0 

d~)'A ;;;: 3 • 12A;2 
\h - r 

a 

ra \A 2 1-A 
+ 2r) ?' 3 

a 

(
h - 2r \A 

Z a) \;;;: 3 1- 2A 
h + 2r 

a a 

(A ;;;: 1) 

(A ;;;: 1) 

(A ;;;: 1) 

(A ;;;: 1) 

(A ;;;: 1/2) 

equality if and only if the triangle is equilateral 

11 0 
Z(rb + rc ,A 

;;;: 3 (~) A (A ;;;: 1) {E 1 }, 
\h + 2r ) 3 

a a 

r + r 
~i 

h - r 13 
12 0 Z 

a 
{E}, 13 0 II _a __ ~ ---2 

h + 2r 3 b + c 72 a a 

14 0 z(:a 
- r ,A 

3 1- A (A ;;;: 1) {E 1 }, ) ;;;: + r 
a a 

h - r 
1 

II a 
{E}. 15 0 ~n h + r 

a a 

CHAPTER IX 

and A 1/2, 

{E}, 

M. S. Jovanovic, 'Some Inequalities for Triangle Elements', Univ. 
Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 498-541 (1975) , 
171-178. 

r + r 
9.32. Z 

b c ;;;: i(2 r {E} 
h + 2r 3 - R)· 

a a 

Proof. Since r F/(s - a), h 2F/a, etc. , we have 
a a 

rb + r 
= ~(Za2 (s a) 2) . (1) Z 

c 
h + 2r 2 

a a F 
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2 2 2 
Further, using the inequality (La(s - a» ~ 3(La (s - a) ) and the 
identity La(s - a) 2r(4R + r), we get from (1): 

(2) 

NOw, using GI 5.7, i.e. 2S2(2R - r) ~ R(4R + r)2, we get the desired 
inequality from (2). 

Remark. This result is due to S. Arslanagic and D. M. Milosevic, 
and it is better than 9.31.11° for A = 1. 

9.33. 

D. M. Milosevic and S. Sreckovic, 'Problem 34', Matematika 1977, 
No.1, 78-80. 

9.34. 
2r Lha 2 
- ~ -- ~ -(1 + E.) R Er 3 R . 

a 
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M. Marcev, 'Problem 2', Matematika (Sofija) 1976, No.6, 32 and !977, 
No.3, 36-37. ==== 

9.35. L _1_~ 
h r -r~(~2-R----r~)· 

a a 

M. Grecu, 'Problem 20826', Gaz. Mat. (Bucharest) 91 (1986),264. 

10. Inequalities with Medians and Other Elements of a Triangle 

10.1. 

The constant 9/20 and 5/4 are the best possible. 
Proof. We shall give Bottema's proof of the second inequality. 

Starting with Lm ~ La, which implies 
a 

and using the identity 4Lm2 
a 

Therefore, 

2 
3La , we get 
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In fact, 5/4 is the best coefficient, as shown by the example a = b = 1, 

c = 0 and, therefore, m 
a 

1 5 
= ~ = 2 ' mc 1, E~mc 4' Ebc = 1. 

Bottema gave the first inequality as a conjecture, and he obtained 
the coefficient 9/20 using the example a = b = 1, c = 2, which implies 

3 
rna = ~ = 2 ' mc = O. The proof of this inequality is given by 

A. Reznikov. Here we shall note that the first inequality is a simple 
consequence of the second, i.e. it is the median-dual of the second in­
equality (see VIII, 4). 

O. Bottema, Comment. In the paper: M. Jovanovic, 'Some Inequalities 
Involving Elements of a Triangle and a polygon', Univ. Beograd. publ. 
Elektrotehn. Fak. Ser. Mat. Fiz. No. 357-380 (1971), 81-85. 

A. Reznikov, Odno geometriceskoe neravenstvo, Kvant 1975, No. 12, 
56. 

10.2. 1 2 '4 max «a - b) , (a 
2 

c) , (b 

3 2 2 2 < '4 max «a + b) , (a + c) , (b + c) ). 

C. Boangiu, 'Problem 19809', Gaz. Mat. (Bucharest) 88 (1983),.331. 
Comment by W. Janous. This inequality can be significantly improved to 

10.3. 

21 . « )2 ) ~ s2 3 . 2 < '" ~ 4 m~n a - b , •.• '" 2 + '4 m1.n «a - b) , ••. ) L.~mc '" 

2 
c , 

2 2 
c + ca + a ) < 

< ~ max «a + b) 2, ••• ). 

A. Bager, 'Some Inequalities for the Medians of a Triangle', Univ. 
Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 338-352 (19~ 
37-40. 

10.4 . 

ment 

10.5. 

Remark. This is an extension of a result of A. Bager, and a refine­
and extension of a result of V. Gh. Voda. 
A. Bager, The same reference as in 10.3. 
V. Gh. Vod~, Gaz. Mat. (Bucharest) 83 (1978), 58-60. 

2 
9 rna 1 2 2 1 9 
-,.; L - ,.; --(4R + 6Rr + 8r ) ,.; -(2R + 5r) ,.;-E. 
4 bc 8Rr 4r 8r 
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Proof. Since, 

1 2 1 2 1 
L:a (4 b + 4 c + 2 bc cos A) 

122 1 4 L:(ab + a b) + 2 abcL: cos A 

and 

2 2 2 2 
L: (a b + ab ) = (L:a) (L:bc) - 3abc = 2s (s - 2Rr + r ), 

abc = 4RF = 4Rrs, L: cos A = (R + r)/R, 

we get 

2 s 2 2 
L:ama = 2(s + 2Rr + 5r ), i.e. 

m2 2 + 5r2 L: ~ = s + 2Rr 
bc 8Rr 

Now, using Gerretsen's inequalities (GI 5.8) and Chapple-Euler's inequal­
ity R ~ 2r, we get the desired inequalities. 

Remark. In the above proof we used the idea from Bager's proof of 
the first inequality (see reference from 10.3). Bager also gave the 
median dual to his inequality: 

wherefrom 

He also gave the following inequality equivalent to the first inequality 
from 10.5 

2 
m 9 

10.6. (a) L: ~~- {E}, 
2 4 

a 

(b) L: 
rna ~ 313 
a 2· {E} 

Remark. The above inequalities are due to V. Matizen. The first in­
equality is again given as problem in Mat. v. ~kole and in Crux Math. 

V. Matizen, Kvant 1976, No.8, 16. 
Ngo Tan and M. S. Klaffikin, 'Problem 589', Crux Math. ~ (1980), 317 

and 7 (1981), 307-308. 
S'.=1. Majzus, 'Problem 2953', Mat. v ~kole 1983, No.2, 61 and 1984, 

--
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NO.1, 70. 

10.7. 
2 2 2 2 

~mc ~ rs (4R + r) ~ 9F • 

Remark. Using an inequality of M. Jovanovic we have a refinement of 
an inequality of A. Baqer. 

M. Jovanovic, 'Inequalities for the Triangle', Univ. Beograd. Publ. 
Elektrotehn. Fak. Ser. Mat. Fiz. No. 412-460 (1973), 155-157. 

A. Bager, The same reference as in 10.3. 

10.8. {E} 

Remark. This inequality of A. Bager (see reference from 10.3) was 
again obtained by M. Jovanovic (see reference from 10.7). 

10.9. L ~ ~ 3/3 E. 
b + C 2 R 

{E} 

M. Jovanovic, The same reference as in 10.7. 

10.10. ~ 2. {E} 

Remark. This inequality is due to M. Jovanovic (see reference from 
10.7)~median-dual is 

2 
m 

a ~ 2. 
28' 

+ c 

and this inequality is given in: 
V. A. Visenskij, i dr., Sbornik zadac Kievskih matematiceskih 

olimpiad, Kiev 1984, p. 54. 

10.11. 

A. Bager and A. Makowski, 'Aufgabe 702', Elem. Math. 28 (1973), 
133 and 29 (1974), 121. 

10.12.(a) lIm ~ 
2 (b) 12RIIm ~ La(b + 

2 
rLm , c)m 

a ' a a a 

2RL 1- ~ 
m 

(c) 4RLam ~ Lbc (b + c), (d) L a 
a bc ~mc 

J. Garfunkel, G. Tsintsifas, and M. S. Klamkin, 'Problem 846', 
Crux Math. 9 (1983), 143 and 10 (1984),267-269. 
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Comment by W. Janous. (a) also reads: 2s(ITm ) ~ 2FEm2 , yielding the 
2 2 a a 

median-dual: Em ~ 2F(Ea )/TIa = (Ea )/2R, i.e. 
a 

Ea2 ,.; 2REm . 
a 

(c) reads also Earn ~ FE(b + c)/a, with its median-dual Eama ~ FE(~ + 
m )/m yielding a 

c a 

Earn ~ F max (E(b + c)/a, E(~ + m )/m ) ~ 6F. 
abc a 

10.13 . 
2 

(Ea ) (Earn ) ~ 4 (TIm ) O:a) , 
a a 

M. S. Klamkin, 'Problem 79-19', SIAM Review 22 (1980), 509-511. 

10.14. max2 (a, b, c) - min2 (a, b, c) ,.; Eama ~ S(4 max2 (a, b, c) -

. 2 C))1/2 - m1n (a, b, 

Proof (W. Janous). Suppose that a ~ b ,.; c, then the first inequal­
ity becomes 

2 
Dividing by a and putting b/a = x, cia = y we require the following in-
equality to be proved: 

(1 ) 2 2 1/2 2 _ x2)1/2 + (2x + 2y - 1) + x (2 + 2y 

where 1 ,.; x ~ y and y < x + 1 (triangle inequality!). 
It is easily checked that 

(2 2 2 2)112 > 2 x + y -x y -1, (2x2 + 2y2 _ 1)1/2 > 2y - 1 

whence the required inequality (1) follows. 
Moreover, triangles like a = b = 2, c ~ 4 (i.e. rna ~ ~ 3 and 

me ~ 0) show what the left-hand-estimation is quite sharp (in non­

equilateral extremal cases). 
Analogously, the second inequality becomes 
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since a ~ b ~ c. This is obviously true. 
Note that the first inequality is given in 
A. Bumbacea, 'Problem 19457', Gaz. Mat. (Bucharest) 87 (1982),422. 

10.15. P. Erdos (in a letter to L. Bankoff) posed two questions: 
Let Em = a + b + ac. Is it true that a ~ O? Is it true that max a 

a 
occurs for the equilateral triangle? 

A. Oppenheim showed that both conjectures are true, i.e. the fol­
lowing results are valid: 

1 0 Em ~ a + b 
a 

with equality only for degenerate triangles of sides b + 1, b, 1 and 

!(b _ 1 1 medians 2 1), 2 b + 1, b + 2 

2Em ~ 2a + 2b + (313 - 4)c 
a 

(a, b ~ c). 

The median-duals to the above results are: 

1. Ea ~ m + m. 
4 c b 

with equality only for degenerate triangles of sides b + 1, b, 1. 

(b, c ~ a). 

A. Oppenheim, Private communication. 

10.16. 
1 

rna ~ 2 la(8s - 9a). 

Ja. N. Sukonnik, 'Problem 2090', Mat. v skole 1979, No.1, 68 and 
1979, No.6, 60. 

co~ by H. Janous. In Jovanovic, reference of 10.7, the inequality 

m2 ~ s(s - a) can be found. It is indeed stronger than one stated in 
a 

10.16. 

10.17. 
6 4 2 

Em ~ s (s - 12Rr). 
a 

G. Bojcev, 'Geometricni neravenstva, sidirtasci medianite i njakoi 
drugi elementi na triigilnika', Ob. po matematika (Sofija) 1981, 
No.1, 41-49. 

10.18. 
c 2 _ (a _ b)2 c 2 + (a _ b)2 
--:---'----'--- ~ a + b - 2m < ---'-'---'--

2(a + b) c 4m 
c 

J. Vincze, 'Problem F 2294', Koz. Mat. Lap. 62 (1981),31 and 63 
(1981), 63-64. --
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10.19. 

M. Ibragimov, ~ 1980. No.7, 9. 

10.20. 

L. Panaitopol, 'Problem 0:324', Gaz. Math. (Bucharest) 87 (1982), 
336. -

10.21. {E} 

Proof. (M. S. Klamkin and A. Meir). We establish here the stronger 
result 

(1) 

where (hI' h 2 , h3) is any permutation of (ha , hb , h c )' It is clear from 

(1) that there is no loss of generality in assuming that a ~ b ~ c, with 
the consequent 

(2) and m ;;.: m. ;;.: m • 
a J:) c 

with the assumptions (2), it follows by. an elementary rearrangement in­
equality (see for example Hardy, Littlewood, P6lya, Inequalities. 
Cambridge, 1952, p. 261) that 

Apart from telling us which of the six permutations (h1 , h2 , h3) will 

minimize and maximize the left side of (1), (3) shows that (1) becomes 

( 4) h 1m + h 1m. + h 1m ~ 3, a cOb J:) c a 

which we proceed to establish. 
By Cauchy's inequality 

and we need only show that 

Since h 
a 

the form 

2 I 4m2 
F a, etc., a 

2 
a , etc., (5) can be written in 
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(6) 
2 -2 2 2 2-1 

16F (I:a ) (I: (2b + 2c - a) ).:;; 9. 

Using !6F2 = I:(2b2c 2 - a 4), (6) can be manipulated into the equivalent 
form 

222 2 2 2 
abc IT(2b + 2c - a ) -

An easy but tedious calculation shows that F(x, y, z) and F/z both 
vanish for x = y. Thus, by symmetry, we must have F(x, y, z) = 

2 2 2 
(y - z) (z - x) (x - y) , and (5) follows from 

Thus (4) and hence (1) are established. 
Suppose equality holds in (1); then it also holds in (4). Now we 

have 

a = b or b = c or c = a 

from (7) and 

from the equality in Cauchy's inequality. Since 

h .. m 
b c 

b, 

and c = a .. a = b = c follows from a .:;; b .:;; c, we conclude that the tri­
angle is equilateral. The converse is trivial. 

J. Garfunkel, M. S. Klamkin, and A. Meir, 'Problem 517', Crux Math. 
~ (1980), 44 and 2 (1981),61-63. 
- J. Garfunkel, B~ J. Venkatachala, C. R. Pranesachar, and 
C. S. Gardner, 'Problem E 2715', Amer. Math. Monthly 85 (1978),384; 
86 (1979),705-706 and 87 (1980),304. 
= = 

10.22.(1) m /h .:;; R/2r; 
a a 

(2) 3 .:;; I:/Di7h .:;; 31R/2r. 
a a 

The first result is due to Panaitopol, and the second to Milo~evic. 
L. Panaitopol, Gaz. Mat. (Bucharest) 87 (1982),428. 
D. M. Milo~evic, 'Problem 107', Matema=tfka 4 (1980),70. 

10.23. I:1/m > 5/s. 
a 
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This is a problem of W. Janous (to appear in Crux Math.) . 

11. Inequalities with Angle-Bisectors and Other Elements of a Triangle 

11.1. 
2 2 

Ll/wa ~ 9/s . 

D. Bu~neag, 'Problem 10245', Gaz. Mat. (Bucharest) B 22 (1971), 
615-616. 

11. 2. BRr2s2 BRrs 
2 

2 

2R2 + 3Rr + 2r2 9R - 2r 
~ rs 

~ I1w ~ 2 a BRr2(4R2 2 
Br (16R - 5r) + 4Rr + 3r ) 

9R - 2r 2R2 + 3Rr + 2r2 

Remark. This is an extension and refinement of GI B.14. 

11.3. (i) Let p > 0 be a real number. Then 

(ii) Let 0 < p ~ 1 be a real number. Then 

These inequalities are due to W. Janous. For p = 1/2 we get the 
results of 

D. M. Milo§evic and B. Milisavljevic, 'Problem 405', Mat. Vesnik 2 
(15) (30) (197B), 424-425. 

11.4. 

Remark. The above result of G. Bercea gives a refinement of an in­
equality of A. Bager. 

A. Bager and G. Bercea, 'Aufgabe 706', Elem. Math. 2B (1973), 156 
and 29 (1974), 151-153. 

11.5. Eaw ~ 2s2/13. 
a 

{E} 

Proof. Using GI B.12 for A = 1 and GI 5.12 we get 

2 9 2 4 
(Eawa ) ~ 2 abcs = 1BRrs ~ 4s /3 {E}, 

from which the required inequality follows. 
Remark. This proof is a modification of Arslanagic's proof. 
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2 .:;; .:;; .:;;13 11.6.(a) 6rs L:aw L:am L:a , 
a 2 a 

(b) 6rs .:;; L:aw .:;; L:am .:;; 3Rs. {E} 
a a 

Remark. These results are due to B. M. Milisavljevie and 
R. R. Janie. 

R. R. Janie, Comments. In: B. M. Milisavljevie, 'Some Inequalities 
Related to a Triangle', Univ. Beograd. Publ. Elektrotehn. Fak. Ser. 
Mat. Fiz. No. 498-541 (1975), 181-184. 

11. 7. 

The constants 212/3 and 1 are the best possible. 
A. Mameev, I. Bajcev, and M. Petkov, 'Problem 3', Mat. Fiz. (Sofija) 

~, No.3 (1960), 60 and i, No.4 (1961), 46-47. 

11.8. L:l/w < 3R/F. 
a 

v. Gridasov, 'Problem 4', Mat. Fiz. (Sofija) l,No. 11 (1968),57. 

11.9. (a) 13L: _1_;;;, ~ 
aw abc 

{E}, 
a 

(b) 
M 1 ~ 

3013 (L: -) / (L:aw ) ;;;, 41 ~---3 . 
aWa a (abc) 

J. T. Groenman and B. Priellip, 'Problem 815', Crux Math. 9 (1983), 
46 and 10 (1984), 132. 

11.10. {E} 

This inequality is due to W. Janous. 

11.11. 

M. Chirita, 'Problem 19456', Gaz. Mat. (Bucharest) 87 (1982),422. 

11.12. Let a;;;' b ;;;, c be the sides of a triangle and let x, y, z be real 
numbers such that x ;;;, 0 and z ;;;, o. 

(a) If y':;; (x 1/ 2 + zl/2)2, then 

(1) 
2 1 

L:xawa ~ 2 abcL:x/a. 
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(2) 
3 2 1/2 

~xawa ~ (2 abcs(~x» • 

t-l t-l t-I 
Remark. For x = a , y = b , z = c we get GI 8.12 and 8.13. 

11.13. II(sin B + sin C) ~ II~ 
w 

{E} 
a 

11.14. ~w ~ a 
5/3 ~ ~r a' 

{E} 

~h2 ~ ~w2 ~ s2 ~ ~m2 ~ ~r2. {E} 
a a a a 

A. Bager, 'Some Inequalities for the Medians of a Triangle', Univ. 
Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 338-352 (19~ 
37-40. 

11.15. 9r ~ ~h ~ ~w ~ ~m ~ ~r ~ 9R/2. 
a a a a 

z. M. Mitrovic, R. R. Janic, and I. Paasche, 'Problem 196', Mat. 
Vesnik ~ (23) (1971),243-244. 

11.16. 

11.17. 

II (~ + he) ~ 2413II : 

1 < ~h /w ~ 3. 
a a 

a 

M. Zi~ovic, S. Sreckovic, and ~. Arslanagic, 'Problem 23', 
Matematika 1976, No. I, 110-111. 

11.18.(a) 6r/R ~ ~w 1m ~ 3 {E}, 
a a 

(b) 3 ~ ~m Iw ~ 3R {E}, 
a a 2r 

3R 
(c) 3 ~ ~w /h ~ - {E} 

a a 2r 

B. Milisavljevic, 'Problem 456', Mat. Vesnik ~ (15) (30) (1978), 
422-423. 

Remark. D. M. Milo~evic communicated to us the following similar 
inequalities 

11.19. 

Ew /h ~ 13(1 + R/r) 
a a 

R - 2r ~ w - h 
a a 

and ~m Iw ~ (13/4) - (r/2R). 
a a 

r .. Panaitopol, 'Problem 0: 374', Gaz. Mat. (Bucharest) 88 (1983), 
300. 
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11.20. 
2 2 2 

~ 3(2R + r ) ~ 27R /4. {E} 

This is Janous' extension of a result from 
L. Panaitopol and E. Vasile, 'Problem 0: 139', Gaz. Mat. (Bucharest) I 

85 (1980), 223 and 86 (1981), 223. 

11 .21 . 
6 4 2 6 

LW ~ s (s - 12rR) ~ Lm . 
a a 

Proof. First note that 

Now 

w 
a 

= 2~ Is(s - a) ~ Is(s - a) 
b + c 

with equality if and only if b c. Similar expressions hold for wb and 

Th " 6,( 3 (" ( ) 3, 1" f d 1 'f h ' 1 w. us, wW ~ S w S - a ) w~th equa ~ty ~ an on y ~ t e tr~ang e 
c a 

is equilateral. Also 

l( (b + c - a) (b + c + a) + 
4 

2 2 1 2 
+ b + c - 2bc) = (s - a) (s) + ~(b - c) . 

That is, m2 ~ s(s - a) with equality if and only if b 
a 

c. Similarly for 

~ and mc. It follows that 

with equality if and only if the triangle is equilateral. 
F. Leuenberger and S. Reich, 'Problem E 2060', Amer. Math. Monthly 

75 (1968), 189 and 76 (1969), 197-198. 

w 
11.22. (a) L 

a 
~ 1 {E}, 

h + 2r 
a a 

( w \ A 
(E....-) Ai3 (b) 

a 
h ) 

~ (A > 0), L\..hb + 4R 
c 

l 
w \A ~ 3A+1 (c) a (A ~ 1). 

\..h - 2r} 
a 
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Equality in (b) and (c) holds if and only if the triangle is equilateral 
and A = 1. 

M. S. Jovanovic, 'Some Inequalities for Triangle Elements', Univ. 
Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 541 (1975)-,----
171-178. 

11.23. ~ 8. {E} 

M. Jovanovic, 'Inequalities for the Triangle', Univ. Beograd. Publ. 
Elektrotehn. Fak. Ser. Mat. Fiz. No. 412-460 (1973), 155-157. 

11.24. If F(x, y, z) is a symmetric increasing function of x, y, z, then 

Proof. This is a simple consequence of the following inequalities: 
w ~ m , w ~ mb , and w ~ m . 

a abc c 
Remark. The following inequalities are consequences of the above 

result: 

(A > 0), I1w ~ 11m 
a a' 

(A < 0). 

M. S. Klamkin, 'Problem 421', Pi Mu Epsilon J. 6 (1974/79), 483-484, 
631. 

11.25. Lm + min (a, b, c) ~ LW + max (a, b, c). 
a a 

W +w +m r::.3 ) .!.,;:: abc,;:: yj 

11.26.(a 2 - a + b + c - 2 

.!.~ 
h + ~ + Wc 13 

(b) 
a 

~ 
4 a + b + C 2 

2~ 
h + ~ + mc 

(c) a 
~ 1, 

8 a + b + C 

where all the bounds are the best possible. 
Remark. The second inequality from (b) is given as conjecture E 2504 

in Amer. Math. Monthly ~ (1974), 1111. The above results are from the 
solution of L. Ting and~. Lo (see Editor's comment). The second inequal­
ity from (a), i.e. 

(1) w + w + m ~ sl3 
abc 

is again obtained by G. S. Lessells and M. J. Pelling. Later, 
B. E. Patuwo, R. S. D. Thomas, and C.-L. Wang proved the following better 
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inequality 

(2) Is(s - a) + Is(s - b) + m ~ s/3. 
c 

Indeed, taking into account 

w 
a 

= 215C Is(s _ a) ~ Is(s - a) 
b + c 

CHAPTER IX 

{E} 

we observe that (2) is much stronger than (1). A very simple proof of 
(2) was given by C. Tanasescu. Here, we shall give his proof. 

By the arithmetic-geometric means inequality we have 

2/(s - a) (s - b) ~ (s - a) + (s - b) = c 

with equality if and only ifa b. Consequently 

2 
2a2 + 2b2 2 

(a + b)2 (b - a) 2 2 
4m c + - c 

c 

(a + b) 
2 

(c 
2 2 

(b - a) ) 

(a + b) 2 (b + c - a) (a + c - b) 

2 
(a + b) - 4 (s - a) (s - b) = 

(a + b + 2/(s - a) (s - b)) (a + b - 2/(s - a) (s - b)) 

implies 

since a + b - 2/(s - a)(s - b) 
lowing important inequality 

(3) Is(s - a) + Is(s - b) 

with equality only for a b. 
So (2) follows from 

2 
2s - (~+~) , or the fol-

which is true by the Cauchy-Schwarz inequality: 

For the equality case in (2) it is then necessary and sufficient 

that a = band ~2 _ m2 = m /2, i.e. a = b = c. 
c c 

The last inequality (4) shows that (3) is even stronger than (2). 
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J. Garfunkel and C. S. Gardner, 'Problem E 2504', Amer. Math. 
Monthly 81 (1974), 1111 and 83 (1976),289-290. 

G. S. Lessells and M. J. PeIling,'An Inequality for the Sum of Two 
Angle Bisectors and a Median', Univ. Beograd. Publ. Elektrotehn. Fak. 
Ser. Mat. Fiz. No. 577-598 (1977),59-62. 

B. E. Patuwo, R. S. D. Thomas, and C.-L. Wang, 'The Triangle In­
equality of Lessells and Pelling', Ibid. No. 678-715 (1980),45-47. 

C. Tanasescu, A Short Proof of a TrIangle Inequai~ty (unpublished). 
Comments on 'Problem 936', Math. Mag. 59 (1986), 179. 

11.27. Let w~, wb' w~ be the external angle-bisectors of a triangle. 

Then for every non-isosceles triangle 

v. Gridasov, 'Problem 3', Mat. Fiz. (Sofija), 1968, No.2, 41-42. 

11.28. Conjecture: LW: 1 > La- 1 • 

'Problem Gy 2188', Koz. Mat. Lapok 1984, No.3, 126. 

11.29. 

'Problem 2', Koz. Mat. Lapok 1984, No. 10,458. 

11.30. IfR 1, then 

.,;; 2A B-C~ 
wa cos 2 cos ---2--~ rna' 

J. Garfunkel and J. Dou, 'Problem 423', Crux Math. 5 (1979), 76 and 
6 (1980),26-27. = 
= 

2 
(b + c) 

11 • 31 • (1 ) 4bc 
m 

.,;;....!!. 
W 

a 

with equality if and only if b c. 

(2) -.:b_2=-+-.::C_2 rna 
- .,;;-

2bc h' 
a 

with equality if and only if b = c or A is a right angle. 
Proof. If ka denotes the symmedian to side a, then 

= 1. hb2 + 2c2 2 = & /(b 2 
m - a w + c) 

a 2 a b + c 

k 
bc 

hb2 2c2 2 
2 2 + - a a 

b + c 

- a 
2 , 
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2 2 (b + c) 2 _ 2 < 2 
By the triangle inequality, a > (b - c) , so a (b + c) -

(b 
2 

- c) = 4bc, and therefore 

(3) 
(b - c) 2 

~ 
(b _ c)2 

4bc 2 2 
, 

(b + c) - a 

with equality if and only if b = c. By adding unity to each side of (3), 
we obtain 

2 
(b + c) 

4bc 

which is equivalent to 

b + c ~ j2b2 + 2c 2 _ a 2 

P=-c'" 2 2 LvDC (b + c) - a 

and therefore 

2 I 2 22m (b + c) ~ ~ + c2b + 2c - a a 
4bc 2~ (b )2 2 w + c - a a 

which is (1). Equality holds if and only if b = c. 
For (2), it is evident that 

m m 
~;;,~ 
h k 

a a 

since h ~ k Because hand k divide BC in the ratios c 2 ,b2 and 
a a a a 

(a 2 + c 2 _ b 2 ) ,(a2 + b 2 - c 2 ), respectively, equality holds in (2) if 
and only if b = c or A is a right angle. 

G. Tsintsifas, L. Bankoff, and L. Goldstone, ' Problem E 2471', 
Amer. Math. Monthly 81 (1974), 406 and 82 (1975), 523-524. 

11.32. If a ~ b ~ c, Le. h ;;, hb ;;, h , w ;;, w ;;, w or m ;;, mb ;;'m 
c' 

then 
a c a b c a 

(1 ) w ~ M_ 2 (ha , ~) {E}, 
c 

(2) w ;;, M4 (~, mc) {E}, 
a 

where Mn(X , y) is the power mean of order n for two positive numbers x 
and y. 

The following results are also valid, 
(3) If w ~ M (h , h ) for all triangles, then n ;;, -2; c n a -b 
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(4) If w ~ M (n, m ) for all triangles, then n ~ log 2/(log 9 - log 8). ann c 
Remark. The above results are an extension and generalization of a 

problem of Erdos and Leuenberger. 
P. Erdos, F. Leuenberger, P. Bundschuh, and O. Reutter, 

610', Elem. Math. 24 (1969), 139 and 25 (1970), 138-139. 
'Aufgabe 

11.33. Some Bager's graphs. 
We use the notation from 2.1. The letters representing functions 

for Bager's third graph are: 

2 a = 18r /R, b = 9r, 

f g 

c = 2r(5R - r)/R, 

Er 
a 

4R + r, i 

d = Eh , 
a 

(s2 + FI3) /2R, 

j k 31r(4R + r), 2 m = 2(R + r) /R, n = 2R + 5r, 

o = 3(R + r), 2 
p = 2s /3R, u = sl3, v = 9R/2, 

w 9(3R - 2r)/4. 

Ij/k~ 
~b-4/C~dl~e'l;?r~~v~w 

~. 10 11 P-lLu~ 1 
I m~n~o 

BAGER'S THIRD GRAPH 

The letters representing functions for Bager's fourth graph are 

2 a = 2rl3/R , b 

e = (4R + r)/Rs, 

h 913/2 (4R + r), 

B 

j s/3Rr, 

9r/Rs, 2 
c = 2s/3R , 

f 9/2s, g (5R 

i = 313/2(R + r), 

(4R + r) /2F, 

d = /3/R, 

r)/Rs, 

A = El/a, 

~ 13 
v3/2r = ~ E l/ha , 
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k 3(R + r)/Rs, m (16R - 5r)/3Rs, n ~ 3 (2R - r)/Rs, 

2 
(4R2 2 o ~ (R + r) /RF, p + 4Rr + 3r ) /3RF, 

3 (R + r) /2F, + r)/3RF, 
2 

q u ~ (5R - r) (R v ~ (4R + r) /9RF, 

w (2R2 + r2)/RF, G 9R/4F, H = (5R - r) /2F, 

I (8R2 2 
- 5r )/3RF, J (2R -

2 
r) /RF, :L 

M = s/6r , 

N I3R/4r2. 

BAGER'S FOURTH GRAPH 

The letters representing functions for Bager's fifth graph are: 

2 
a = 27r , 2sF/R, c = 3FI3, 

d LYZ = 3r(4R + r), e = 27Rr/2, f = 3r(5R - r), 

3 
g 4" Lbc, h = s 

2 
i 

m 3R(4R + r) /2, 

p 8R2 _ 5 2 
r , 

n = 27R2/4, 

2 
t = 3 (2R - r) , 

322 
4 La = Lma " 

o = 3R(5R r) /2, 

U = 16R2 24 11 2 - Rr+ r, 
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2 2 2 
v = Lr , W = 3LX , A = Lha , B L~mc' a 

C LWbWc , D 
2 

LW , 
a 

E = s/3r(4R + r), G 3 
"2 sl6Rr, 

H 9r(R + r) , I r(16R - 5r), J 9r(2R - r), 

K 3(R 2 
+ r) , L = 4R2 2 

9r (R + r) /2, + 4Rr + 3r , M = 

N 5R2 + 2Rr + 
2 3r , o = (5R r) (R + r), 

P (4R + r)2/3 , S 3Rs13/2, T Rs 2/2r. 

BAGER'S FIFTH GRAPH 

The letters representing functions for Bager's sixth graph are: 

4/3R 
2 

b = 9/(5R2 + 2Rr 
2 2 

a = , + 3r ), c = 9/s , 

d = ~ L ~ 2/3Rr, 13/F, f L 
4R + r e = 3 bc rbrc sF 
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g 9R/2sF, h (SR - r)/sF, i L: 
hbhc 

I 

2 = 1.- L: ~ 2 2 2 2 
j 1/3r k = L:1/h , m (2R + r ) /F , 

3 yz a 

r)/2F 
2 2 2 

r)/2F 
2 

n = R(4R + , o = 9R /4F P = R(SR - , 

t 
2 2 2 

(8R - Sr )/3F , 
2 2 

u = (2R - r) /F , 

v (16R2 - 24Rr + 11r2) /3F 

1:_1_ 2 
B C I:1 /w , 

wbwc a 

E (4R 
2 

+ 2r2 )/sRF, F 

4 2 1:1 /r2 , H = 3" Li/a , I 
a 

L 3(2R r)/sF, M = (R 

2 2 2 
(4R + 4Rr + 3r )/3F , N 

2 2 
T (4R + r) /9F . 

2 1 2 , W = 3" L:1/x , A 

2 
D L:1 /m , 

a 

3(R + r)/sF, G 
213 
Rs 

3 
J = R/6r , K = (16R 

2 2 
+ r) /F , 

2 
S = 3R(R + r)/2F , 

1:_1_ 

~mc 

Sr) /3sF, 
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BAGER'S SIXTH GRAPH 

A. Bager, Private communication. 

12. Inequalities with Some Elements of a Triangle Extended to the 
Circumcircle 

12.1. EM /m ~ 4. 
a a 

Proof. (M.S. Klamkin) Since m (M 
equality is equivalent to a a 

2 2 
(1 ) E 

a 
E 

a 
~1. 

4m2 2b2 2c2 2 
+ - a 

a 

The median-dual of (1) is 

? 
4m-

2b2 + 2c2 2 
E a - a 

~ 1, -2 E 
9a2 9a 

m) 
a 

a 2 /4, etc., this in-

229 
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and this is equivalent to 

E(b: + C:) ~ 6, 
c b 

which follows immediately from x2 + 1/x2 ~ 2. There is equality if and 
orily if the triangle is equilateral. 

J. Garfunkel, S. Rabinowitz, W. J. Blundon, and M. S. Klamkin, 
'Problem 689', Crux Math. 7 (1981),276 and 8 (1982),307-309. 

M 
12.2. IT 

a 
~ 64. M - m 

a a 

12.3. (Em) aM ) ~ 2 {E} s 
a a 

G. Kirov, Matematika (Sofija) 7 (1968), No.3, p. 37. 

12.4. (a) 
4 

EM ~ -3 Em , a a 

12.5. 

(b) Conjecture: 

J. Garfunkel, 'Problem E 2505', Amer. Math. Monthly 81 (1974), 1111. 

4s 73 ,;;;; EWa ,;;;; 5R + 2r. 

Remark. The second inequality is from Problem 628, and the first 
from Groenman's comment on this problem. 

R. H. Eddy, S. C. Chan, J. Garfunkel, and J. T. Groenman, 'Problem 
628', Crux Math. 'I: (1981), 117 and 8 (.1982), 115-116. 

12.6. 

Proof. (H. Eves) Let D and E denote the other ends of wa and Wa ' 

respectively. From similar triangles ABD and AEC it follows that wa 
bC/Wa with similar expressions for wb and wc. Hence 

ITw (ITa2)/(ITW ) 
a a 

and it suffices to show that 

This is easily accomplished by means of inequalities GI 8.8 and 1.12: 
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(2) w ,.; Is (s - a) 
a 

and 

For we have, using those inequalities, in turn, 

2 3 27 2 ITw ,.; s IT(s - a) ,.; -- ITa a 64 

and (1) follows. As in (2), equality holds if and only if the triangle 
is equilateral. 

J. Garfunkel, H. Eves, and R. H. Eddy, 'Problem 535', Crux Math. 6 
(1980), 113 and l (1981), 120-121. 

12.7. 4s 4 ~ r--- 4 Ew ~ -= ~ - v s (E v s - a) ~ - Ew • 
a v3 3 3 a 

Remark. This is a result from Prielipp's solution of Problem 795. 
J. Garfunkel and B. Prielipp, 'Problem 795', Crux Math. 8 (1982), 

303, and ~ (1983), 92. 

12.8. EW/W";9/4. 
a a 

= 

Ju. I. Gerasimov, 'Problem 718', Mat. v ~kole, 1970, No.1, 82 and 
1970, No.5, 75-76. 

12.9. E(w W )1/2,.; 2s"; E/rnlMI. 
a a a a 

Ja. I. Sukonnik, 'Problem 899', Mat. v ~kole, 1971, No.2, 74 and 
1971, No.6, 76-77. 



Chapter X 

SPECIAL TRIANGLES 

1. On the Triangles Satisfying a 2 + b 2 + c 2 ~ kR2 

If for a triangle ABC with sides a, b, c and circumradius R the equation 

a 2 + b 2 + c 2 = 9R2 holds, the triangle is equilateral. Each triangle 

'f' 2 2 2 8 2 . 'h . 1 . f sat1s y1ng a + b + c R 1S a r1g t tr1ang e. Start1ng rom these 
well-known properties V. Devide [1] has investigated at length the 

222 2 
special class of triangles defined by a + b + c = 6R . o. Bottema [2] 
considered the general class of triangles (k-triangles) defined by 
2222.2222 

a + b + c = kR . In [12] 1t has been shown that a + b + c = 5R 
characterizes all the triangles for which the nine-point centre lies on 
the circumcircle. 

On the other hand the following result is also known (see [3] or 
GI 11.27.1" and 3°). 

Depending upon whether a triangle is acute, right, or obtuse, the 
following statements hold 

(1) 
222 2 

a + b + c ~ 8R 

(2) s ~ 2R + r. 

Some other results were also given in GI 11.26, 11.27 and 11.28. A 
new proof of (2) is given in [4], and (1) as problem is again stated in 
[5]. A. Lupa~ [6] gave six analogous results. Note that Lupa~ had given 
these results to us in 1974. In 1976, W. J. Blundon [7] gave eleven in­
equalities of this kind, and in 1977 J. T. Groenman [7, 8] gave three 
new results. J. Garfunkel and G. Tsintsifas [9] gave a new proof of 
GI 11.28. 

But the oldest result of this kind was given in 1889 by C. Pabst 
[13] who proved 

depending upon whether a triangle is acute, right, or obtuse. 
It is obvious that we can unify all these results if we consider 

the class of triangles defined by 

(3) 
222 2 

a +b +c ~kR, 

(for k 9 the sign ~ should be replaced by ~) . 
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For triangles defined in such a way we shall give several equivalent 
results. 

Note that the following identity is well-known (see for example [2] 
or SM): 

So (3) is equivalent to 

2 2 2 
2(s - r - 4Rr) ~ kR , 

Le. 

(4) 
2 2 1 2 

s ~ r + 4Rr + 2 kR , 

Le. 

(5) 
2 2 1 2 

s ~ (2R + r) + 2 pR , 

where p = k - 8. Note that the equality case is proved in [2]. 
Now, we shall give several results equivalent to (3): 

1 ) 
2 1 2 

Lbc ~ 2r + 8Rr + 2 kR . 

Proof. This is a simple consequence of (4) and of the identity 

2) 

Lbc = s2 + 4Rr 

222 
kTIa § 16F La 

2 
+ r . 

Proof. Using the identity abc 
get 2). 

4 . JIa2 sRr, l..e. 

3) Q = L(a - b)2 ~ 2(~ kR2 - 8Rr - 2r2). 

Proof. Using the known identity Q = 2(s2 - 12Rr - 3r2) and (4) we 
get the above result. 

Remarks. 1° For k = 8 we get Blundon's result from [7]. 
2° Similarly we can prove the remaining results from this part of 

the Section, so we shall give only a few proofs. 

4) 
3 2 2 La ~ s(kR - 4Rr - 4r ). 

Remark. For k = 8 (p 
Similarly, we can get 

0) we get (1) and (2) from (3) and (4). 

3 2 La ~ 4s(R - r) (2R + r) ~ 4(R - r) (2R + r) , 
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which is a refinement of Lupa~' result [6]. 

5) IT(b + c) ~ s(kR2 + 12Rr + 4r2 ). 

Remark. For k = 8 we get 

6) 

7) 

8) 

9) 

2 
IT (b + c) ~ 4s (R + r) (2R + r) ~ 4 (R + r) (2R + r) . 

2 
16Rr + 4r2 L ! ~ kR + 

a <::: 8Rrs 

L b + c >.: kR2 + 4Rr + 4r2 
--a-~ 4Rr 

LX2 1 2 2 
~ 2 kR 4Rr - r (x s - a, etc.) . 

LX3 1 2 
~ s(2 kR - 8Rr 

2 
+ r ). 

Remark. For k = 8 we get 

(16 - k)R 
2 2 

10) ~ ~ 2 - r 
L: 2 ? 2 2 2 

x r (kR + 2r + 8Rr) 

Lh 
1 2 4r2 + 11) ~ 4R(kR + 16Rr) . 

a 

Remark. For k 8 we get GI 11.28. 

12) 

Remark. For k 8 this is Lupa~' result from [6]. 

13) 
r2 2 2 

ITha ~ ~(kR + 8Rr + 2r ). 

Remark. For k = 8 this is Lupa~' result from [6]. 

14) 
/r 2 2 

IT(h + h ) ~ --(kR + 4r + 12Rr) ~ 
b c <::: 2R2 " 

r 2 2 2 2 
~ --2(kR + 4r + 12Rr) (kR + 2r + 8Rr). 

4R 

CHAPTER X 
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15) 

16) 

17) 

19) 

21 ) 

22) 

23) 

25) 

1 ~ kR2 + 4r2 + 16Rr 
L hah 5 2 2 2 

b 4r (kR + 2r + 8Rr) 

2 
'" 1 ~ kR 
'"2"~--2 

h 4F 
a 

hb + h 
L: 

c 
~ h 

a 

and 

kR2 + 4Rr + 4r2 

4Rr 
18) 

ITr ~ r «2R + r) 
2 + .2. R2) 2 . 20) l:r2 

a a 

L:r3 ~ 3 3 
a ::> (16 - 6p)R + r 

2 P 2 
IT (rb + rc) ~ 4R«2R + r) +"2 R ) . 

L: _1_~ 
2(4R + r) 

24) 
r r ::> r)2 2 

b c 2r (2R + + prR 

1 1 2 2r2) L: 2" ~ -2(kR - BRr - and 
r 2F 

a 

~ ~ kR2 _ BRr _ 2r2 
L: 2 <:: 2 2 2 

r r (kR + BRr + 2r ) 
a 
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2 + .2. R2 l:r r ~ (2R + r) 
b c 2 . 

2 2 
~ (16 - k)R - r . 

L: sin 
2 A~~ <:: 4 

Remark. The equality case is given in [2], as a generalization of a 
similar result of Devide. For k = B, 25) becomes GI 11.27.2°. 

26) 

27) 
",.3 ",-s(2 2 
'" Sln A ~ --3 kR - 4Rr - 4r ). 

BR 

Remark. For k = 8 we get 

L: sin3 A ~ 2:3 (R - r) (2R + r) ~ 2:3 (R - r) (2R + r) 2. 

2B) 
s 2 2 

IT(sin A + sin B) ~ ---3(kR + 12Rr + 4r ). 
8R 

Remark. For k B we get 
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s 1 2 
IT (sin A + sin B) ~ ---(R + r) (2R + r) ~ ---3(R + r) (2R + r) . 

2R3 2R 

29) 
sin A + sin B 1 2 2 

Z sin C ~ 4Rr(kR + 4r + 4Rr). 30) 
1 

IT cos A ~ 8 p. 

Remark. Another equivalent form of 30) is 

2 2 2 2 
3D') IT(b + c - a ) ~ pITa 

For p = 0 this is a result of C. Ciamberlini (GI 11.26). The equal­
ity cases in 30) and 3D') are given in [2]. 

Remark. For k S we get Blundon's result from [7]. 

32) 
1 2 2 Z cos A cos B ~ ---2 (SRr + 4r + (k - S)R ). 

SR 

Remark. For k = S we get Blundon's result from [7]. 

33) 
3 1 2 2 Z cos AS ---3(4(2R + r) (R - r) - 3prR ) - 1. 

SR 

34) 
r 2 2 

IT(cos A + cos B) ~ ---3(kR + 12Rr + 4r ). 
SR 

35) 
1 2 2 

~ cosec A ~ 4F(kR + 4r + 16Rr). 36) Z cos 2A ~ 3 - ~ 

Proof of 36). Using the identity Z cos 
and (4) the above result follows. 

Remark. The equality case for k = 6 is 
can prove 36) by using 31) and vice versa. 

kR2 
37) Z cotan A ~--- 3S) IT cotan <: 4F 

Z 
2 k 2R2 

39) cotan A;;; ---- - 2. 
<: 16l 

40) Z cotan 
3 

2 
(k3 4 2\ R 

A ~ ---3 \}3 R 48F )-
SF 

2 
2 2 

Z ~~ 2 
(16 - k)R - r 

41) tan 2 , 2 2 
2 (2R + r) + pR 

1 2 
2A = 2(3R + 

R 
given in [1]. Of course, we 

2 
A :;, pR 

Z 4F 
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42) 

3 A 1 3 2 
Proof. Using the identity ~ tan 2 = ~((4R + r) - 12s R) and (5) 

the above result follows. s 

43) 
2 A 1 2 2 

~ cotan 2 Z ---2(kR - 8Rr - 2r ). 
2r 

44) 

Remark. For k = 8 we get 

45) . 2 A . 2 .§. :::. __ 1__ k 2 
~ SLn 2 SLn 2 Z 2 (2 R 

16R 

46) ~ 4 A.:: 1 ( sin - ~ --- (16 
2 16R 

- k)R - 8r). 

2 A 1 2 
+ 2r2 + 8Rr) . 47) IT cos - Z ----(kR 

2 32R2 

48) 
2A 2B ..... 1 2 2 

~ cos cos -Z----((32 + k)R + 24Rr + 4r). 
2 2 32R2 

49) La sin AZ kR/2. 

2 kR2 + 8Rr + 2r2 32RF 
2 

50) ITw Z 16Rr 
2 

12Rr + 4r2 
and ITwa ~ 2 a 

kR + kR + 12Rr + 4r 

Remark. For k 
result in 50). 

8, we get Lupa~' result from [6] from the first 

2 ~ 2 r) 2 1 2 2 51) F ~ r (2R + + 2 pR r . 

Remark. For k 8 (p = 0) we get a result of Blundon [7]. 

52) 
2 3k 2 1 

s Z ~ R - 4 Q. 53) ::;, 2 Q 
~bc ~ kR - 2 

All equality cases from the previous results give properties of 

2 
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k-triangles (see [1] and [2]). Here we give some other results for these 
triangles. 

4° 

5° 

6° 

7° 

1 2 2 
E sec A = ---2(pR + 4r + 8Rr). 

pR 

E sec A sec B 
8(R + r) 

pR 
E tan A 

4F 
-2 
pR 

II tan A E tan A tan B 
1 

= -(p + 8) . 
p 

2 2 
2 1 2 E tan A = 16r «2R + r) + 2 pR ) -2~ 2 4 P P R 

II(tan A + tan B) 
2 

32F!(pR) • 

E tan3 A = 32F (2F2 4 
3 6 - 3pR ). 

P R 

NOw, we shall give .several other results equivalent to (1) and (2), 
i.e. results for the case k 8 (p = 0) . 

go 

(J. T. Groenman) 

2 
~ 16R (2R + r) • 

E 1).) 4R + r 
X' ~ r(2R + r) 

2 1 
E ~ ~ -(R - r) (2R + r) . x .... r 

E ~ ~ 2(4R + r) 
xy » r(2R + r) 

~ + h 
II c).) (2 + E.)E. 

b+c ~ RR 

E sin A ~ 2 + * (W. J. Blundon). 

II (2R + r)r 
sin A ~ ~--~~-

2R2 

2 
./ 2R 

II (cotan A + cotan B) "" ---:-::-'==---.,­
" r(2R + r) 

E tan !! ~ 4R + r 
2 » 2R + r 

II tan ~ ~ ___ r __ _ 
2 2R + r 

A B" r 
II(tan 2 + tan 2) ~ 2R + r 

A A 2R + r 
II cotan 2 = E cotan 2 ~ ---r---
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A ~) ~ 4R(2R + r) 
13° IT(cotan 2 + cotan 2 ~ 2 La sin A ~ 4R. 

r 

15° L sin A - L cos A ~ (J. T. Groenman). 

(r r r /r)1/2 9 !(r + r + r + r ) 
abc , 2 abc 

(J. T. Groenman [8]). 

Remarks. 1° Of course, we can give generalizations of the above 
results in the case when the triangles satisfy (3). For example, the 
following generalization of 7° is valid. 

2 
. 2 ~ r ( (2 2 P 2 IT Sln A ~ ---4 R + r) + 2 R ), 

4R 

but we gave only the much simpler results for the case k = 8. 
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2° Note that by simple modifications of the previous results we get 
new results. For example 

2 
cotan w ~ kR 

<: 4F 
(w is the Crelle-Brocard angle) 

is a simple consequence of the identity cotan W = L cotan A. For k = 8 
we get a result of W. J. Blundon. Similarly, using (3) and the identity 

Lm2 3 La2 we get 
a 4 ' 

For k = 8 we get a result of W. J. Blundon [7]. 
2 1 2 

Furthermore, using the identity LAG = 3 La , we get 

For k = 8 we get a better result than the result from [10]. 

3° Comment by G. Tsintsifas. From Lbc = s2 + rLra we have,· 

2 2 
2s ~ 2rLra + kr . 

4° The following similar result is also valid [11]: 
Let a < b < c. Depending upon whether a triangle is acute, right, 

or obtuse, the following statements hold 

~;;,; wb (~)1/2 
b <: w b + c . 

a 

5° For some other similar results see XI.1.3. 
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2. On Some Inequalities for Acute (Non-obtuse) Triangles 

2.0. Introduction 

In this Section we shall consider three interesting classes of inequal­
ities for acute (non-obtuse) triangles. 

In the first part of the Section we consider a question of Ono. A 
result which follows from this question is not correctly given in GI. We 
shall show that this result is analogous with two well-known inequalities 
for acute triangles (GI 11.5 and 11.6). 

In the second part of the Section we consider an inequality for 
acute triangles of W. I. Gridasow. We shall show that this inequality is 
better than GI 11.5 and 11.6, i.e. it is a refinement of these inequal­
ities, and therefore the same is valid for results from part 1 of the 
Section. Using these results we give several analogous results for 
other elements of a triangle. 

In the third part of the Section we consider an inequality for non­
obtuse triangles of A. W. Walker and give several equivalent inequal­
ities. 

2.1. A Question of Ono 

T. Ono in 1914 [1] posed the following: 
Prove or disprove that if a triangle has sides a, b, c and area P, 

then 
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Equality holds if and only if a = b = c. 
G. Quijano [1] showed that (1) is not valid for all triangles. He 

noted that for all triangles the following inequality holds 

(2) 
c= 2 2 2 3 

v27II (b + c - a ) .;;; (4F) . 

F. Balitrand [1] showed that (1) is valid for all acute triangles (not 
for all triangles as in GI 4.20). Of course, inequality (2) is trivial 
for non-acute triangles. 

Since IIa = 4FR and II cos A __ 1_(s2 _ (2R + r)2), we have 
2 

4R 

2 2 2 4 
4 (s - (2R + r) ) (4F) , 

and we get that (1) is equivalent to 

(1' ) Is2 2 2/3 
- (2R + r) 1 .;;; -9- F 

and (2) to 

(2') s2 _ (2R + r)2 .;;; 2~ F. 

Now we shall give a simple proof of (1'), i.e. of (2'), for acute 
triangles. 

It is well-known that the following result is valid (GI 11.5 and 
11.6, where a simple proof is given): 

(3) II tan A = 6 tan A ~ 3/3. 

Equality holds if and only if the triangle is equilateral. 
Since 

(4) II tan A 6 tan A 
2sr 

22' 
s - (2R + r) 

2F 
we have 2 2 ~ 3/3, whence we get (2'). 

s - (2R + r) 
Inequality (2') is a conversion of the well-known inequality 

s ~ 2R + r (GIll. 2 7 .1 0) 

which holds for non-obtuse triangles. 
Note that (2') is equivalent to 

2 
s 213 rs _ (2R + r)2 .;;; 0, 

9 

/3 /1 2 2 
s .;;; 9 r + 27 r + (2R + r) • 

i.e. 

For some applications of (2'), see the next part: 2.2. 



242 CHAPTER X 

2.2. An Inequality of Gridasow 

w. I. Gridasow [2] gave the following inequality for acute triangles 

(5) (IT tan A) (IT sin A) ~ ~7 • 

Equality holds if and only if the triangle is equilateral. _ 
Proof. (W. Mnich) Put w = (IT tan A sin A). Using the identity 

~ sin 2A = 4IT sin A, we get 

w ! IT tan A E sin 2A = !(IT ~) (E sin A cos A) 
4 2 cos A 

= ! ~ sin2 A tan B tan C. 
2 

NOw, using AG-inequality we get 

! ~ ! in sin 2 A tan A = ! R 
3 2 2' 

wherefrom we get W ~ 27/8. 
Further, using (4) and IT sin A - sr , (5) becomes 

- 2R2 

(6) 
222 

s - (2R + r) ..; ~ 
27R2 

8F2 ./ 213F 
Using GI 7.9, we get ----~ ---- , so (6) is a better inequality than 
(2), i.e. 27R2 9 

(7) 

Note also that (6) is equivalent to [6]: 

(8) 
2 

27R (2 )2 2 2 R+r. 
27R - 8r 

Of course, using (7) we can give a refinement of GI 11.5 and 11.6, 
i.e. the following results are valid for acute triangles 

IT tan A 

IT tan A 

27R2 
~ tan A ~ ---- ~ 313, 

4F 
i.e. 

~ tan A ~ ~ IT cosec A ~ 313. 
8 
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In what follows we shall give several similar, i.e. equivalent 
results for acute triangles. In all results, equality holds if and only 
if the triangle is equilateral. All results are simple consequences of 
(7) and well-known triangle identities. 

1) 

2) 

3) 

4) 

5) 

6) 

7) 

S) 

9) 

10) 

11) 

2 2 SF2 2 2 
Lbc ~ 4R + SRr + 2r ~ 4R + SRr + 2r 

+ 27R2 '" 

2 2 SF 2 2 
La ~ SR + ----2 ~ SR 

213F 
+ ----

9 

Q 

27R 

L(a - b)2 ~ 4(2R2 _ 4Rr _ r2 _ 4F2 ) ~ 
27R2 

~ 4(2R2 - 4Rr - r2 - V;F). 

213F 
+--

9 

La3 ~ ¥( R - r) (2R + r) + :::2) ~ !F ((R - r) (2R + r) + ~F). 

422 
IT (b + c) ~ ~((R + r) (2R + r) +~) ~ 

r 27R2 

~ !F ((R + r) (2R + r) 2 + ,,!F) . 

L ! ~ __ 1_(2R2 + 4Rr + r2 + 4F2
2 ) ~ _1_(2R2 + 4Rr + r2 + I3F) 

a 2RF 27R 2RF 9 . 

L ~ ~ 2R + Rr + r ~ -(2R + Rr + r b itt( 2 2 + 4F2) 1 2 2 + 139F) • 
a Rr 27R2 Rr 

"'x2;::: 2 2 SF2 2 2 + 213F) ~ ~ 4R - 4Rr - r + ---2 ~ 4R - 4Rr - r 
27R 9 , 

(x s - a, etc.). 

3 2 2 S2 F 2 2 2(:;-
LX ~ !:(4R - SRr + r + _F_) ~ -(4R - SRr + r + 9v3F ). 

r 27R2 r 

2 
Lh h ~ 2r((2R + r)2 +~) ~ 2r((2R + r)2 + 2/3g3F). 

b c R 27R2 R 
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12) 

13) 

14) 

15) 

16) 

17) 

1S) 

19) 

20) 

21 ) 

22) 

CHAPTER X 

2 2 2r2 2 
ITh ~ ~«2R + r)2 +~) ,.;; -R «2R + r) 

a R 27R2 

213F) 
+-9- . 

2 4 2 ) 
II (h + h ) ,.;; 2Rrs \( (R + r) (2R + r) + ~ 

-b c 27R 

2r ( r) (2R + 4F2 )( 2 st2 ) R (R + r) + --2 (2R + r) + --2 

,.;; 27R 27R ,.;; 
2 

2~S (R + r) (2R I3F) + r) + -9-

2r ( ";;R (R + r) (2R + /3F)( r) + 9 (2R + r)2 + 2~F). 

1 2 2 2 1 2 13 
l: _1_ ,.;; -(2R + 4Rr + r +~),.;; __ (2R2 + 4Rr + r + 39F). 
~hc 2F2 27R2 2F2 

~ + h 2 4F2 
,.;; ~(2R2 l: c ,.;; ~(2R2 + Rr + r +--) 

h Rr 27R2 Rr 
a 

l:rbrc ,.;; 2 SF2 2 213F 
(2R + r) +--,.;; (2R + r) +--

27R2 9 

2 S 2 2 
IIr ,.;; r(2R + r) +~,.;; r(2R + r) 

a 27R2 

213 
+ -9- rF. 

2 2 212 2 2 
l:r ~ 8R - r - ~ ~ 8R - r 

a 27R2 

l:r3 ~ 16R3 + 3 32F2 
16R3 r ---~ + r a 9R 

2 
2 

IT(rb + r ) ,.;; 4R(2R + 32F ,.;; 
c 

-+ r) 
27R2 

l: _1_ ~ (4R + r) /(r(2R + r) 2 
rbrc 

3 8/3 
- -3- RF. 

4R(2R + r) 

2 213 
~ (4R + r)/(r(2R + r) + -g- rF). 

2 

2 
+ ~F). + Rr + r 

+ sl3 RF 
9 . 
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23) 

24) 

25) 

This is a 

26) 

27) 

28) 

29) 

30) 

31 ) 

32) 

2 
2 

1 2 2 + 213F) ~ ~ ~(4R2 +~) L 2 2 
- 4Rr - r 

27R2 
~ 2(4R - 4Rr - r 9 • 

r F F 
a 

1 2 2 
2 

L sin A sin B~--2(2R + 4Rr + r +~) ~ 
2R 27R2 

~ _1_(2R2 
2 

2R 
+ 4Rr + 

2 
+ ~F). r 

conversion of GI 2.3 and GI 11.27.2°. 

A ~ _F_(4R2 - 2Rr - 2r2 
2 

L sin 
3 +~) ~ 

4R3r 27R2 

~ _F_(4R2 - 2Rr - 2r 
2 

+ 2~F). 
4R3r 

~ -;- (R 
4F2 \ 

Il(sin B + sin C) + r) (2R + r) +-- ~ 
2R r 27R2) 

~ -;- (R + r) (2R + r) + I3F) 9 • 
2R r 

L cosec A ~ l(2R2 + 4Rr + r2 + 4F2 2) ~ ~(2R2 + 4Rr + / + I~F). 
F 27R 

sin C ~ ~(2R 2 2 
2 

L B + sin +~) ~ + Rr + r 
sin A Rr 27R2 

~ ~(2R 2 2 
+ ~F). + Rr + r 

Rr 

~ 2 4F2) 1 2 h3 " --- 1 2 --- (2 + _v JF) 
L. cos B cos C "" 2 Rr + r + --2 "" --2 Rr + r 9· 

2R 27R 2R 

2 4F2 
L: cos A;;' 1 - -- ;;. 

27R4 

I3F 
--2 

9R 
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33) E sec B sec C ~ 27R3 (R + r)/2F2 ~ 6I3R(R + r)/F. 

34) 
1 2 4F2 1 2 r.>3F 

E cotan A ~ -F(2R + --2) ~ -(2R + -"--'9-)· 
27R F 

35) 
4F 13 

II cotan A ~ -- ~ -
27R2 9 

E 
2 -7( 2 4F2 \2 1 2 + I3F)2 36) cotan A ~ 2R + --) - 2 ~ 2"(2R - 2. 

F2 27R2 9 
F 

37) II(tan B + tan C) ~ (;~2/ = 54R2 IF. 

tan2 ~ ~ 2 
2 

2 
2 

IT 
2 _ 16F )/((2R +~) ~ 38) 

2 
(8R - r 

27R2 
+ r) 

27R2 

~ (8R2 - r 
2 _ 413F) I( (2R + r)2 + 213F) 

9 9 • 

2 A ~ 2 2 8F2 ) 39) E cotan "2 ~ 2 4R - 4Rr - r +-- ~ 
r 27R2 

~ L(4R2 - 4Rr -
2 + 2~F) • 

2 r 
r 

cotan3 ~ ~ ~(4R2 2 
2 

40) E - 8Rr + r +~) ~ 
2 4 27R2 r 

~ ~(4R2 - 8Rr + 
2 213F) 

4 
r +-9- • 

r 

41) E . 2 B . 2 C ~ ~2 2 - 2Rr + 
2 4F2 ) 

s~n - s~n - ~ R r +-- ~ 
2 2 8R2 27R2 

~ _1_(2R2 - 2Rr + 
2 + I3F) 

8R2 
r 9 • 

2B 2Ck 1 2 2 
2 

42) E cos - cos - ~ -(lOR + 6Rr + r +~) ~ 
2 2 laR2 27R2 

~ _1_(10R2 + 6Rr 
2 + I3F) 

2 
+ r 9 • 

8R 
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43) 

44) 

45) 

46) 

47) 

4B) 

BF2 213F 
E cos 2A ~ -1 - -- ~ -1 - --

27R4 . 9R2 

2 
E sin 4 ~ ~ _1_(4R2 - 4Rr _ ~) ~ _1_(4R2 _ 4Rr _ 213F) 

2 BR2 27R2 BR2 9 . 

2 2 B 2 
E sec2 ~ ~ 1 + (4R + r) I( (2R + r) + _F_) ~ 

2 27R2 

2 2 
~ 1 + (4R + r) I( (2R + r) 213F) 

+-9- . 

2 2 2 B 2 
E sec ~ sec ¥ ~ BR(4R + r) I( (2R + r) + 2:R2 ) .~ 

~ BR(4R + r)/«2R + r)2 + 2~F). 

2 A 2 2 2 
2 

E cosec - ~ -(2R - 2Rr + r +~) ~ 
2 2 27R2 r 

2 2 2 I3F) ~ 2"(2R - 2Rr + r +9" 
r 

4F2 I3F 
Ea sin A ~ 4R + -- ~ 4R + 9R . 

27R3 

247 

49) (W is the Crelle-Brocard 
angle) • 

Em2 ~ 6R2 
2F2 

6R2 /3F 
50) + --2 ~ +--

a 
9R 

6 

2 2 
51) ITw ~ BRr2 «2R 2 +~)/«R + r) (2R + r) +~) ~ + r) a 27R2 27R2 

2 2 + 213F) I( (R + r) (2R + r) + I3F) ~ BRr «2R + r) 
9 9 • 

Remark. The above results are conversions of some results from 1. 

2.3. An Inequality of Walker 

A. W. Walker [3] gave the following result: 
For ABC non-obtuse, the following inequality is valid 
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or, equivalently, 

(11) 
2 2 

L.:a ~ (L.:AH) 

with equality if and only if the triangle is equilateral or right 
isosceles. 

Proof. (M. S. Klamkin). Since HA = 2R cos A, etc., for non-obtuse 
triangles, (10) and (11) are equivalent to 

(12) L.: sin2 A~ (L.: cos A)2. 

Making the pedal triangle transformation A 
get the equivalent inequality 

2 A' A' 2 
l: cos 2 ~ (l: sin 2) 

(TI - A I ) 12, etc., we 

for general triangles. The latter inequality, however, is known (GI 
2.56) . 

It follows from the proof that for the equality case either the 
angles are TI/3, TI/3, TI/3 or 0, TI/2, TI/2. Correspondingly, the equality 
case for (10) (i.e. (11» is only for equilateral or right isosceles 
triangles. 

Using (10), R. R. Janie [4J gave two new equivalent results. Simi­
larly, we can prove the following results for non-obtuse triangles 

1 ) 2) 

3) 4) L.:a 3 ~ 4sR(R + r) , 

4s(R2 2/), .!.~ 
2 

+ 6Rr + 2r 
2 

5) lI(b + c) ~ + 5Rr + 6) L.: 
R 

a 2Rrs 

7) L.: ~~ 
R2 + 3Rr + 2r2 

8) L.:x2 ~ 2R2 2 
+ r 

a Rr 

2 2 
9) L.:x3 ~ s(2R2 - 4Rr 

2 
10) L.: ~.;;; 12R - 4Rr - 5r 

3r ), + 
r2 (2R2 2 

x + 8Rr + 

11 ) L.:h ~ .!.(R2 2 
a R 

+ 6Rr + 2r ), 

2 
2 

13) lIh ~ ~(2R2 + BRr + 3r ), 
a R 

14) lI(hb + hc ) ~ 2~(2R2 + 8Rr + 3r2 ) (R2 + 5Rr + 2r2 ), 
R 

3r2 ) 

, 
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L _1_~ 
R2 + 6Rr + 2r2 

15) 
~hc 2 2 2 

2r (2R + SRr + 3r ) 

(R + 
2 

16) L ~~ r) 
and 2 r2(2R2 + 2 

h SRr + 3r ) 

2 
L~ ~ (R + r) 

2 2 
h 2F 

a a 

hb + h R2 + 3Rr + 2r2 
17) L 

c 
~ lS) 

h 2Rr 
Lr r ~ 2R2 2 

+ SRr + 3r , 
b c 

a 

19) ITr 
a 
~ r(2R2 + SRr 

2 
+ 3r ), 20) 

21 ) Lr3 ~ 40R3 4SR2r + r3, 22) IT(rb ~ 
2 2 - + rc) 4R (2R + SRr + 3r ), a 

23) L _1_~ 
4R + r 

rbrc r (2R2 + SRr + 3r2 ) 

~~ 2R2 2 
~~ 2R2 2 

24) L 
+ r 

L 
+ r 

2 
/(2R2 + 3/) 

or 2 2 
r + SRr r F 

a a 

L B ~ _l_(R 2 2 
25) sin A sin 

2R2 
+ 6Rr + 2r ), 

26) L sin 
2 
A~ 

(R + r)2 
27) L: sin 

3 
A~ 

s(R + r) 
2 2 

R R 

IT(sin A + ~ _s_(R 2 2 
2S) sin B) 

2R3 
+ 5Rr + 2r ); 

2 
2r 

2 
29) L cosec A ~ 

R + 6Rr + 
sr 

sin sin 
2 + 2r2 

30) L 
B + C ~ R + 3Rr 
sin A Rr 

31) L cos C ~ _1_(2Rr 2 2 
B cos 

2R2 
+ r R ), 

32) IT cos A ~ _1_(2Rr 2 2 

2R2 
+ r - R ), 

L: 
2 

33) cos A ~ ~(2R2 2 
- 2Rr - r ), 2 

R 
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34) 
3 1 3 2 2 3 L cos A:;;:; --(4R + 3R r - 9Rr - 4r ); 

2R3 

35) 

2 
36) L cotan A ~ (R + r) 

sr 
37) 

2 2 
~ 2 ~ ~ 12R - 4Rr - 5r 
~ tan 2 ~ 2R2 3r2 

+ SRr + 

3S) 39) 

40) 

41) 

42) L 2 B 2 ~ ~ 9R2 + SRr + 2r2 
cos 2 cos 2 SR2 

43) 44) 

45) 
2 2 L sec ~:;;:; 1 + (4R + r) 

2 2R2 + SRr + 3r2 

46) L 2 A 2 ~ :;;:; SR(4R + r) 
sec 2 sec 2 2R2 + SRr + 3r2 

47) 4S) 

2 A 2R2 + r2 
L cotan - ~ ~~~-

2 2 
r 

L cosec2 ~ ~ 4 2R2 2 + -2-
r 

2 
49) cotan w ~ (R + r) 

sr 
50) Lm2 ~ 3 (R + r) 2 ; 

a 

51) 
222 

ITw ~ SRr (2R + SRr + 3r ) 
a'" 2 2 

R + 5Rr + 2r 

Remark. Inequality (10) is again given in [5]. 
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3. On Some Inequalities for Obtuse (Non-acute) Triangles 

3.1. Emmerich's Inequality 

Note that if d denotes the distance between the circumcentre and incentre 
of a triangle, then for non-acute triangles we have d> r, whence we get 
the A. Emmerich inequality ([1]): 

(1) R ~ (1 + ,!2) r, i.e. r ..;; (12 - l)R. 

This result is better than an inequality of A. Lupa~ [2], and for right 
triangles it can be found in SM, p. 11. 

Now we give several results for non-acute triangles, which are 
simple consequences of (1) as well as of the results from Section 1, and 
also some further similar results. 

s ..;; (1 + I2)R. 
2 

Lbc ..;; 2R (1 + 2/2) . 

2 
12) • 3 

+ 312) • 3° abc";; 4R r (1 + 4° n(b + c) ..;; 4R (4 

1 R 
+ 212). _1_(1 + 12) ..;; 

1 1 
5° L -..;; --(1 6° L -..;; -(12 - 1). a 2rs 2R2 bc 2R2 

b + c ..;; ~(4 - 12). ..;; 2 
7° L 8° xyz r R(l + 12) . 

a r 

1 1 L~~ 412 9° L-~-(212-1). 10° + 2. 
x r x 

a 2 12 
2 

11° L - ~ -(2 2 - 1). 12 ° 412 ~..;; L a ..;; 4(12 + 2) • 
yz r r yz 

13° F ..;; Rr(1 + 12) . 14° L h ..;; R(1 + 212) • 
a 

2 2 
ITha ..;; 2r R(l + 12) . 
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17° 

19° 

2P 

23° 

CHAPTER X 

2 hb + h 
I ~,;;;~ 18° I c ,;;; ~(4 - 12). 

h 2 r 4 (212 + 3)2 h r 
a 

a 

+ h hb 
II c ,;;; 1. 20° r(412+5)';;; l:r ,;;; R(3 + 12). 

b + c a 

Irbrc ,;;; R2 (1 + ,12/. 22° I1(rb + r ) 
c 

3 
,;;; 4R (1 

r + r 
I b c ;;" 412 + 2. 24° I 

r 
a 

1 
I sin A sin B ,;;; 2(1 + 212) . 

12 2 
II (sin A + sin B) ,;;; Z-(l +,12) • 

sin A ,;;; 1 + 12. 

II sin A ,;;; l 
2 

2 
+ 12) . 

28° I cosec A cosec B;;" 2(12 + 1). I cos A';;; 12. 

I cos A cos B ,;;; l 
2 

I tan ~;;" 212 - 1. 

I1(cotan A + cotan B) ;;" 2. 

B C 
II (tan 2 + tan 2) ;;" 4(/2 - 1). 

II cotan ~2 = I cotan ~ = ~(1 + 12) . 
2 r 

4/2 + 5 ,;;; I cotan .!? cotan ~ ,;;; ~(3 + 12). 
2 2 r 

2 
II (cotan ~ + cotan %) ,;;; 4~ (1 + 12). 

r 

B C 
cotan 2 + cotan 2 

I ;;" 412 + 2. 
A 

cotan 2 
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" 2 B 2 ~ ..; .!.(7 + 4 '2) . ~ cos 2 cos 2 8 V£ 

43° R + r ~ 12F. 

Proof. We start from s ..; 2R + r, i.e. 2rs ~ 4Rr + 2r2 or 

(2) 2F ..; 4Rr + 2r2. 

On the other hand, from (1), i.e. from R - r ~ I2r, we get 

which together with (2) gives 

2 
2F"; (R + r) . 

i.e. 

Remark. The above result for right triangles is GI 11.23. 

3.2. Inequalities of Bottema and Groenman 

O. Bottema [3] gave the following inequality for obtuse triangles 

(3) s > (3 -+ 212)r. 

It is obvious that (3) is a conversion of 3.1.1°. 

253 

J. T. Groenman [4] proved the following two inequalities for obtuse 
triangles 

(4) 

(5) (k2 = 412 - 5). 

R. J. Stroeker [5] proved (5) by using non-linear programming. 
It is known that the following identity is valid 

Ebc 
2 2 

s + r + 4Rr, 

so (5) is equivalent to 

812 - 11, 

Le. 

(6) k4 = (812 + 11)/7. 

Now, we shall show that the Bottema inequality (3) is a simple con­
sequence of (1) and (6). Indeed, 
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i.e. 

(7) 

the following in~erpretation of (3) is valid 

2 2 2 2 
s ) k 4 (4Rr + r ) ) (3 + 212) r . 

CHAPTER X 

r.: 2 2 
(3 + 2>,2) r , 

of course, using (6) and the well-known identities for a triangle 
with r, R, s, we can get a lot of similar results. For example, the fol­
lowing inequalities are valid: 

1 ) 

2) 

3) 

4) 

5) 

6) 

8) 

10) 

14) 

15) 

k5 = (412 + 2)/7, and 

k 1 k 2 s 
L: .l) -.2 4R + r 

k7 (4/2 + 9) 17 , L: -~--
a 2 Rs a 2Rr 

1 (7 4R + ry l-~ (2S)2 L: 2) 2 Rs ' 
L: 

2 2Rr 
a a 

L: 2 ~ k3 
4R + r 2 
--3- - 2 

(s - a) r r 

L:ha ) k7 (r 
2 

+ 4Rr)/R, L:h ~ 
2 

k 2 s IR. 
a 

L:hbhc ) 2 
2k4r (4R + r)/R. 7) ITh ) 2k4r 3 (4R + r) IR. 

a 

1 k2 
L:--~-- 9) L: 

k6 
)2 

~hc 2r2 h 2 r 
a 

2 
L:r r ) k (4Rr + r ). 11 ) 

b c 4 

23 - 1612. 

k7 2 
L: sin B sin C ) - (4Rr + r ), 

2R2 

ITr 
a 

13) 

) 2 
k4r (4R + r) . 

1 k3 
L:--~­

r r 2 
b c r 

L: sin B sin 
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16) L sin 
2 

A;;' kS (4Rr 
2 2 

+ r ) /R , L sin 
2 

A;;' 2 2 
k6s /R . 

17) L cosec A;;' k7 (4R + r)/s, L cosec A~ k 2s/r. 

18) L cotan A;;' k S (4R + r)/s, L cotan A;;' k 6s/r. 

2 
A;;' 

2 
19) L cotan (k6 s/r) - 2. 

20) L 
2 

cotan 
A 

k 9 (4R + r)/r, (8/2 - 3)/7, 
2 k9 

2 ~ ::::0 2/ 2 L cotan 2 r k8 s r. 

Note that the following result is valid (see 1.2.46°): 
If s, rand C are given, then there exists a triangle ABC if and 

only if 

(8) 
2 

s ;;. 2(sin C/2 + 1) r 
sin C 

Since the function C ~ (sin C/2 + 1)2/sin C is increasing for 
C ;;. TI/2, we directly get (3) from (8). 
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4. Some Other Classes of Special Triangles 

4.0. Introduction 

In 1. we considered the class of triangles satisfying 

2 2 
La ~ kR i.e. 

2 2 1 2 
s ~ r + 4Rr + "2 kR . 

For k ~ 8, we get classes of acute, right 
Of course, we can similarly consider 

satisfying 

and obtuse triangles. 
the general class of triangles 
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222 
s ~ AR + ~Rr + Vr , 

CHAPTER X 

(A, ~, V real numbers) , 

and give several equivalent conditions, but we think that it is more 
interesting to consider some important special classes of triangles with 
very simple geometrical interpretations. In this Section we shall give 
several inequalities for such classes of triangles proved by Bager, 
Guba and Paasche. 

4.1. Inequalities for Triangles of Bager's Type I or II 

For every triangle we will assume without loss of generality that A ~ 
B ~ C. Every triangle falls into one of two types: 

type I: B ~ TI/3, type II: B ~ TI/3. 

A. Bager [1] (see also [2]) has shown that the following result is 

valid: {type I 1 
If a triangle ABC is of IIf' then type 

(1) 13 ~ cos A ~ ~ sin A. 

Equality holds if and only if B = TI/3. 
Proof. Let x, y, z be real numbers satisfying x + y + z 

we have 

~ sin x 2 sin x + y cos x - y + 2 sin -2z cos ~ = 
2 2 2 

-2 . z cos x - y + 2 sin z cos x + y 
S1n '2 2 2 2 

z x + y x - Y 
2 sin '2(cos --2- - cos --2-) 

-4 sin x sin ~ sin Z 
'22'2 

As ~(~ - A) = 0, the formula just proved yields: 
3 

13 ~ cos A - ! ~ sin A 
2 2 ~ sin(~ - A) 

From this formula we easily derive (1). 

-4 II sin(i 

O. Then 

In the same paper, Bager also gave the following equivalent 
results: 

(2) ~ cos ~ ~ 13~ sin ~ , 

(3) s ~ I3(R + r). 

The following result is given in [3] (see also [4]): 
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For any triangle (other than equilateral) with A ~ B ~ C, we have 

o < HIIIO < if B> TI/3, HI = IO if 
(4) 

< HIIIO < 2 if B < TI/3. 

The constant 2 in the last inequality is best possible. 
v. N. Murty [2] proved: 

B = TI 13, 

If a triangle ABC is of type I, or is an acute-angled triangle of 
type II, then 

(5) 
2 2 2 

/3(r + s + 2Rr - 2R ) - Srs ~ O. 

J. Garfunkel and G. Tsintsifas [5] proved the following inequality 
for a triangle of type I: 

(6) L:h ~ 7r + R. 
a 

Here we shall note that using the well-known identity 

L:h 
a 

122 
= 2R (s + r + 4Rr) 

and (3) we obtain 

(7) 
122 

L:ha ~ 2R(3R + 10Rr + 4r ), 

which is a better result than (6) because 

1 2 2 
2R(3R + 10Rr + 4r ) ~ 7r + R. 

Similarly, we can get series of analogous results for triangles of 
type I or II, and in what follows we shall only state such results with­
out giving the proofs. 

1. 
2 2 

L:ab ~ 3R + 10Rr + 4r abc ~ 4I3Rr(R + r) . 2. 

3. Q ~ 6R(R - 2r) . 4. L:a2 ~ 6R2 + 4Rr + 4r2 

5. L:a3 ~ 6SR2 ~ 613R2(R + r). 

6. 
2 2 2 2 

IT(a + b) ~ 2s(3R + SRr + 4r ) ~ 213(R + r) (3R + SRr + 4r ). 

7. '" ..!. ~ _1_(3R2 10 4 2) 
6 a ~ 4Rrs + Rr + r . 

S. a+b 1 2 2 
L: ---c-- ~ 2Rr(3R + 4Rr + 4r ). 
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9. 

10. 

11. 

12. 

14. 

16. 

17) 

18. 

20. 

21. 

27) 

29) 

30) 

2 
xyz Z r I3(R + r) (x s - at etc.) 

2 
r 

3 2 2 Ix Z 3s(R - r) Z 313(R + r) (R - r) . 

I 1. ~ 4R + r 
x ? I3r(R + r) 

13. 
2 

I ~ a 4i3(R2 
x <::: r 

~ c 213(4R + r) 
~ - ~ -=--=--'--=----:-'-

xy /' 3r(R + r) 
15. 

2 
IT 2 6r 2 

ha ~ ~(R + r) . 

2 
) 2 ~(3 2 2 2 IT(ha + ~ ~ 2 R + 8Rr + 4r ) ~ 

R 

~ 3~(R + r)2(3R2 + 8Rr + 4r2 ). 
R 

ha + ha rl3 
IT --- 9 --(R + r) • 

a + b -.... 2R2 

19. 

I ha + ~ 2 _1_(3R2 + 4Rr + 4 2) 
h ~ 2Rr r . 

c 

24. 

22. 

26. 

2 
r ). 

I _1_ ~ 4R + r 

r~rb ? 3r(R + r)2 
28. 

~ ~ 3R2 _ 2Rr + r2 
I 2 <::: 2 2 

r 3r (R + r) 
a 

13 
I sin A ~ R:(R + r) (= /3I cos A) • 

1 2 2 
I sin A sin B ~ --2(3R + 10Rr + 4r ). 

4R 

CHAPTER X 
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31. ~ I3r(R ) n sir. A ~ 2 + r . 
2R 

. 2 122 
Z Sln A ~ ---2(3R + 2Rr + 2r ). 

2R 
32. 

33. 'C • 3 A ~ ~ ~ 313(R + r) 
~ Sln Z 4R Z 4R 

s 2 2 
34. n (sin A + sin B) ~ ---3(3R + 8Rr + 4r ) ~ 

4R 

35. 

36. 

37. 

38. 

39. 

40. 

41. 

42. 

44. 

45. 

46. 

47. 

48. 

/3 2 2 
~ ---3 (R + r) (3R + 8Rr + 4r ). 

4R 

122 
Z cosec A ~ 2sr(3R + 10Rr + 4r ). 

122 Z cos A cos B ~ ---2(4r + 6Rr - R ). 
4R 

122 
n cos A ~ ---2 (2r + 2Rr - R ). 

4R 

2 1 2 2 
Z cos A § ---2 (3R - 2Rr - 2r ). 

2R 

Z cos3 A § ~(8R3 + 3R2r - 12r2R - 8r3 ) - 1. 
4R 

r 2 2 
n(cos A + cos B) ~---3(3R + 8Rr + 4r ). 

4R 

" ,;: s/3 
~ cos A ;:; 3R 43. 

sin A + sin B /3 
n cos A + cos B ~ r(R + r) . 

122 
Z cotan A ~ 2sr (3R + 2Rr + 2r ). 

n cotan A ~--1-(2Rr + 2r2 _ R2). 
<::: 2sr 

2 1 2 2 2 
Z cotan A ~~ (3R + 2Rr + 2r) - 2. 

4s r 

2R213 
n(cotan A + cotan B) ~ --~--~~ 

" 3r(R + r) 

Z tan A ,;: /3(4R + r) 
2 ~ 3 (R + r) 
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49. 

51. 

52. 

53. 

54. 

55. 

56. 

57. 

5S. 

60. 

61. 

63. 

64. 

CHAPTER X 

A r!3 
II tan 2 § 3 (R + r) 50. 

A B 413R 
II (tan -2 + tan -) ~ ~~~~ 

2 ::> 3 (R + r) 

A A 13 
II cotan 2 = L cotan 2~ r-(R + r). 

2 A 1 2 2 
L cotan '2~ :2(3R - 2Rr + r ). 

r 

A B 2 413R( ) II (cotan 2 + cotan 2) Z --2 R + r . 
r 

L 
2 A 2 ~ ~ _1_(3R 2 

- 2Rr + sin 
2 

sin 
2 <:: 16R2 

L 
2 A 2 ~ ~ _1_(19R2 14Rr cos 2 cos 

2 <:: 16R2 
+ 

L cos 2A § 2R(2R 
2 

+ r) . 59. L 
R 

L 
. 4 A 1 2 - 6Rr - 2r2) . Sln '2 ~ --2 (5R 

SR 

2 
4r ) . 

2 
+ 4r ). 

2 
4Rr - 5r ). 

sin 
213 

2A ~ -2- r(R + r) . 
R 

La sin 
1 2 

A ~ "R(3R + 2Rr + 
2 

2r ). 62. 
2 3 2 

Lma ~ '2(3R + 2Rr 
2 

+ 2r ). 

122 
cotan w ~ 2sr(3R + 2Rr + 2r ) 

4SRr 2 (R + r) 2 
IIw ~ 2 2 

a '3R + SRr + 4r 

(w is the Crelle-Brocard 
angle) . 

Comment by C. Tanasescu. We shall give another characterisation of 
Bager's types. From 

L sin 3A = 
3A 

4II cos 2' (LA n; A, B, C E R) , 

it follows that 6ABC is of Bager's type I, II, respectively, if and only 
if 

L sin 3A § 0, 
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with equality if and only if B = n/3. 

4.2. Inequalities of S. G. Guba for Special Triangles 

S. G. Guba [6] (see also GI 14.6 or [7]) gave the following result: 
For a triangle with sides a ~ b ~ c, the inequalities 

(8) 
s 2 2 

("3) § 2Rr - r 

are equivalent to 2b § c + a. 

Proof. P. Nuesch [7] noted that the above result is a simple con­
sequence-of the following identity 

(9) 
2 

s 
9 

- _1_(_2a + b + c) (a - 2b + c) (a + b 
18s 

2c) . 

Note that using (8) and several known triangle identities we can 
show that the condition 2b § c + a is equivalent to the following 
results: 

1) 

3) 

5) 

7) 

8) 

10) 

12) 

13) 

15) 

17) 

Lab § 2r(11R - 8r) ; 2) 
2 

La § 4r(7R - 5r); 

La3 § 24sr(R - r); 4) IT(a + b) § 8rs(5R - 2r); 

L l~ llR - 4r 
a::> 2Rs 

LX2 § r(10R - 11r) 

3 
LX § 3sr (2R - 3r); 

Lh ~ ~(11R - 4r); 
a ? R 

6) 

2 2 
IT(h + hb ) § 4S/ (5R 

a 
R 

4 
ITh § l~r (2R - r) ; 

a 

~~ 5r L 
7R -

2 ::> 2 
h 9r (2R - r) 

a 

Lrarb § 9r(2R - r); 

a + b 4 
L -c- § R(2R - r) ; 

(x s - a, etc.); 

9) 

11) 

- 2r) 

14) 

16) 

18) 

3 
Lh h ~ 18r (2R - r); 

a b::> R 

( 36 3 
- r) (5R - 2r)); § ---T-(2R 

R 

_1_~ 11R -
L 

4r 

hahb <:: 18r2 (2R - r) 

h + hb 4 
L a § "R(2R - r); 

h 
c 

2 
ITr § 9r (2R - r); 

a 
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19) 

21) 

23) L sin A sin B ~ ~(llR - 4r); 
::> 2R2 

L ~ ~ lOR - 11r 

r2 ::> 9r2 (2R - r) 
a 

CHAPTER X 

" . 2 ___ r 
24) w Sln A ~ ~(7R - 5r) ; 25) 

26) 

28) 

29) 

30) 

31) 

32) 

33) 

35) 

36) 

37) 

38) 

40) 

R 

rs 
IT(sin A + sin B) ~ -r(5R - 2r); 27) 

R 

L sin A + sin B ~ i(2R _ r); 
sin C ::> R 

122 
L cos A cos B ~ ---2 (9Rr - 4r - 2R ); 

2R 

IT cos A ~ ~(7Rr - 2R2 _ 5r2); 
2R 

2 1 2 2 L cos A ~ ~(3R - 7Rr + 5r ); 
R 

3 1 3 2 2 3 L cos A ~ ~(R + 3R r - 12Rr + 7r ); 
R 

2 
r 

IT(cos A + cos B) ~ ~(5R - 2r); 
R 

IT cotan A ~ ~(7Rr - 5r2 _ 2R2); 
/' sr 

2 1 2 
L cotan A ~ ~(7R - 5r) - 2; 

s 

2 A 16R2 - 28Rr + 19r2 
L tan 2 ~ 9r(2R _ r) 

34) 

1 L cosec A ~ s(llR - 4r); 

1 L cotan A ~ s(7R - 5r) ; 

L 2 ~ ~ ..!:.(10R - llr); L cotan 
3 ~ ~ ~(2R - 3r) ; cotan 

2 ::> r 
39) 

2::> 2 
r 

L 2 A 2 ~~ r(5R - 4r) 
sin 

2 
sin 

2 ::> 8R2 
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41 ) 

42) 

2 A 2 ~~ 8R2 + 13Rr - 4r2 
~ cos 2 cos 2 ~ 2 

1 2 
~ cos 2A ~ :2(3R 

R 

8R 

2 
14Rr + 12r ); 

43) " .4 A ..... 1 2 2 
~ S1n -~ ---(4R - 9Rr - 4r ); 

2 ...... 4R2 
44) Q 5 12r (R - 2r); 

45) 
2 

~ma 5 3r(7R - 5r); 

1 
46) cotan w 5 ;(7R - 5r) (w is the Crelle-Brocard angle) ; 

2 
47) IT ~ 36Rr (2R - r) 

wa ~ 5R - 2r 

48) r/hb 5 1/3. 

4.3. Inequalities of I. Paasche for Special Triangles 

I. Paasche [7] gave the following result as a problem: 
For a triangle with sides a ~ b ~ c the following 

is equivalent to b + c 5 3a. 

P. Nuesch [7] noted that a similar identity to (9) could be used 
in the proof of this result. 

Using (10) and known triangle identities we can show that the 
following results are equivalent to b + c 5 3a: 

1 ) ~ab 5 r(20R - 3r) ; 2) 
2 

~a 5 2r (12R - 5r); 

3) 
3 

~a 5 2sr(10R - 7r); 4) IT(a + b) 56sr(6R - r); 

5) ~ l~ 20R - 3r 6) ~ a + b ~ 14R - 3r 
a::> 4Rs c ::> 2R 

7) 2 
~x 5 2r(4R - 3r); 8) 

3 
~x 5 4sr (R - r) ; 

~~ 
2 

9) ~ 
(4R - 3r) 

10) ~h ~ E......(20R - 3r); 2 <::: 3 a ::> 2R x 4r (4R - r) 

263 



264 

11 ) 

14) 

16) 

18) 

8 2 
Ih h ~ ~(4R - r) ; 

a b .... R 

1 20R - 3r 
I ha~ Z 16l(4R - r) 

h +~ 14R - 3r 
I a 

h ~ 2R 
c 

TIr 
a 

2 
~ 4r (4R - r) ; 

12) 

19) 

8 3 
TIh ~ ---E-(4R - r) ; 

a"" R 

CHAPTER X 

(~12~3 (4R _ r) (6R - r)); 
R 

~ 1 ~ 12R - 5r 
15) L."2 5 2 

h 8r (4R - r) 
a 

2 2 
Ira Z (4R - 3r) ; 

20) TI(ra + r b ) ~ 16Rr(4R - r); 21) I __ 1__ ~ 4R + r 

rarb ' 4r2(4R - r) 

22) 23) 
1 2 

I sin A sin B ~ ---2 (20Rr - 3r ); 
4R 

24) I sin2 A ~ ~(12Rr - 5r2); 
2R 

25) 

26) 
sr 

TI(sin A + sin B) ~ ---3 (t8R - 3r); 
4R 

27) I cosec A ~ 20R - 3r 28) I 
2s 

29) I cos A cos ~ 16Rr _ 3r2 _ 4R2 
B 5 2 

4R 

~ 12Rr 
2 _ 5r2 

30) TI cos 
- 4R 

A5 
4R2 

31 ) I 
2 

AZ 
6R2 _ 12Rr + 5r2 

cos 2 
2R 

I 3 1 3 12R2r 32) cos A Z ---3 (4R + - 42Rr 
4R 

3r2 
33) TI(cos A + cos B) ~ -3(6R - r); 

4R 

2 

I sin3 A ~ sr3 (10R - 7r); 
4R 

sin A + sin B ,,;: 14R - 3r 
sin C 5 2R 

3 
+ 13r ); 
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34) L cotan A~~(12R-:5 2s 
5r) ; 

35) IT cotan 
1 

A ~ 2sr (12Rr 
2 2 

- 5r - 4R ); 

2 1 _ 5r)2 36) L cotan A ~ --2 (12R - 2; 
4s 

2 A 2 (4R - 3r)2 ~ ~ ~(4R 37) L tan 2"Z 4r(4R - r) 
38) L cotan 

2 :5 r 
- 3r); 

39) L cotan 
3 A"" 4s(R - r) 
2"~ 2 

r 

40) L 
2 A 2 B"" _r_(8R - 3r); sin 

2 
sin 2"~ 16R2 

2 2 16R2 + 24Rr -
2 

l: 
A ~~ 3r 

41) cos 2" cos 
2 ::> 2 

16R 

3R2 - 12Rr + 7r2 
42) l: cos 2A Z 2 

R 

43) 
~ . 4 ~ ~ 8R2 - 16Rr + 5r2 
~ s~n 2, 2 

8R 
44) Q ~ 2r (4R - 7r); 

45) 
2 3r 

l:ma ~ 2(12R - 5r); 46) cotan 
1 

w ~ 2s(12R - 5r); 

47) TIw ~ 
64Rr2 (4R - r) 

48) E- ~ .!. 
a 3(6R - r) h 4 

a 

4.4. Some Further Remarks 

Of course, we can consider several other classes of triangles. For 
example, the following results are valid: 

265 

(i) For a triangle with sides a ~ b ~ c each of the three following 
conditions 

(11) 
2 2 3 4 

(s + 4Rr + r) ~ 32s Rr 

is equivalent to the corresponding b 2 ~ ac. 

From (11) and some known identities for triangles we obtain the 

following conditions equivalent to b 2 ~ ac: 
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1 ) 
4 1/3 

Ibc ~ (32s Rr) , 2) 

3) 
2 5 1/3 

Il/hbhc ~ (R/2s r) , 4) 
2 1/3 

I cosec A ~ (4sR/r) , 

5) 4 5 1/3 
I sin B sin C ~ (s r/2R ) 

(ii) 
dition 

(w. Janous [8]). For a triangle with sides a ( b ( c the con-

(~)2s2 2 
(12) k + 1 ~ 2 (k - 1) Rr - r 

is equivalent to 

(13 ) 

(a) 2b ~ a + c if k = 2, or 

(b) b + c ~ ka if k ;;;. 3. 

Proof. These equivalences are consequences of the identity 

---=----;;-2 II (-ka + b + c) , 

2 (k + 1) s 

which was given by P. Nuesch (see (9)) for k = 2. 
Remarks. 1° It is obvious that Janous' result is a generalization 

of Paasche's and of Guba's results (see 4.2 and 4.3). 
2° Janous gave generalizations of other results from 4.2 and 4.3. 

For instance, (a) and (b) are equivalent to 

(k2 + 4k - 2k \ 1 ) Ibc ~ 2r k - 1 
R -

1)2 
r)' 

(k -

2) IIh ~ 2r
3 (~)2(2(k _ l)R - r) , 

a 'R k - 1 

2 2 

r). 3) Im2 
~ 

3 (k + 3 k + 1 
r\--R 

_ 1)2 a k - 1 
(k 

Comment by S. Tanasescu. Let J = [2 + d/R, (R + d)/r], where d = 
(R2 - 2Rr) 1/2. Notice incidentaly that we always have 2 ( 2 + d/R < 3, 
but 3 ( (R + d)/r if and only if R;;;' 9r/4. The finest statement for 
Janous' result (b) would be: 

F k E (12) ' '1 b + c ./ k or any J, ~s equ~va ent to --a- ~ . 

Of course, for k > (R + d)/r, (12) is still true but it is not so 
shar'p. 
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5. Some Other Results for Special Triangles 

In this part of the book we also use the following notation: 
(6a ) for acute triangles, (6na ) for non-acute triangles, 

(60 ) for obtuse triangles, (6no ) for non-obtuse triangles, 

(6 ) for right triangles, (6,) for isosceles triangles. 
r ~ 

5.1. (6 1. 
a 

~. Gheorghiu, 'Problem 17693', Gaz. Mat. (Bucharest) 84 (1979), 153. 

5.2. Let c > a, b. If A > 2, then for non-acute triangles 

A A A 
a +b <c. 

If 0 < A < 2, then the reverse inequality is valid for non-obtuse tri­
angles. 

Remark. This is a generalization of GI 11.19. 

5.3. Let c > a, b. If 0 < A < 2, then for non-acute triangles 

A bA ~ 21-A/2 A 
a + "" c . 

The reverse inequality holds for non-obtuse triangles if A ~ 2. 
Remark. This is a generalization of GI 11.20. 

5.4. L: ~ 4 
_sin2 A + sin2 B + sin2 C 

(6 ). 
a 

D. Bu~neag, 'Problem 9270', Gaz. Mat. (Bucharest) B 19 (1968), 674. 
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5.5. If all angles of the triangle are ~ TI - 4 cos-1 (l3t), where t is 

the unique real zero of polynomial 12x3 + 12x2 - 3x - 4, then 

L cos I ;;. ~(1 + rr sin I) . 
J. Garfunkel, B. Rennie, and G. P. Henderson, 'Problem 987', Crux 

Math. 10 (1984), 292 and 12 (1986), 33-35. 

5.6. 
2 tan2 

TI(tan A) A ;;. 19683 (ll ). 
a 

C. M. Goodyear, 'Problem 9402', Math. Questions 59 (1893),93-94. 

5.7. L tanS A ;;. (L tan2 A)4 ;;. (L tan A)4 ;;. 9 
L tan A L tan A 3 

(ll ). 
a 

This result, due to C. Tanasescu, is an interpolation of 'Problem 
2739', Mat. v §kole 1985, No.2, 65-66. 

5.8. If in an acute triangle we have a > b > c or b > c > a, or c > a > 
b, then 

rr(cotan B)sec2A < 1 
cotan C •. 

H. W. Segar, 'Problem 10615', Educ. Times 59 (1893),93-94. 

5.9. If f(x,), g(x.) > 0 (x. E R; i = 1,2,3), A;;' 0, p, q, r natural 
k ~ ~ 

numbers and 

then 

with equality if and only if f(x 1) = f(x2 ) = f(x3) and g(x1) = g(x2 ) = 
g(x3). Using this result and GI 2.8, 2.12, 2.24, 2.28, 2.32, 2.42 one 

can obtain thirty-six inequalities by letting 

~ ~ 'It f(x), g(x) = cosec x, sec x, tan x, cosec 2 ' sec 2 ' cotan 2 

For example, for acute triangles, 

or in the case of A = 0: 
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P 2 P L cosec A ~ 3(73) , 

z. M. Mitrovic and M. S. Stankovic, 'Some Inequalities for the 
Angles of an Acute Triangle', Univ. Beograd. Publ. Elektrotehn. Fak. 
Ser. Mat. Fiz. No. 357-380 (1971),97-99. 

5.10. For acute triangles, the inequality 

L sin ~~ i(l + IT sin~) 
2 3 2 

is super strong (see X.6.61). 
J. Garfunkel, Private communication. 

5.11. L sec A ~ 213L cotan A ~ 6 (11 ). 
a 

This is an interpolating inequality, due to W. Janous, of the 
corrected version of GI 2.45: 

(1 ) L sec A ~ 6 (11 ). 
no 

(1) is also proved by L. V. Skvorcova. 
Janous also proved the following inequality 

(2) L sec A > 1 (110 ) • 

L. V. Skvorcova, Mat. v 1!lkole 1968, No. 5, 84 and 1969, No. 3, 

5.12. L sin 
2 

A tan A 4 3'IT sin A < 0 (11 0) , 

L sin 
2 

A tan A~ 6 IT sin A (11 ). 
a 

The first inequality is due to W. Janous, and the second to 
V. N. Murty and B. Prielipp. See: 

78. 

M. S. Klamkin and W. Janous, 
189 and 12 (1986),291-293. 

'Problem 1060', Crux Math. 11 (1985), 

5.13 . L tan A < 2L sin 2A (110 ) , 

L tan A ~ 2L sin A ~ 2L sin 2A (11 ). 
a 

This is an answer of J. Garfunkel to a problem of M. S. Klamkin. 
M. S. Klamkin and J. Garfunkel, 'Problem 958', Crux Math. 10 (1984), 

196 and 11 (1985), 263. -

5.14. 
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(6. ). 
a 

A. Nenov and D. Nikolov, 'Problem 3', Matematika (Sofit~1 1981 
No.8, 37 and 1982, No.2, 32-33. 

LA> 313 
a 2 max (a, b, c) 

(6. ). 
a 

5.15. 

Proof. (W. Janous) Sinc sin x < x for x > 0, we have 

LA/a> L sin A/a = 3/(2R). 

The proof is completed if we have 

.L ? 313 
2R 2 max (a, b, c) , 

i.e. 

max (a, b, c) ? /3R. 

Suppose that this inequality is not true, i.e. that the following is 
valid 

max (a, b, c) < /3R. 

Then 

R 
a I3R 

~2--s~i-n--A < 2 sin A ' 

i.e. 

sin A < /3/2. 

Since the triangle is acute, we have A < TI/3, and similarly B, C < TI/3. 
Therefore LA < TI, which is a contradiction. 

5.16. 

D. Anca, 'Problem 17707', Gaz. Mat. (Bucharest) 84 (1979), 155. 

222 
~ < L (aA) + LBC < ~2r 
3 La2 

(6. ). 
a 

N. Saganai, 'Problem 0:36', Gaz. Mat. (Bucharest) 84 (1979), 
210-211. 

5.17 . 3La ,;;; TIL (a/A) , and 
2 2 

3La ? TIL (a /A) (6. ). 
no 

A. Oppenheim and L. E. Mattics, 'Problem E 2649', Amer. Math. 
Monthly 84 (1977),294 and 85 (1978), 596-597. 
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5.18. 
E.;;, 11 - 2k 
R 2{k - 1) 

271 

(I'I ), 
a 

where k = F/F' and F' - area of the orthic triangle. Equality holds if 
and only if the triangle is equilateral. 

A. Banica, 'Problem 11927', Gaz. Mat. (Bucharest) B 23 (1972), 
724-725. 

5.19. If ¢ denotes the orthic triangle inradius of an acute triangle 
then 

2 2 2 
¢R ~ 4F /(27R ) ~ r . 

This is an interpolating inequality for a result from: 
L. Bankoff and Z. Katz, 'Problem 337', pi Mu Epsilon J. 6 (1975), 

191. 

5.20. 
1 r 2 

(Lh )/(La) > -2{1 +-) (I'I ). 
a s a 

Remark. This inequality is better than the inequality from a problem 
of S. Reich, and it is due to M. S. Klamkin. 

S. Reich, S. M. Diano, and L. Bankoff, 'Problem 749', Math. Mag. 
43 (1970), 48 and 228-229. 

5.21. Lm /h ~ 1 + (R/r) 
a a 

(I'I ). 
a 

D. M. Milosevic, 'Problem M 811', Kvant 1983, No. 10, 46-47. 

5.22. 

5.23. 

min (h , h , h ) ~ R + r ~ max (h , hb , h ) 
abc a c 

(I'I ). 
a 

Remark. See also GI 6.11 and 11.16. 
v. Gridasov, Matematika i Fizika (Sofija) 11 (1968), 33. 

/3 
F ;;, -- min (ab, bc, cal 

4 
and 

13 
R ~ -- max (a, b, c) 

3 
(I'I ). 

a 

E. C. Popa, 'On some Geometric Inequalities (Romanian)', Gaz. Math. 
(Bucharest) ~ (1982), 256-257. 

5.24. For non-obtuse triangles 

(1) (O < Ie ~ 1) • 

(2) (Ie ~ 0) • 

Proof. It is known that if f is a concave function (f{O) 
1 

if 0 < xl' x 2 ' x3 < 2 LXi' then 

0) and 
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. . x ~ 
Start wlth the functlon x ~ f(x) = (------) (m, n > 0, x ~ 0). Since 

~-2 -2mx + (~ _ l)n mx + n 
f"(x) = ~mx ~+2 ,we infer that f is concave for 0 < ~ ~ 

(mx + n) 2 
1 and f is convex for ~ ~ O. For non-obtuse triangle a 2 ~ b 2 + c , etc. 

2&1",2. ",2 i.e. a ~ 2 ~a , etc., so uSlng the substitutions m = 3, n = ~a , xl 

2 . 2 m2 !(4a2 + 2 2 a , etc., from (3) we obtaln (1) because ~ + c 4 b + c ). 
Analogously, one proves (2). 

5.25. Let S 
2 A 

Z tan 2. Then 

a) S ~ 2 for non-obtuse triangles; 
b) S ~ 2 for every obtuse triangle such that max (A, B, C) ) 

2arctan ~ ; 
IT 4 

c) If 2 < max (A, B, C) < 2arctan "3 '.0 there are triangles for 

which S > 2, and also triangles for which S < 2. 
M. L. Gerver, 'Problem M 209', Kvant 1973, No.6, 12, 1974, No.1, 

21 and 1974, No.3, 39. -----= 

5.26. If A is an obtuse angle of a triangle, then 

2 A 
tan B tan C ~ cotan 2 

with equality if and only if B C. 
M. Tena and M. Ilie, 'Problem 17444*', Gaz. Mat. (Bucharest) 84 

(1979), 150. 

5.27. (6 ). 
r 

Remark. Here and in the other results for right triangles c denotes 
the length of the hypotenuse. 

J. Garfunkel, 'Problem 431', Pi Mu Epsilon J. 6 (1978), 540. 

5.28. 
2 2 

(a (b + c) + b (a + c))/abc > IT (6 ). 
r 

Proof. More generally, let a, b, c denote the lengths of the sides 
of a triangle ABC with c ) a, c ) b, then 

(1) 
2 2 C 

(a (b + c) + b (a + c))/abc ) 2 + cosec 2 ' 

with equality if and only if a 
aid of the inequality 

b. This result will be proved with the 

(2) 
2 

c + 21ali ~ 2 _ 2 cos C + cosec C 
ab c 2 
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which may be seen as follows: The Law of Cosines gives c 2 a 2 + b 2 -
2ab cos C ~ 2ab - 2ab cos C, so c/Iab ~ /2(1 - cos C). Also /2(1 - cos C) 

~ 1 since C ~ TI/3. Since the function x ~ f(x) = x2 + (2/x) is increasing 
for x > 1, we have f(c/Iab) ~ f(/2(1 - cos C)), which is equivalent to 
(2) • 

The proof of (1) now proceeds using the Arithmetic-Geometric Means 
Inequality and the Law of Cosines: 

2 2 
(a (b + c) + b (a + c))/abc a 2 + b 2 a + b +---

ab c 

2 
c + 2 cos C + ~ ~ 
ab c 

2 
~ ~ + 2 cos C + 2/ab ~ 

ab c 

C 
~ 2 - 2 cos C + cosec 2 + 2 cos C 

C 
2 + cosec 2 ' 

with equality in all instances if and only if a = b. The required result 
follows when C = TI/2 since 2 + 12 > TI. 

v. N. Murty, W. Blumberg, and M. Fraser, 'Problem 238', The College 
Math. J. 15 (1984), 352-353. 

5.29. s/h ~ 1 + 12 
c 

(D. ). 
r 

S. T. Berkolajko, 'Problem 1088', Mat. v ~kole, 1972, No.4, 81 and 
1973, No.2, 78. 
~ Gruda, 'Problem 3', Matematyka (Warszawa) 27 (1974),311. 

5.30. (D. ). 
r 

N. Schaumberger and A. J. Berlau, 'Problem 104', New York st. Math. 
Teac. J. 1979, 54 and 1981, 42-43. 

5.31. c+h >a+b 
c 

(D. ). 
r 

Proof (S. Arslanagic). From inequality (c - a) (c - b) > 0, we get 
c + ab/c > a + b, which is equivalent to the required inequality, because 
h = ab/c. 

c 

5.32. (D. ). 
r 

G. B. Hasin, 'Problem 381', Mat. v ~kole 1967, No.4, 75 and 1968, 
No.3, 66. 
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5.33 . 
2 

r ,,3-18 
2 2"" --5--

rna + ~ 

(t:, ). 
r 

T. A. Ivanova, 'Problem 1614', Mat. v skole 1975, No.6, 79 and 
1976, No.4. 

5.34. (t:, ). 
r 

Ja. N. Temraliev, 'Problem 1638', Mat. v skole 1976, No.6, 70. 

5.35. w ;;;. 3h 13/4 
a c 

with equality if and only if cos A = 1/3. 

5.36. 

zeitschr. math. naturwiss. Unterr. 28 (1897), 34-35. 

216 2 
aw ;;; -- c 

a 9 

with equality if and only if sin A = 1S/3. 
Zeitschr. math. naturwiss. Unterr. 28 (1897), 35. 

5.37. 
2 2 2 r.:: w + w ;;;. 5r (3 + 2>,2) 
a b 

with equality if and only if a = b. 
N. Mihajlovska and I. Kujundzic, 'Problem 76', Matematika 1979, 

No.4, 94-95. 

5.38. If ¢ is the angle between rna and ~ for a right triangle, then 

cos ¢ > 4/5. 

~. Arslanagic, I. Kujundzic, and D. Jocic, 'Problem 65', Matematika 
1979, No.2, 61-62. 

5.39. If P = (ITma)/abc, then 

(t:, ), 
o 

2<p<+"" 
8 

These inequalities cannot be improved. Equality holds for a right 
isosceles triangle. 

(t:, ). 
a 

o. Bottema and M. Jovanovic, 'On the Ratio m mm /(abc) for the 
abc 

Triangle ABC', Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. 
No. 412-460 (1973), 197-199. 

5.40. 

where a is the base of a triangle. 
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V. I. Gridasov, 'Problem 566', Mat. v ~kole 1969, No.1, 74 and 
No.5, 77. 

5.41. Let ~ = hc in a non-obtuse triangle. Then 

Ju. I. Gerasimov, 'Problem 557', Mat. v ~kole 1968, No.6, 73 and 
1969, No.4, 80. 

5.42. If a 2 + b 2 > 2c2 , then C < TI/3. 
Remark. This result is due to D. M. Milo~evi6. 

5.43. If A = 2B, then 

1 /2 < m /b ~ IS /2 . a 

E. A. Bokov, 'Problem 720', Mat. v ~kole 1970, No.1, 82 and No.5, 
76. 

5.44. If b + c = 2RI3, then 

sin 2A ;;:. ~ 
sin 3A 3 

'Problem 1224', Mat. v ~kole 1973, No.3, 80 and 1974, No.1, 72. 

5.45. If the medians ma and mc are perpendicular to each other, then 

cos B ~ 4/5. 

Proof. Since It 
a 

~a-t:,It 
2 c 

(1 -+-
"2 a 

-+- 1 t: - c) (-
2 

- a) 0-

i.e. 

-+- -+- 2 2 2 
a • c = S(a + c ). 

On the other hand 

a -+- 2 2 . c a + c 
cos B 

ac 5 ac 

2 2 
because x + y ;;:. 2xy. 

~ t: - a, and m ~ m we have 
2 a c' 

2 
4 

2 2 
~~ a + c 

5 2ac 5 

T. M. Korikova, 'Some Geometric Inequalities and Their Vectorial 
Proofs' (Russian). Mat. v ~kole 1977, No.3, 64-67. 

~. Arslanagic, 'Dokazivanje ne]ednakosti pomocu vektora', Matematika 
1983, No.1, 65-72. 
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2 
5.46. If a + b = 2c, then c ~ 6Rr. 

Gh. Popescu and G. Muresan, 'Problem 9368', Gaz. Mat. (Bucharest) I 

B 20 (1969), 40 and B 21 (1970)! 602. 

5.47. If AI = (2Rr) 1/2, then 

sin B sin C';; 3/4. 

I. A. Kusnir, 'Problem 383', Mat. v skole 1967, No.4, 75 and 1968, 
No.3, 66-67. 

5.48. a 2 sec A ~ s/(3Rr) 
+ c 

(Ll ). 
a 

This inequality is due to D. M. Milosevic. 

5.49. The length of a side of the Morley triangle of a given triangle T 
is less than one third the length of the smallest side of T. 

Remark. The Morley triangle of T is the equilateral triangle formed 
by the intersection in pairs of the angle trisectors of T. 

M. S. Klamkin and R. Spira, 'Problem 908', Elem. Math. 39 (1984), 
80. 

5.50. I:w-k < Kl:a a 
-k 

(Ll a) , 

where K = 2 1- k/2 for k f. (0, 1 ) and K = 2k/2 for k ~ lo 
This result is due to D. M. Milosevic. 

5.5lo (I: cos A) I(I: cos B cos C) ~ 2 (Ll ) . 
a 

S. Iwata, 'Encyclopaedia of Geometry (Japanese) " Tokyo 1971, 
Vol. 5, p. 334 

~omment by C. Tanasescu. The function F(A, B, C) = I: cos A - 2I:(cos B • 
80S C) is strictly Schur-convex for A, B, C f. [0, TI/2], so we have 

5.52. 

0';; I: cos A - 2I: cos B cos C.;; 1. 

I: cos B cos ~ > ! + 12 
222 

(Ll ). 
a 

(Ll ). 
no 

This inequality was conjectured by J. T. Groenman. W. Janous gave 
the proof of this inequality. 

J. T. Groenman, 'Problem 1111', Crux Math. 12 (1986),26. 

5.53. I:/cotan A ~ 2 (Ll ). 
no 

V. M. Popa, 'Problem 20818', Gaz. Mat. (Bucharest) 91 (1986), 262. 

5.54. Let the functions f and g be defined by 
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f (x) 

2 
IT x 

2 2 
21T + 8x 

and g(x) 
8x 

for all real x. 

(a) For acute triangles the following inequality is valid 

(1) Lf(A) < a +4~ + c < Lg(A). 

277 

(b) Problem: Determine functions f and g, where f(x) and g(x) have 

the form x/(u + vx2 ), with u and v real constants, for which the in­
equalities in (1) are best possible. 

M. Bencze, 'Problem 1236', Math. Mag. 59 (1986),44. 

L(bc)cOS A ~ 2 + 1 La2 _ ~ 
2 R 

5.55. (6. ) 
a 

with equality if and only if a = b c = 1. 
A. Lupa~, 'Problem 689', Math. Mag. 41 (1968),95-96 and 289-290. 



Chapter XI 

TRIANGLE AND POINT 

1. Some Applications of a Generalization of the Leibniz Identity 

1.1. Let P be a point in the plane of a triangle ABC, and let M be an 
arbitrary point in space. Then MP = (Lx 1MA)/(Lx 1), where xl' x 2 ' x3 are 

real numbers, and the following generalization of the well-known Leibniz 
identity is valid 

(1 ) 

For a generalization of this identity see XVIII.2.20. A simple con­
sequence of (1) is the following inequality of Klamkin ([1]): 

(2) 

For M = A, (1) becomes 

(3) 

Additionally, by defining the points P and M as special points 
of the triangle, we easily obtain numerous identities with character­
istic points of the triangle. 

For example, we have for 

1 ) xl x 2 = x3 the centroid G of a triangle; 

2) xl a, etc. the incentre I; 

3) xl sin 2A, etc. the circumcentre 0; 

4) xl tan A, etc. the orthocentre H; 

5) 
2 

xl a , etc. the Lhuilier-Lemoine point K; 

6) xl l/(s - a), etc. the Gergonne point f; 

7) xl (s - a), etc. the Nagel point N; 
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8) (Xl' x 2 ' x 3 ) (~ 1 ~) 2' the Crelle-Brocard point ~1; 
c a b 

9) (xl' x 2 ' x 3 ) = (~ , 2 ' ~) 
b c a 

the Crelle-Brocard point ~2. 

Remark. The points ~1 and ~2 were defined in 1816 by A. L. Crelle 

[8], and in 1875 H. Brocard revived the subject. 
For these points (3) becomes 

2 ~(Za2) 
2 

2 bc(s - a) a 
AG 

3 
AI 

9 s 

2 b 2 c 2 (2Za 2 _ 
2 

3a ) 
AK 

(Za2 )2 
AO R, 

2 
4s r (R + r) 

(4R + r)2 

AH 2RI cos AI, 

Using these identities, (1) and some other identities from Section 
IV.2, we can get several important identities. 

(4) 

A. For M 0, we get 

2 
OP 

2" 2 ~ " 2 and as a simple consequence of GI 14.1: R (Lx 1 ) r La X2X3 , where xl' 

x 2 ' x3 are real numbers. Equality is valid if and only if P = 0 

Further, by specializing the point P we can get the following 
results from (4): 

1) 
2 

01 = R(R - 2r), 

and as a consequence the Chapple-Euler inequality R > 2r (see GI 5.1 
and [10]); 

2) 

3) 
2 

OK 
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4) 
2 2 

4s r(R + r)/(4R + r) , 

and as a consequence 

s ~ R(4R + r)/2/r(R + r); 

5) ON = R - 2r; 

2 9R2 Za 2 = 9R2 + 2r2 2 
6) OH + SRr - 2s i.e. OH , 

2 2 R2 1/(Za-2 ) R2 (1 2 
7) OS\ OiJ2 - - 4 sin uJ) • 

B. For P = I, we get: 

(5) ZaMA2 = 2SMI 2 + abc, 

and as a consequence we have the following inequality ([2], [1]): 

(equality holds only for M = I). 

Some further applications are: 

1 ) 

Proof. ZaGA 2 222 
Za (g(Za) -;) 

= ~(s2 + 5r2 + 2Rr) , 
9 

3 . OG; 

i.e. we get the first identity. The second now easily follows from (5). 

2) 
2 

NI i.e. NI 3 • GI. 

KI 
2rs/R(R + r) - rR(4R + r)2/s2 

4) 

Proof. ZaHA2 

2 2 
s - r - 4Rr 

2 2 
4ZaR ccrs A 

2 2 
SR s - 2s(s 

22223 
4R Za(l - a /4R ) = SR s - Za = 

2 
- s . 

2 2 2 2 
3r - 6Rr) = 2s(4R + 6Rr + 3r - s ), 

and from (5) we get the second identity. 
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c. For P N, we get 

(6) 
2 

Z(s - a)MA 
2 

sMN + 4sr(R - r), 

and as a consequence 

2 
Z(s - a)MA ~ 4F(R - r). 

Some special cases of (6) are: 

1 ) 

i.e. GN 
2 "3 NI. 

2 2 4 
- 2s2r (6R - r) KN = ---(s + 

(Za2 ) 
2) 

3) Z(s - a)HA 
2 

4s(R2 2 
-Rr-r), 

NH = 2 . or. 

D. For P = K, we get 

and as a consequence 

with equality if and only if M = K. 

2 
GN 

r 3 (4Rr + 

48s2/R2 

(Za2 )2 

2 
NH 

r) ) -

- 4r (R - r). 

4R(R - 2r), 

We shall also give the following consequence of (7): 

2 
HK 

This gives the inequality Za4 ~ Zb2c 2 . 

i.e. 

2 2 2 
We have also 0~1 + OQ2 = OK (by A.3) and thus the well-known 

L 
relation n1n2 L OK. Inequality ~lK ~ 0 gives the pretty inequality 

281 
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sin w ;;:, 13 IT sin A 

1: sin2 A 
2 

s 

CHAPTER XI 

rs /3 rs ;;:, r 2 
r(4R + r) ;;:, 2 2R2 + r2 2(~), 

for the Crelle-Brocard angle w. 
E. For P = r, we get 

(8) 
MA2 = 4R + r I1r2 + 4s(R + r) 

s - a sr 4R + r 

and as a consequence 

2 
L~;;:' 4s(R + r) 

s - a 4R + r 

with equality if and only if M = r. 
As some applications of (8) we shall give the following results: 

1 ) 
s - a 

4 2 2 
= 9sr(s (R + 4r) - r(4R + r) ), 

rG2 i s2(4R2 5r2) 3 
+ 8Rr - - r (4R + r) 

9 
(4R + r)2 

2 2 2 
2) L 

AH 4(R (4R + r) - s (R - r)) 
s - a sr 

Hr2 4R2(1 
2S2(2R - r)\ 

2 r R(4R + r) 

AI2 2 2 
Ir2 r2(1 _ 3s2 

2)' 3) L 
s + r + 4Rr 

s - a s 
(4R + r) 

4) 
2(_s2(Lb2c 2 ) + 4Rrs2 (Lbc) + Lb3c 3 ) 3ITa2 

r(4R + r) (La2 ) - (La 2 )2 -

2 
4s r (R + r) 

(4R + r)2 

5) 
AN2 4 2 

L s-=-a = sr(s (R + r) - 4rR(4R + r)). 

16R 2 2 
(s (R + r) - r (4R + r) ). 

(4R + r) 2 

F. For P = G, we get the Leibniz identity: 
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wherefrom we get 

with equality if and only if M : G. 

1 ) 2(6R2 +4Rr+/ 
2 

s ), 

i.e. 
2 

GH = 3" OB. 

2) 
2 

KG 
1 2 22 23 2 

-----;2:--::2 (6(La ) (Lb c ) - (La) - 2711a ). 
9(La ) 

G. For P "i (i = 1, 2) we get from (1): 

2 2 
LMA /c - 1, 

For instance, we obtain 

1) 
2 2 2 2 1 42 22 

GD 1 = 9 La - l/(La- ) - 3"(La b )/(La b ), 

2) 

3) 
2 -2 

(1/9)La - l/(La ), 

4) OK2 2 
KDl ' 

5) {E}. 

Further, 

6) 
2 -2 4 2 2 2 

4R - l/(La ) - (La b )/(La b ), 

7) 
2 -2 2 4 2 2 

4R - l/(La ) - (La b )/(La b ), 

283 
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8) 

4R2 sin2 w, we get the inequality 

that is finer than Ea 2 ~ 9R2. 
A last interesting identity: 

,,2 " 2 + (~n22 n 2 2 10) (G"1 + "1 H ) "'" + "2H ) = 2GH 

(one of the angles Gn 1H, GSi 2H is obtuse, the other is acute). 

H. Here, we shall note that S. Bilcev and E. Velikova [9] gave the 
following simple inequalities 

So, using (2) in the case xl' x 2 ' x3 > 0, we have 

Similarly, we can get 

Remark. Bilcev and Velikova proved these inequalities in the case 
xl = x 2 = x3 = 1. 

Of course, if in (2) we directly substitute the expressions for 
2 2 

AQ1' etc. and AQ2 etc., we get the following inequalities for real xl' 

x 2 ' x3: 

Remark. The cases with }:1 = x 2 = x3 were proved by Bilcev and 

velikova. The first inequality is a generalization of IX.l.1. 
In their paper, Bilcev and Velikova also used relation 

in the proof of the well-known inequality Q1Q2 ~ R/2 (GI 14.25). 
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Comment by V. Mascioni. Since Kon 1 = w, we get D1D2 = sin u) • on1 = 
2R sin wli - 4 sin2 w. It is very easy to derive D1D2 ~ R/2 from this. 

Here we shall also note that using the relation for AD 1 , etc. and 

for AD 2 , etc., and other inequalities involving R1 , R2 , R3 we can obtain 

other interesting results. For example, the following result is due to 
Bilcev and Velikova: 

using the inequality: Rl + R2 + R3 ~ 2/F/3 in the case P = D2 , we 
get 

which is better than GI 4.4.: Za2 ~ 4FI3. 
Similarly, they got 

J. The centre S of Spieker's circle has barycentric coordinates 
xl = 2s - a, etc. It follows that S is the midpoint between N and I. We 

have then 

2 
MS 

and, for example, 

1 ) 40s2 

2 

4R2 + 3r2 + 4Rr -
2 

s , 

2 
16R2 2 

2) 4HS + BRr + r - 3s , 

3) 4NS2 2 5r2 16Rr = 
2 

s + - NI 

This proves the important inequalities: 

222 
s ~ 4R + 4Rr + 3r , 16Rr ~ s2 + 5/. 

This shows that the point S is crucial for inequality theory: in fact 
almost all of the inequalities from 1.2, 1)-13) reduce, i.e. they are 

equivalent to Os2 ~ 0, Hs2 ~ 0, NS2 ~ O. 
Remark. The above results for D1 , D2 (except the part H.) and S are 

given by V. Mascioni. The other results can be found in [3] (we only 
gave some simple extensions). For example, only the case xl' x 2 ' x3 > 0 

was considered in [3], i.e. the case when the point P is in the interior 
of the triangle ABC. Let the corresponding cevians be AA 1 , BB1 , CC 
(A 1 EO BC, Bl EO CA, C1 E: AB), Le. let 1 
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then 

PA 
(x2 + X 3 )AA1 X1AAl 

and 
xl + x 2 + x3 

PAl 
xl + x 2 + x3 

2 2 2 

AA2 
c x 2 + b x3 a x 2x 3 

etc. 
1 x 2 + x3 

(x'2 
2 

+ x 3 ) 

Comment by S. J. Bilcev, H. Lesov, and E. A. Velikova. Since 

we can obtain the following inequalities 

EAS > ~(3s2 - 5r2 - l4Rr) > E-(17R _ lOr) > l2r2 
4R 2R R ' 

2 2 2 3 
E AS > E-(16R _ l5Rr + 2r ) > 36r 

a Rs Rs 

2 2 2 
E AS ~ ~(R + 3Rr - r ), 

a rs 
2 2 2 

4sRr ~ EaAS ~ 2s(R - Rr + 2r ). 

The following identities are also valid: 

sr2 (4R - r) (4R + 7r) 2 r (16R + 3r) 
2 s 

4 4(4R + r) 

2 
(E ~ - l)/(E;') 

2 
(E 

b l)/(E ;.) In l b 
- 4Rr, Irl2 a 

- 4Rr, 
a a 

2 1 
2 

b 2 a 
Grll 

= 9E 1 (2E b 2 - E 2"- 3) , 

2 a 
a 

2 1 b 2 2 

Grl2 
= 9E 1 

(2E 2"- E~ - 3), 2 
2 a b 

a 

2 = 4R2 _ 
2 

4R2 _ 
2 

1 a 1 2 b 2 )/(E Hrl2 (1 + E "2)/(E "2)' Hrll (1 + E "2)' 
b a a a 
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whence we 

etc. 

Nt; 2s2 + 2r2 - 8Rr - (1 + (Z ~)2)/(Z ~), 
a 

2 4 
Z b c 

n/ rs 
[ zS2-2d R + r ] =--- - 4s ---

1 4R + r 4R + r ' 
b c 

b4 2 
Z c 

2 rs 
[ zS2-2a 4 R + r ] m2 - 4R + r s---

b c 
4R + r. ' 

can obtain several inequalities, as, for example, 

2 w;;, sin 

2 
cosec w 

s 

4r 
2 

2 2 
+ r 

b 2 a 2 
2Z --2 ;;, Z --2 + 3, 

a b 

2r 
2 

;;, 
2 2r2 

, 
- 6Rr 2R - Rr + 

~a2 ~ 4R2(2 . 2 ) ~ 9R2 LC _ + Sln W '" , 
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Of course, using the method from Chapter V we can give several 
applications of the above identities. Here, we shall give some of these 
applications. 

1.2. First, we shall give some inequalities which are valid for every 
triangle. 

1 ) .!.(R - 2r) (R + 2r) ,;;; OG2 1 2 1 2 ,;;; 
9 = "9 OH 4" GH 

,;;; .!.(9R2 _ 
9 

24Rr + 
2 

12r ) {E}; 

2 4 ,;;; Or2 ,;;; 2 12r2(R + r) 
{E}; R 3" r(R + r) R 

4R + r 
2) 

3) 4RF ,;;; ZaGA 
2 ,;;; ~(2R2 

9 
+ 3Rr + 4r2) {E}, 

2 1 2 1 2 ,;;; i(R 2 
2/) {E}, GI "9 NI = 4" GN - 3Rr + 

9 
4) 
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S) 4RF ,,;; 
222 

LaHA ,,;; 4s(2R - SRr + 4r ) {E} , 

6) HI2 ,,;; 4(R 
2 

- 3Rr 
2 

+ 2r ) {E}, 

7) 4F(R - r) ,,;; L(S 
2 ,,;; ~(4R2 - 3Rr - r2) {E}, - a)GA 

9 

8) 4r(SR _ r) ,,;; L 
AI2 4 

r)2 {E}, ---,,;; -(R + 
s s - a s 

9) 4r2 
2 2r2 

,,;; Ir2 ,,;; 8r2 2R2 - SRr + 2r2 R - Rr - {E}, 
2 2 

(4R + r) (4R + r) 

10) 4(R2 _ r2) ,,;; L:AH2 ,,;; 12(R _ r)2 {E}, 

11) GH2 ;;" GI 2 2 {E}, + IH 

so the angle GIH is obtuse. 
Proof. L. Bankoff (in an unptlliished note, dated May S, 1967) and 

w. J. Blundon [4] (see [S]) independently proved that 

4 "3 r (R - 2r), 

wherefrom we easily get 11). 

12) 

Remark. This result is due to W. J. Blundon. 

13) 1 < HO/IO < 3 and o < HI/HO < 2/3. 

Remark. This is a result from [6]. 

14) 

The first inequality is given in [11]. 

1.3. Depending upon the fact whether a triangle is acute, right, or 
obtuse, the following statements hold: 

1 ) OH ~ R; 2) IH ~ r12; 3) 

4) 2 ,4s 2 2 
L:aGA ~ g-(2R + 3Rr + 3r ); 

6) 2 2 2 2 
GI ~ g(2R - 6Rr + 3r ); 7) 

2 
L:aHA ~ 4F(R + r) ; 
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8) 

9) 

10) 

12) 

222 
~(s - a)HA ~ 4(2R + r) (R - Rr - r ); 

11) 

1 
OH § 2 max {a, b, c}. 
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2 2 
2 2r (2R - 2Rr 

Ir § 2 
(4R + r) 

Remark. The first four results are consequences of analogous 

results from Section X.l, where triangles satisfying a 2 + b 2 + c 2 ~ kR2 
were considered. Of course, we can simila.rly give generalizations of the 
above results 5-11) for these triangles. 12) is due to C. Tanasescu. 

1.4. Now, we shall give some results for triangles of Bager's type I 
(see Section X.4.1). The inequalities have to be reversed for triangles 
of Bager's type II. 

1 ) 

3) 

5) 

7) 

8) 

9) 

2) IH2 ~ R(R - 2r); 

4) 

~aHA2 ~ 2SR2 ; 6) 

222 
~(s - a)HA > 4(R + r)I3(R - Rr - r ); 

AI2 1 2 2 
~ --- > -(3R + 10Rr + 4r ); 

s - a s 

Ir2 ~ r2(7R2 - 10Rr - 8r2 ) 

(4R + r)2 
10) 

2 2 2 
~AH ~ 2(3R - 2Rr - 2r ). 

Remark. Of course, 2) follows from the following result (see [6]): 

o < HI/IO < 1 if B > 1T/3, HI ~ 10 if B ~ 1T/3, and 

1 < HI/IO < 2 if B < 1T/3, 

where A ~ B ~ C. 
Comment by V. Mascioni. Further, we have 

since 

2 2 
(4 _ s - 12Rr - 3r )102 ~ 4 • 102 

R(R - 2r) 
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(s2 _ 16Rr + 5r2) + 4r(R - 2r) ~ 

~4r(R-2r)~0. {E} 

We may thus state the following refinement of HI/IO < 2: 

i.e. 

HI ~ 2/1 - ~ • IO {E} 
R 

HI < 2/1 _ ~ 
IO R 

if the triangle is not equilateral. 13 
Since for acute triangles of Eager's type II we have ~ ~ ~ 

(see Chapter VIII, 2.2, Example 10°), it follows that 
R 2 

HI < /6 - 213 
IO (acute, Eager II) .D 

1.5. In this Section we shall consider speci~l triangles of S. G. Guba 
(see Section XI.4.2), i.e. if a (b (c, the condition 2b § a + c is 
equivalent to: 

1 ) 

3) 

5) 

7) 

8) 

2) 

LaGA2 ~ 8sr(5R - r) " ~ -9- 4) 
2 2 2 

LaHA ~ 8s(R - 3Rr + 3r ); 

GI 2 § ~r(R - 2r); 6) 
2 4F 

L(S - a)GA § g-(llR - 13r); 

2 
L ~ ~ 2r (11R - 4r) ; 

s - a ? s 

222 
Ir2 >- 2r (8R - 23Rr + 14r ) 

~ (4R + r)2 
9) 

2 2 2 
ZAH ~ 4(3R - 7Rr + 5r ). 

1.6. Now, we shall consider the special triangles of I. Paasche, i.e. 
if a ( b ~ c, the condition 3a ~ b + c is equivalent to: 

2 
~ 

2 2 2 4R2 _ 2 
1 ) OH 9R - 24Rr + lOr ; 2) HI ~ 12Rr + 7r ; 

3) GI § r/3; 4) ZaGA 
2 § ~F (18R + r) ; 

5) 
2 2 

ZaHA ~ 2s (4R -
2 

10Rr + 7r ); 6) Z(s - a)GA2 4F § g-(9R - 8r); 
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7) 

9) 

2 
L ~ , ~(20R - 3r); 

s - a , s 
B) 

222 
LAH ~ 2(6R - 12Rr + 5r ). 

2 2 2 
Ir2 ~ r (16R - 40Rr + 13r ) 

;::: (4R + r) 2 

1.7. In this Section we shall give some conversions of results from 1.3, 
but only for an acute triangle: 

1 ) 

2) 

3) 

4) 

5) 

6) 

7) 

B) 

2 2 BF2 2 2/3 F 
HI ~ 2r - ---- ~ 2r - ---9--

27R2 

LaGA 
2 ";;~2R2 + 3Rr + 3r2 4F2 ) + --- ,.;; 

27R2 . 

,.;; 4s (2R2 
9 

+ 3Rr + 3r2 + 13 F). 
9 ' 

2 ¥ 2 2 4F2) 2 2 2 + 13 F) . GI ,.;; 9 2R - 6Rr + 3r + ----2 ,.;; g(2R - 6Rr + 3r 9' 
27R 

LaHA2 ~ 4s(Rr + r2 _ 4F2 ) ~ 4s(Rr + r2 _ 13 F) . 
27R2 9 ' 

2 ¥ 2 2 4F2) 2 2 2 133 L ~,.;; 2R + 4Rr + r + --- ,.;; -(2R + 4Rr + r + -9 F). 
s - a s 27R2 s 

1.B. The following results are also valid for non-obtuse triangles: 

1) IH2,.;; 2R(R - 2r); 2) 

3) 4) 
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5) ZaHA2 :;;; 4sR(R - r); 6) 

7) 8) 

9) 
2 2 2 

ZAH :;;; 4 (2R - 2Rr - r ). 

Remark. Note that the following result is also given in [7]: 

2 2 Za ~ (ZAH) , 

with equality if and only if ABC is equilateral or right isosceles. The 
same equality conditions are valid for the other results from this 
Section. 
Comment by V. Mascioni. Inequalities 

1.2. 14) 

1.5. 10) 

1.5. 11) 

1.6. 10) 

1.8. 10) 

" 2, 12R2 -,"AH ~ 10Rr + 11r2 2 
- s 

2 r2(16R2 - 8Rr + 5r2 _ 2s2) 
If ~ --~------------~------~ 

(4R+r)2 

If2 :;;; r2(12R2 - 8Rr - 5r2 _ s2) 

(4R + r) 2 

are better than those in the text, i.e. 1.2. 1), 1.5.8) and 9), 1.6.8) 
and 1.8.8), respectively. 
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2. Some Transformations 

2.1. Inversion 

Let P be an interior point of a triangle A1A2A3 . In Figure 1 we invert 

the vertices Al , A2 , A3 to Ai, A2, A] by means of a circle of radius p 

(we shall consider the case p = /K, K = R1R2R3 ) . 

(R. = PA. i a., side opposite to A. i h., altitude from A. i r., distance 
l II II II 

from P to a i i Wi' angle bisectors from P to aii Ri PAi' etc.) 

Fig. 1. 

In [1], A. Oppenheim only considered the transformation of R., r. 
l l 

into Ri' rio In [2], M. S. Klamkin also gave the transformations for 

some other elements of a triangle. First, we have 



294 CHAPTER XI 

Since 

2 2 2 
2R2 R3 a 1 R2 + R3 - cos A2PA3 , 

a,2= ,2 + R,2 - 2RZR3 cos AZPA3, 
1 R2 3 

etc. 

we then obtain 

a' a.R .. 
~ ~ ~ 

Remark. It is to be noted that a 1R1 , etc. are sides of a triangle 

whenever a 1 , etc. are sides of a triangle. This corresponds to the 

Mobius-Neuberg inequality (see XIII). Note that the above proof is also 
v~lid if P is an exterior point. 

Further, since 

we get 

and from 

The following results are also valid: 

R' = KRF/F', 

w' 
i 

r' 

w.R .. 
~ ~ 

etc. 

Consequently, for any triangle inequality (or equality) of the 
form 

(1) 

we also have the dual inequality 

(2) 

EXAMPLES. 1° [1], GI 12.13 ~ GI 12.30. 

(a.R.) , 
~ ~ 



TRIANGLE AND POINT 295 

GI 12.36 

GI 12.53 

2.2. Reciprocation 

By reciprocation we obtain a triangle AiA2A) so that P is still an 

internal point. The distances of P from the vertices of AiA2A3 are in­

versely proportional to its distances from the sides of A1A2A3 , i.e. 

r' = k/R,. 
i ~ 

This result is given in [1]. Let k 

lowing results are also valid ([2]): 

a' 
i 

P' = kP/2R, R' K/4R, h' 
i 

kh,/r,R" 
~ ~ ~ 

So, using the reciprocation we can transform any inequality of the 
form: p(a j,' hi' Ri , r i , R, r, P) ) 0, to its reciprocation-dual. 

EXAMPLE. 1° [1] GI 12.13 ~ GI 12.23. 

2.3. Isogonal Conjugates 

If P and P' are such that AlP, AlP' are equally inclined to the bi­

sector of A1 ; A2P, A2P' equi-inclined to the bisector of A2 ; A3P, A3P' 

to those of the angle A3 , then P and p' are isogonal conjugates. Then 
[1 J: 

(k 

Note that the following identities are also valid [2]: 
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It will be observed that if P is an internal point of the triangle 
so also is P' and vice-versa. Note that now we have no inversion of the 
triangle. Hence, any inequality of the form 

where only r i and Ri depend on P, becomes 

EXAMPLES. 1° [1] GI 12.23 ~ GI 12.32, 

GI 12.24 ~ GI 12.33. 

2.4. Pedal Triangle 

For any inequality of the form F(Ri , ail ~ 0, there is a dual inequality 

obtained by considering the pedal triangle of P (see for example 
Klamkin's solutions of Carlitz's problem [3]). Here the distances from P 
to the vertices of the pedal triangle are r 1 , r 2 , r3 and the sides of 
the pedal triangle are Rl sin AI' etc. 
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3. Some Further Remarks on the Polar Moment of Inertia Inequality 

Let A1A2A3 be an arbitrary triangle of sides ai' a 2 , a 3 and let P be an 

arbitrary pOint. If Ri = PAi (i = 1, 2, 3) and r i is the distance from 

P to the side a i ( i = 1, 2, 3), then Klamkin's inequality (2) from 1.1, 

i.e. the polar moment of inertia inequality, can be written in the fol­
lowing form [1] 
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where xl' x 2 ' x3 are real numbers. There is equality if and only if 

Xl/F l ~ X2/F2 ~ x3/F3 (F l denotes the area of A2PA3 , etc.). (A physical 

interpretation of (1) is that the polar moment of inertia of three masses 
xl' x 2 ' x3 located at Al , A2 , A3 , respectively, is minimized by taking 

the axis through the centroid of the masses) . 

Suppose that P is an internal point. Note that the equality case 
for (1) can be written in the following form 

The dual of (1) via inversion is [2J: 

(3) 

with equality if and only if 

If, in (3) we put xl = aIR I , etc., we get 

or 

(4' ) 

with equality if and only if P is either one of the vertices or the 
orthocenter H. 

Remark. Inequality (4) was proved by T. Hayashi [3J, and was con­
jectured much later as (4') by K. Stolarsky [4J and proved by 
M. S. Klamkin [5J. 

The reciprocation-dual of (1) is [2J: 

(5) 

with equality if and only if 

[6 J : 
If we put xl alrlR l , etc., we get the following inequality from 
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with equality when P = O. 
The isogonal conjugate dual of (1) is [6]: 

(7) 

with equality if and only if 

If we put xl = a 1 , etc., we get 

with equality when P = I. 
The pedal dual of (1) is [7]: 

Remark. For Xl = x 2 = x3 we get Carlitz' inequality 

Note that equality holds in (10) if and only if P is the Lhuilier-Lemoine 
point of the triangle. 

By applying (1) to the right hand side of (9), we have in the case 
LX 1 > a, 

(11 ) 

Inequalities (10) and (11) also provide a strengthening and a general­
ization of GI 12.54: 

(12) (LX 1 > 0) • 

As a consequence of (1) we got in l.1.B the following inequality' 

(13) 

There is equality in (13) if and only if P = I. 
A generalization of (13) is given in [6] and [8], i.e. the following 

theorem is valid: 

THEOREM A. Let P and pI be two arbitrary points and let Ri 
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PIAi (i = 1, 2, 3). Then the following inequality is valid 

with equality if and only if p and pI are isogonal conjugates with 
respect to the given triangle. 
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Remarks. 1° G. Bennett [6] gave a geometric proof of (14) but only 
for interior points P and pl. In his proof, Klamkin [8] used an identity 
for complex numbers and the basic triangle inequality (see 4.2 of this 
Chapter) . 

2° It is a known result [9] that if p and pI are foci of an ellipse 
inscribed in the triangle A1A2A3 , then we have the equality condition of 

inequality (14). The proof given was geometric. M. Fujiwara [10] using 
the same complex identity as M. S. Klamkin [8] easily established the 
equality conditions of inequality (14) that P and pI must be isogonal 
conjugates. The ellipse result of [9] also follows easily from the noted 
identity by using the known general angle property of an ellipse that 
two tangents to an ellipse from a given point make equal angles with the 
focal radii to the given point ([8]). 

i.e. 

Now, we shall show that (14) can be proved by using (1). 
Indeed, for xl = a1Ri/Rl' etc., (1) becomes 

with equality if and only if 

Similarly, we get 

with equality if and only if 

(18) 

By summing the inequalities (15) and (17) we get (14), with equality if 
and only if (16) and (18) are valid, i.e. if and only if P and pI are 
isogonal conjugates (see 2.3 of this Chapter) . 

NOw, we shall give some converse results. First, using the sub­
stitutions xl ~ yz, etc. we get from (1) 
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(19) 

Remark. It is a generalization of an inequality of A. Oppenheim 
(see VI.l.(22')). 

(20) 

Now, we shall give some dual inequalities of (19). 
Dual via inversion is: 

dual via reciprocation is: 

(21) 

and dual via isogonal conjugates is: 

(22) 

Remark. Of course, we can also give the pedal dual of (19). 
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4. Two Simple Methods for Generating Inequalities Involving Triangle and 
Point 

4.1. Applications of Jensen's Inequality for Convex Functions and of 
the Inequality for Means 

First, we shall give the following theorem: 

THEOREM 1. Let Xl' x 2 ' x3 be positive numbers such that ar1/x 1 ~ d, etc. 

and let f:[O, d] ~ R be a convex function. Then 

(1) 

If f is strictly convex, then equality holds in (1) if and only if 

(2) 

The inequality is reversed if f is a concave function. 
Proof. Using Jensen's inequality for convex functions and the 

identity 

we get 

Corollary 1. For xl = x 2 = x3 1, (1) becomes 

(3) 3f(2F/3) ~ Ef(ar 1). 

with equality if and only if P G. 

EXAMPLES. 1° For f(t) = t P , we get [8]: 

(4) 

for p < 0 and p > 1, and reverse inequality for 0 < p < 1. 
Remark. The cases p = -1, -2, ... are given in [1]; p 

p = 1~, ... in [3]; P = -1 in [4]. 
2° For f(t) = log t, we get GI 12.29. 

Corollary 2. For xl = a, x 2 = b, x3 = c, (1) becomes 

(5) 

The equality is valid if and only if P I. 

3 in [2]; 
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3° For f(t) = t P we get [8]: 

(6) 

for p < 0 and p > 1. For 0 < p < 1, the reverse inequality is valid. 
Remark. The cases p = -1 and p = 2 were given in [5]; the case p 

-1 was also set as a problem of the XXII International Olympiad, 
Washington, 1981, and in r6] and [18]. 

(7) 

4° For f(t) = log t we get 

a /' 2s 
TIr l '" r 

Corollary 3. For f(t) 
m > 1 and m < 0 

m l/(m-l) 
xl = (a Ix) , etc., (1) becomes for 

(8) (= U), 

with equality if and only if 

(9) 
m-l m-l m-l 

xr 1 /a = yr2 /b = zr3 /c, 

For 0 < m < 1, the reverse inequality is valid. 
Remark. The case m> 1 was given by M. S. Klamkin in [5]. 
Corollary 3 gives an answer to the following problem (see [7]): 
Locate a point P in the interior of a triangle which minimizes 

S 
m 

Lxr l , 

where x, y, z are positive numbers and m> 1. 
It is obvious that Smin = U for the points P satisfying (9). 

The maximum of S is easily obtained in the following manner [7]: 

S/(2F)m L x 
m 

a 
( arl)m (~ 2F ~ max m 

a 

since 1 ~ ar l /2F ~ 0, etc. Thus 

and which is taken on for P coinciding with one of the vertices of the 
triangle. 

Remarks. 1° Corollary 3 gives S. = U for m < 0, and S = U for 
o < m < 1. mln max 

2° P. Fermat had given the suggestion to Torricelli to find the 
point for which the minimum of LRl is attained. Torricelli found three 
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solutions and he gave the same problem to Viviani. Viviani published a 
solution of his own in 1658. This important point, known as the Fermat­
Torricelli point, was studied by T. Simpson in 1750, Fuss in 1798, 
Tedenat and Lhuilier in 1810, Gruson in 1816, Bertrand in 1843, Lehmus 
in 1854, Grunert in 1867, and others [19]. 

S. Lhuilier, in 1809, investigated the point in a triangle (or 
tetrahedron) having the minimal sum of squares of distances to the sides 
(or faces). E. W. Grebe rediscovered this point in 1847, and E. Lemoine 
again in 1873. It became generally known as the "Lemoine point" (or 
occasionally the "Grebe point"), but its discovery by Lhuilier was for­
gotten. 

3° (H. S. M. Coxeter). For a given scalene triangle AIA2A3 and a 

variable point P, let Ft denote the position of P for which LR~ is 

extremal, and let Lt denote the position for which Lr1 is extremal. 

P. penning [20] shows that the locus of Ft , when t varies over all 

real values, is a curve (having two branches) which lies entirely inside 
the triangle and passes through the midpoints of the sides, two distinct 
points F+O and F_O ' the Fermat-Torricelli point F l , the centroid F2 , 

and the circumcentre Foo' (The letter F is appropriate because it was 

Fagnano who first observed that F2 is centroid.) 

H. S. M. Coxeter noticed that the locus of Lt coincides with the 

locus of the point whose trilinear coordinates rv are proportional to 

aU (v 1,2,3) when u varies over all real values (u ~ l/(t - 1)). v 
Thus it is a curve passing through the centroid LO' the vertex L1 ~ A1 

(a 1 > a 2 > a 3), the Lhuilier-Lemoine point L2 (hence the use of the 

letter L), and the incentre Loo' J. L. Synge has given the following 
proof: 

Thus 

Since La 1r 1 ~ 

t-1 
rv ~ Aav (V 

2F, La 1 dr 1 
t t-l O. If Lr1 is extremal, Lr1 dr1 ~ O. 

u 1,2,3) and rv ~ ].lav (u ~ l/(t - 1)). 

The point whose trilinear coordinates are proportional to a~ is, of 

, . .. . . 1 u+l 
course, the pOlnt whose areal coordlnates are proportlona to av . Its 

locus was thoroughly investigated by O. Bottema and P. Penning [21]. 
In problem 801 [9], S. Reich asked for a proof or disproof of the 

triangle inequality 

(11) L1/r1 ) 3/r. 

L. Carlitz noted that the inequality is invalid and also showed that 

(12) 

Generalizations of this inequality were also given by M. S. Klamkin [7] 
and [10]), i.e. the following inequality is given in [10]: 
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(13) 

with equality if and only if 

p+1 
ar 1 Ix 

p+1 
br2 Iy p+1 

cr3 Iz. 

(p> 0) 

CHAPTER XI 

Of course, this inequality is a special case of (8) (m = -p). 
Klamkin [10] also showed that instead of (11) the following anal­

ogous inequality is valid 

(14) Zl/r1 ~ 2/r 

with equality for a degenerate triangle. 
He also gave the following generalization of (14): 

(15 ) 

where it is assumed that xl ( x 2 ( x 3 . 

Proof. To prove (15), it suffices to show that 

where m pi (p + 1), or 

(16) 

Since the minimum of the left hand side of (16) is taken on for xl x 2 ' 
(16) becomes 

Klamkin proved (17), but we shall note that it is a simple con­
sequence of Petrovic's inequality for concave function (see VIII, 1.1, 
Theorem 1): 

L:f(a) ~ 2f(s). 

Remark. Similar extensions for simplexes are also valid. For exten­
sions~3) and (15), see [10] and [11]. 

2 2 2 
Corollary 4. (i) (Z~) (s + r + 4Rr)/2R 

with equality if and only if P I. 
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(ii) L:~ ~ (R + r)I2/R ~ 3/R/2 

with equality if and only if ABC is equilateral and P is the center of 
ABC. 

Proof. For x = y = z and m = 1/2, Corollary 3 becomes 

1/2 
( 

2 2 + 4Rr\1/2 
(18) L:;r;: ~ (2FL:l/a) = s + ~R ) 

Further, using Ix.5.7 we qet (ii). 
Remark. (ii) is an interpolation of an inequality of L. Carlitz 

[17] .--

2 
Corollary 5. (i) L:bcr2 r 3 ~ 4F /3, 

In each case there is equality if and only if P is the centroid of ABC. 
Proof. Using the identity L:ar 1 2F we get 

2 2 
Now, using the well-known inequality (see Example 1°): L:a r 1 ) 

2 
4F /3, we get (i). Similarly, we can prove (ii). 

Remark. (i) is given in [12]. (ii) is due to L. Carlitz. 

Corollary 6. Let the conditions of Theorem 1 be fulfilled. Ther. 

with equality if and only if (2) is valid. 

EXAMPLES 5° For f(t) = t P (p> 1, p < 0), we get 

(20) 

The reverse inequality is valid for 0 < p < 1. 
Remark. For xl = x 2 = x3 = 1, P = -1, we have GI 12.12. 

6° For f(t) log t, we get 

(20' ) 

x 2 = x3 = 1, we get GI 12.11. 



306 CHAPTER XI 

Corollary 7. Let f:[O, d] ~ (_00, +00) be a convex function and let r 1 , 

r 2' r 3 i( d. Then 

with equality if and only if P = I. 
Proof. For xl = l/ha , etc., (19) becomes 

Now, using the identity Zl/ha l/r, we get (21). 

The following theorem is also valid: 

THEOREM 2. Let f:[O, 1] ~(_oo, +00) be a convex function. Then 

r' 
Zf( 1 ,);;;. 3f (1/3) 

Rl + r 1 
and H( Rl ,);;;. 3f(2/3). 

Rl + r 1 

Proof. This is a simple consequence of Jensen's inequality, since 
the following identities are known: 

and 2. 

Corollary 8. For f(t) = t P (p> and p < 0), we get 

(22) 
r' p 

1 };;;. 31-p 
+ r 1 and 

For 0 < p < 1 we have the reverse inequalities. 

Corollary 9. For f(t) = log t, we get 

and 

Remark. For p = -1, (22) becomes 

Rl + r' 
Z --=-_---=c1 ;;;. 9 ([ 13] ) 

r 1 

whence using the identities 

Rl + ri 
Z - 3, we get 

Rl 

and (GI 12.40) 



TRIANGLE AND POINT 

(23) (GI 12.38) 

and 

(24) ([13], [14]). 

Note that (23) is also a simple consequence of GI 12.39, i.e. 

i.e. 

whence we get, for k ~ 0, 

(26) ([ 15]) . 

Note that (25) can be written in the following forms: 

so, the following inequalities are also valid: 

(27) 

and 

~ (R R /r'r') ~ 4 
k 2 3 2 3 

([15]), k = 1: GI 12.47), 
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Similarly, we can use GI 12.25,12.26,12.27,12.28,12.51,12.52, 
and get the following results for k ~ 0: 

(29) (S = IT sin~, 0 < 8S ~ 1), 

(30) 

(31) 

(32) 

(33) 
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(34) 

(35) 

(36) 

Remark. Inequalities (31) and (32) were given by W. Janous as 
generalizations of results from [16], in a private communication. 

Finally, note that using majorization of vectors, we can give 
generalizations of Corollary 1 and Theorem 2, i.e. we have 

(37) (ar l , br2 , cr3 ) > (2F/3, 2F/3, 2F/3), 

r' , 
2 

(38) r' , 
1 

r' 
2 

and 

(39) ( Rl R2 R3) 2 2 2 
=--=--r7, , r' , R + r' > (-3 ' -3 ' -3>-
Rl + 1 R2 + 2 3 3 

So, since the elementary symmetric function x ~ T2 (X) is Schur­
concave, using (37) we get Corollary 5 (i). 
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4.2. Triangle Inequalities from the Triangle Inequality 

Although the title here may appear somewhat paradoxical, all inequal­
ities of the triangle depend ultimately on the basic triangle inequality: 
lui + Ivl ) lu + vi, where u and v may be complex numbers or vectors. 
More generally, if n + 1 vectors a O' a 1 , ••• , a (a, I 0 for all i) 
satisfy the equality [3]: n ~ 

then 

(1) 

+ a , 
n 

If, in addition, (1) holds with equality then all vectors are positive 
multipliers of a fixed vector. In the complex plane, now, division of 
a i and a j always results in real positive numbers; as a special case 

a 
n +-+ ... +-

a O a O 

a, 
(O~2.~l,i 

a O 
1, ... , n). 

Here we shall give some results from [1] and [2]. The summations 
and products to be indicated are cyclic ones. First we shall give 
identities which were used in the proofs. 

(2) L(V - w) (v + w - u) = O. 

(3) LVW(V - w) 
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= I(v - w) (v + W)2 = I(v - w) (v + w - 2u)2/9 = IT(W - v). 

(4) Ivw(v + w) + 2ITu Iu(v + w)2 - 4~u Iu2 (v + w) + 2ITu = 

(5) I (v - w) 2 (v + w - 2u) IT (2u - v - w) • 

(6) I (v 
3 3 

- w ) = o. 

(7) I (v w)3(v + w - 2u) O. 

(8) I (v - w) (v + w - 2u)3 O. 

(9) Iu(v _ w) 3 

2 2 2 
Iu(v - w) (v + w) = Ivw(w - v ) = Iu • IT(v - w) . 

(11) O. 

(12) 

( 13) 3 33 23 22 
Iu (v - w) = Iu (w - v) (w + v) = Iu (v - w) (v + w ) 

= Iu(v - w) (v + w u)4/16 ITu(v - w) . 

(14) 
222 2 4 2 

Iv w (v - w ) = Iu (v 

(15) Iu(v w) (u - z) -IT(v - w) (z E C). 

(16) 
(u - b 1) (u - b 2) b 1b 2 

I • - =--
(u - v) (u - w) u uvw 

(17) I(u' - u) (v - w) = Iu' (v - w) . 

(18) I{u(v - w) 5 + u5 (v - w)} 10uvwIT(v - w) . 

Our numbering of the inequalities here (as in [1]) e.g., (2.1), 
(2.2), ..• will indicate that they were derived from identity number (2) 
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by applying lui + Ivl ~ lu + vi in various ways. Further, u, v, ware 
complex numbers from a common origin P to the vertices A1, A2 , A3 , 
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respectively, and R, = PA" b" j = 1, 2, ••• and z are complex numbers 
~ ~ J 

from P to arbitrary points B, and Z, respectively, R~ = A,Z. 0, G, Hand 
J ~ ~ 

I denote the circumcenter, centroid, orthocenter and incenter, respect­
ively, of a 1a 2a 3 • Finally, M1, etc., R, r, 6 denote the median from A1, 

the circumradius, the inradius, the area, respectively, of AIA2A3 and 
m1, 61 , etc., denote the median from P and area of PA2A3 • 

We now essentially list the inequalities that follow immediately 
from some of the above identities: 

(3.1 ) 

This is Hayashi's inequality (see 3.(4». 

2 
~ (3.2) ~alRl a 1a 2a 3 (see 3. (13» • 

(3.3) 2La1m1R1 ~ a 1a 2a 3 • 

(3.4) 
2 > 4~alml a 1a 2a 3 • 

(3.5) 2 
4~alMl ~ 9a1a 2a 3• 

Or equivalently, 

(3.6) 2Il(a2 + a 3) ~ 13a1a 2a 3 + 
3 

~al • 

(4.1 ) ~mlR2R3 ~ 14m1m2m3 - R1R2R3 1. 

(4.2) 
2 

~Rlml ~ 12m1m2m3 - R1R2R3 1. 

(4.3) 
2 

~mlRl ~ 14m1m2m3 - R1R2R3 1. 

(4.4) 
2 

~Rlal ~ 81ml m2m3 - R1R2R3 1. 

(4.5) 2Eml R2R3 
2 

+ ER1a l ~ 6R1R2R3 • 

(4.6) 
2 

2ER1m1 
2 

+ EmlRl ~ 3R1R2R3 • 

(4.7) 
2 

4ER 1ml 
2 

+ ER l a 1 ~ 12R1R2R3 • 
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(5.1) 

(9.1 ) 

(9.2) 

(9.3) 

(12.1 ) 

(13.1 ) 

(14.1 ) 

(14.2) 

(15.1 ) 

This is the two point triangle inequality (see 3.(14)). 

(16.1 ) 

This is a variation of Hayashi's inequality (2.1) and reduces to it if 
b 1 and b 2 coincide with the circumcenter and P is on the circumcircle. 

(18.1 ) 

This is a result from [2]. It is easily seen that equality holds if the 
triangle is equilateral. Klamkin conjectured that this is the only case 
for equality (assuming the triangle is non-degenerate). 

Remark. Note that the well-known Mobius-Neuberg and Mobius-Pompeiu 
theor~e obtained by the above method (see Chapter XIII). Identities 
(2), (6-8), (10-11) and (17) have as consequences similar results, and 
they are also given in Chapter XIII. For two other results see for 
example Comment by K. Post in Chapter XV. 
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5. Erd5s-Mordell's and Related Inequalities 

5.1. An important geometric inequality is the well-known Erd5s-Mordell 
inequality (GI 12.13): 

THEOREM 1. If P is a point in a triangle, then 

(1 ) 

Equality holds if and only if the triangle is equilateral and P is its 
centre. 

The following generalization of Theorem is valid (GI 12.24): 

THEOREM 2. If k is a real number such that 0 < k ~ 1, then 

( 2) 
k k k 

LRl ;;" 2 Lr 1. 

The reverse inequality is valid for -1 ~ k < O. Equality holds as for 
(1). If k> 1, then 

(3) 

and the reverse inequality is valid for k < -1. 
Now, we shall prove: 

THEOREM 3. For 0 < k ~ 1, the following inequality is valid: 

(4) 

and the reverse inequality is valid for k < O. For k = 1, equality holds 
if and only if P is the circumcentre, and for k < 1 as for (1). 

For k > 1, 

(5 ) 

Proof. It is known that 

(6) 

with equality in all inequalities if and only if P is the circumcentre. 

(7) 

To prove (4) we shall apply to (6) the elementary inequality 

k k 
(u ; v) k ;;" _u_-=;_v_ (u, v > 0, 0 < k ~ 1) 
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equality occurring if and only if u = v (for k ~ 1 of course); the re­
verse inequality is valid for k < o. 

Thus, for 0 < k';;:; 1, (4) yields 

(8) etc. 

and the reverse inequalities are valid for k < O. By adding these in­
equalities we obtain (4). 

Similarly, using the elementary inequality 

(9) (k> 1), 

we obtain (5). 

Corollary 1. 

( 10) (0 < k ,;;:; 1), 

(11 ) 
k k k k k 

IRl > I((b/c) + (c/b) )r 1 ;;;' 2L:r 1 (k > 1). 

Proof. Since (u/v) + (v/u) ;;;. 2 (u, v> 0), with equality for u v, 
for Theorem 3 we get Corollary 1. 

Remarks. 1° This is a generalization of GI 12.16. 
2° From (10) and (11) we get (2) and (3). The cases for k < 0 fol­

low by reciprocation. 

THEOREM 4. For 0 < k';;:; 1, the following inequality is valid 

( 12) 

and the reverse inequality is valid for k < O. For k > 1, we have 

( 13) 

Proof. From (6) we obtain 

so, similarly to the proof of Theorem 3 we obtain Theorem 4. 

Corollary 2. 

(0 < k ,;;:; 1), 
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( 16) (k> 1). 

3° This is a generalization of GI 12.31. 

THEOREM 5. For 0 < k ~ 1, 

The reverse inequality is valid for -1 ~ k < O. For k > 1, 

(18) 

and the reverse inequality is valid for k < -1. 
Proof. (17) and (18) are given in Corollary 2. The reverse results 

follo~m these inequalities by isogonal conjugate transformations. 
4° The case 0 < k ~ 1, i.e. the inequality (17) is given in GI 

12.33. For k = -1 we have GI 12.32. 

THEOREM 6. For 0 < k ~ 1, 

The reverse inequality is valid for -1 ~ k < o. For k> 1, 

(20) 

and the reverse inequality is valid for k < -1. 
Proof. This follows from Theorem 2 by inversion. 
5° For k = 1 we get GI 12.30 and for k = -1 GI 12.34. 

THEOREM 7. For 0 < k ~ 1, 

The reverse inequality is valid for -1 ~ k < O. For k> 1, 

(22) 

and the reverse inequality is valid for k < -1. 
Proof. This is a simple consequence of Theorems 5 and 6. 
6° For k = 1 we get GI 12.21 and, for k = -1, GI 12.35. 

5.2. Recently, as answer to a problem of G. Tsintsifas, M. S. Klamkin 
[2] proved the following generalization of Theorem 1: 

THEOREM 8. Let p. (j = 1, ••• , n) denote any set of n points lying in the 
J 
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interior or on the boundary of a given triangle ABC, and let R1j and r 1j 

denote the distances from P. to the vertex A and to the side a (similarly 
) 

we define R2j , r 2j R3j , r 3j ). If Aj(j 1, ••• , n) are positive numbers 

n n A. n A. 
with ~ A. = 1, and Ri IT R ) and r. = IT r.~ (i = 1, 2, 3), then (1) 

j=l ) j=l ij 1 j=l 1) 

is valid with equality if and only if the triangle is equilateral and 
all the points p. coincide with its centre. 

) 

Proof. (H. S. Klamkin) NOw, (6) becomes 

We now employ the following case of Holder's inequality 

n A. 
IT (u. + v.) J ;;, 
j=l) ) 

n A. 
IT u. J + 

j=l J 

n A. 
IT v. J 

j=l J 

where all 
then have 

u. , 
J 

v. ;;, O. With all products running from j 
J 

1 to j n, we 

i.e. 

A. A. A. A. 
ITR1~;;' IT(r2j (c/a) + r3j(b/a)) J;;, (c/a)ITr2~ + (b/a)ITr3~' 

R1 ;;, (c/a)r2 + (b/a)r3 , etc. 

Since (b/c) + (c/b) ;;, 2, it follows by addition that (1) is valid. 
Similarly to the proofs from 5.1 we can get the following result: 

THEOREM 9. With the same notation as in Theorem 8, the inequalities from 
Corollaries 1 and 2 are also valid. 

7° M. S. Klamkin [2J noted that the following generalization of 
Theorem 8 is also valid: 

Consider n triangles A1jA2jA3j of sides a 1j , a 2j , a 3j , and n points 

P1' •.• , Pn ' where P j is an interior or boundary point of triangle 

AjjA2jA3j for each j. Then if Rij and r ij denote the distances from P j 

to the vertex A;J' and the side a .. , respectively, and if A., R., r; are 
~ 1J J 1 ~ 

defined as in Theorem 8, inequality (1) is still valid. 
Of course, we can show that Theorem 9 is also valid, but in this 

case we should put 

a 
n A. 
IT a1~' 

j=l J 
etc. 
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5.3. In 1973, H. Demir [3] gave the following result: 

THEOREM 10. Erd5s-Mordell's inequality (1) holds for every point P in 
the plane of the triangle ABC when we make the interpretation Rl ~ 0, 
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etc. always and r 1 is positive or negative depending on whether P and A 

are on the same side of a or on opposite sides (the same for r 2 and r 3). 

The proof of this result was given in 1984 by C. W. Dodge [4]. 
With the same notation, the following result is given in [8] 

with equality for the centre of the equilateral triangle. 

5.4. Let w1 be the angle-bisector of the angle BPC (= 201)' etc., where 
:;,. P is an internal point of the triangle ABC. Of course, W1 7 r 1 , etc., so 

the following inequality of D. F. Barrow (GI 12.48) is better than (1): 

with equality as for (1). 
A. Oppenheim [5] gave a generalization of Barrow's inequality. Here, 

we shall give an extension of his result: 

THEOREM 12. Let x, y, z be real numbers. Then 

(23) 

with equality if and only if 

(24) x/sin 01 = y/sin 02 

Proof. As in [5], we have 

i.e. 

(25) 

Hence, 

1 1 
Ew (- + --)yz 

1 R2 R3 

2 cos 01' etc. 

where we used the well-known asymmetric trigonometric inequality of 
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J. Wolstenholme (see Chapter VI), because 81 + 82 + 83 = TI. 

8 0 Oppenheim proved (23) only for positive numbers x, y, 
not give the necessary and sufficient condition for equality, 
He only notes that equality in (23) is valid if x = y = z and 
83, which is a trivial case. 

THEOREM 13. Let Ri = IR2 R3 cos 81 , etc. Then 

(26) 

with equality if and only if 

CHAPTER XI 

z. He did 
i.e. (24). 
8 = 8 = 

1 2 

Proof. Using the substitutions x ~ x~, etc. and identity (25), we 
get Theorem 13 from Theorem 12. 

THEOREM 14. The following inequality is valid 

(28) (x, y, z ): 0) 

with equality if and only if P is the circumcentre and (24) is valid. 
Proof. It is known that (see GI 16.9): 

(29) R* ): w 
1 1 

with equality if and only if R2 = R3 . Hence we get (28) from (26). 

THEOREM 15. If x, y, z ): 0, then 

(30) 

with equality if and only if the triangle is equilateral, P is its centre 
and x = y = z. 

The following two theorems are equivalent to Theorem 12: 

THEOREM 16. Let x, y, z be real numbers. Then 

(31) 

with equality if and only if 

THEOREM 17. Let x, y, z be real numbers. Then 
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(33) 

with equality if and only if 

9° Theorems 16 and 17 are generalizations of some results from [5]. 
The case x = y = z = 1 of Theorem 13 is generalized for polygons in [6] 
(see xv .27) . 

Finally, we shall note that, using inversion, reciprocation and 
isogonal conjugate transformations, we can obtain from (30) and (28): 

(35) 

(36) 

(37) 

(38) 

where x, y, z ~ o. 
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6. Miscellaneous Inequalities Involving Characteristic Points 

6.1. l:bc ~ (l:AI)2. 
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Proof. (V. Mascioni). Since AI2 
we immediately get 

bc(s - a) and AI • BI 
s 

L:bc - 2abc (2. - L: sin ~2) .;; L:bc, 
s 2 

where we used GI 2.10. 
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abc sin C 
s "2 ' 

A. W. Walker and M. G. Greening, 'Problem E 2388', AIDer. Math. 
Monthly 79 (1972), 1135 and 80 (1973), 1142-1143. = = 

6.2. {E} 

P. Leuenberger and A. Bager, 'Aufgabe 678', Elem. Math. 27 (1972), 
115, and 28 (1973), 131. 

6.3. RrL:aAI ~ sITAI. 

We were informed of this result by W. Janous. 
Comment by V. Mascioni. One could derive a number of inequalities from 
the following identities: 

A 
L:aAI = 4rRL: cos "2 ' 

l:aAI 2 = 4srR. 

L:AI • BI 

Janous' inequality is equivalent to 

l: cos ~ ~ siR = l: sin A, 
2 

and thus to 

(1) 2/r7R.;; U(1 - a/s)a/s. 

A 
4rRl: sin "2 ' ITAI 

It is therefore an improvement of 2r .;; R, by Cauchy's inequality. Since 
2 

sl:AI = rl:aAI , Janous' inequality is also equivalent to 

A curious proof of Janous' inequality in the form (1) follows: by 
Cebysev's inequality we first get 

U (1 - a/s) a/s ~ ~s (l:/a) (l:IS=a) • 

Then, by the mean inequality Ml/2 ~ Mo' we get 
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Now, 3 • 2 1/ 3 (R/s)1/6(r/s)1/2 ~ 2(r/R)1/2 is equivalent to s ~ 3~ R, 
which is well-known and thus proves (1). 
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6.4. If the lines AI, BI, CI meet the circumcircle of the triangle again 
in 0, E, F, respectively, then 

L AI ~ 3 {E} 
10 . 

Proof. (R. H. Eddy). We will sharpen the inequality and also find an 
upper bound for the sum involved. With 

AI 

we obtain 

(1) 

A 
r cosec "2 ' ID 2 . A 

R S:Ln "2 

L AI = E-(sLbc - 3abc)/IT(s - a). 
10 2R 

With the known relations 

. 2 A 
s:m 2 

Lbc = r2 + 4Rr + 2 
s , abc 4Rrs, 

2 
r s 

the right member of (1) becomes 

(2) 

(s - ~~ (s - c) , etc. 

J1(s - a), 

With the help of (1) and (2), the Gerretsen inequalities 

are easily shown to be equivalent to 

(3) 
AI 

2(2 - r/R) ~ L 10 ~ 2(R/r + r/R - 1). 

We now use the familiar R ~ 2r to obtain our final result: 

(4) 3 ~ 2 (2 - E.) ~ L AI ~ 2 (~ + E. - 1). 
R 10 r R 

The lower bound is attained just when R = 2r, that is, just when the tri­
angle is equilateral, and then equality holds throughout in (4). 
Comment by M. S. Klamkin. We have simply 

(5) 

This follows immediately from 
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2 sin 2? sin .£ 
AI = __ --=2'-::-_-=-2 
ID . A 

s~n '2 
etc. , r = 4RII sin ~ 

2 
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and R) 2r. 
J. Garfunkel, S. C. Chan, R. H. Eddy, M. S. Klamkin, and J. Dou, 

'Problem 644', Crux Math. ~ (1981), 147 and ~ (1982), 154-157. 

6.5. With the same notation as in 6.4, 

(EAI)/(EID) ~ 1. 

L. Bankoff, J. Garfunkel, and o. P. Lossers, 'Problem S 23', Amer. 
Math. Monthly 88 (1981), 536-537. 

Comment by V. Mascioni. Since ID 2RE sin ~ = 1- EAI • BI, we get 
2 2r 

EAI EAI 
EID = 2r EAI • BI 

2r 
IIAI 

EAI 
E1/AI 

Now, by ITAI = 4r2R and by th ea . eq ality M • M ) M2 we get e m n ~n u 1 -1 0 

(EAI)/(EID) ) 2r(IIAI)-1/3 (2r/R) 1/3, 

which is a good companion to 6.5. 

6.6. 

Proof (V. l-Iascioni). 

2 
Ebc/AI = Es/(s - a) ) 9/(E(s - a)/s = 9. 

P. Balev and V. Gridasov, 'Problem 3', Mat. i Fiz. (Sofija) 11 
(1968), No.3, 57 and No.6, 53-54. 

6.7. Let AA1, BB1 , CC1 be the angle-bisectors of a triangle. Then 

G. Iure~, 'Problem 20233', Gaz. Mat. (Bucharest) 89 (1984),380. 

6.8. Let x, y, z be the distances from 0 to the sides of a triangle. 
Then 

ER/X > 3 and Ea/x ) 18 tan w (w is the Crelle-Brocard 
angle). 

The first inequality is Janous' correction of an inequality of 
R. Grozdanov, and the second is Mascioni's correction of another in­
equality of Grozdanov. 
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R. Grozdanov, 'Zadatak 5', Mat. i Fiz. (Sofija) 11 (1968), No.4, 
56. 

6.9. For acute triangles 

l:a/HA ~ 27R2/4F ~ 3/3. {E} 

This is an interpolating inequality for a result from 
'Problem F 2540', Koz. Mat. Lapok 35 (1985), 271-272 and 36 (1986), 

103-106. 

6.10. (a) 13:( s/3r :( l:HA/a. {E} 

(b) For acute triangles, 

Proof. (V. Mascioni and J. E. Pe~ari6) Since a/HA Itan AI, we 
have 

l:HA/a = l:lcotan AI ~ l: cotan A cotan w ~ s/3r ~ /3. 

This proves (a). 
For acute triangles we have 

l:HA/a = l: cotan A:( (2R2 + r 2 )/(sr) 
2 

or ~ 2R Irs, 

where we used (IX.6.15) and inequality 37) from Section x.1. 
Remark. (a) is due to G. Kalajd~i6. (b) is due to J. E. Pe~ari6 

and V. Mascioni_ 
G. Kalajdzic, 'Some Inequalities for the Triangle', Univ. Beograd. 

Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 247-273 (1969), 171-174. 

6.11. Let AL, BM, CN be the altitudes of a triangle. Then 

L. D. Kurljand~ik, 'Problem 2699', Mat. v ~kole 1984, No.1, 67 and 
1984, No.6, 66. 

6.12. Let A1 , B1 , C1 be the midpoints of the sides BC, CA, AB, respect­

ively. Then 

D. Dimitrov, 'Problem 2', Matematika (Sofija) 1975, No.5, 31 and 
1976, No.2, 36. 

6.13. With the same notations as in 6.12 we have 

(n E N). 
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S. Bilcev, 'zadatak 2', Ob. po matematika 1984, No.5, 60. 

6.14. If P is an arbitrary point, then 

3PG ~ EPA. 

Proof. Since 

~ ~ 

EPA = 3PG 

we have 

'Problem 461', Mat. v ~kole 1968, No.2, 89 and 1968, No.6, 82. 
Comment by V. Mascioni. By 1.1.(9) we get 

EPA ~ ~PG2 + Ea2 (a companion to 6.14). 

6.15. (a) 

(b) Depending upon the fact whether a triangle is acute, right, or 
obtuse, the following statements hold 

2 2 
EGA ~ 8R /3 

These results are due to J. E. Pecari~ and V. Mascioni, and they 
are an extension of a result from 

'Problem F 2299', Koz. Mat. Lapok 62 (1981),78 and 63 (1981), 
194-196. == 

6.16. Let 0 a = « GBC, etc., then 

E sin 0a ~ 3/2. 

J. Garfunkel, B. J. V~nkatachala, C. R. Pranesachar, and 
C. S. Gardner, 'Problem E 2715', Amer. Math. Monthly 85 (1978),384; 
86 (1979), 705-706, and 87 (1980), 304. = 

6.17. Suppose that AG, BG, CG meet the circumcircle of the triangle in 
A', B', C', respectively. Then the following results are valid 

(a) EAG ~ EGA'; (b) EAG/GA' = 3; (c) I1AG ~ I1GA'. 

Proof. From 4m! = 2Ea2 - 3a2 , etc., it follows that ~ ~ mc 

according as b ~ c, etc., i.e. 

(1) 2 2 -1 -1 
(b - c ) (~ - m c ) ~ O. 
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If D is the midpoint of BC, then rna • DA' 
2 (a/2) , so DA' 

GA' GD + DA' 

Thus 

2 
+ b2 2 

(a 2 _ b 2) (a 2 2 
GA' 

a + c 2 + - c ) - AG --m 6m 6m 3 a 
a a 

With this and two similar results we obtain 

(2) ~(GA' - AG) .!. ~(b2 2 -1 -1 = - c ) (~ - m ). 
6 c 

Now the right-hand side of (2) is non-negative by (1), and (a) follows, 
with equality just when the triangle is equilateral. 

(b) Applying some results used in the solution of part (a) again, 
we have 

Hence 

AG 
GA' 

~ AG 
GA' 

2 + c 

6 - 3 = 3. 

etc. 

(c) From (b) and the A.M.-G.M. inequality, we have 

1 =.!. ~AG/GA' ) (TIAG/GA,)1/3, 
3 

and (c) follows, with equality just when the triangle is equilateral. 
Remarks. 1° The above results and proofs are given as Problem 723 

in Crux Math. Part (a) is also given as Problem E 2959 in Amer. Math. 
Monthly, and part (b) is given as Problem 1119 in Math. Mag. 

2° Note that the following generalization of (c) is a simple con­
sequence of (b): 

Mr(AG/GA', BG/GB', CG/GC') ~ 1 (r < 1) • 

3° Further, note that the triplets (GA', GB', GC') and (AG/GA', 
BG/GB', CG/GC') are oppositely ordered, so using (b) and the ceby~ev 
inequality gives (a). 

G. Tsintsifas and K. Satyanarayana, 'Problem 723', Crux Math. 8 
(1982),77 and 9 (1983), 91-92. 

J. Garfunkel,='problem E 2959', Amer. Math. Monthly 89 (1982), 498. 
K. R. S. Sastry and T. Pham, 'Problem 1119', Math. M~. 55 (1982), 

180-182. --
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6.18. If la' I b , Ic are the excentres of a triangle, then 

(a) 12r ~ 4/3 s ~ LII ~ 7R - 2r; 
3 a 

(b) 

A 
Proof. (a) We have IIa = a sec 2 ' etc. If a ~ b ~ c, then sec ~ ~ 

2 

sec ~ ~ sec % . By the Ceby~ev inequality 

we have 

LII ~ 1.(La) (L sec ~2) ~ 1. 2s2/3 = 4/3 s 
a 3 3 3' 

On the other hand II! = 4R(ra - r), etc. Hence 

Since 

and 

we obtain 

4(% R(2R - r))1/2 ~ 7R - 2r. 

4R(rb + r c )' etc., we have 

2 
16R s, 

Remark. (V. Mascioni). The later inequality is equivalent to 6.3. 
A 

(use Iblc = 4R cos 2)' 
G. Kalajdzic, 'Some Inequalities for the Triangle', Univ. Beograd. 

Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 247-273 (1969), 171-174. 

6.19. Denote the Gergonne and Nagel cevians from vertex A by ga and 
respectively. Then 

n , 
a 
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~h .;;; ~g .;;; ~w .;;; ~m .;;; ~n • 
a a a a a 

R. H. Eddy, 'A Sequence of Inequalities for Certain Sets of Con­
current Cevians', Elem. Math. 35 (19BO), 145-146. 

6.20. With the same notations as in 6.19 we have 

222 2 
BRr + llr .;;; ~ga .;;; 4R + llr. {E} 

Proof. It follows from the law of cosines that 

putting 2(s - b) = a + c - b, we obtain 

Thus, 

327 

Put tl = a + b + C = 2s, t2 = ab + bc + ca = s2 + 4Rr + r2, t3 = abc = 

4Rrs. Then ~a2 t 2 
1 

2 3 
6t2 t 3 - tl t 3 - tlt2 

after some simplifications, we obtain 

(1 ) 

23242 
2r , and ~b c - ~b c = 4tlt2 

2 Using (1) and the well-known Gerretsen inequality s2 .;;; 4R2 + 4Rr + 
3r , we have 

so that 

2 2 2 2r2 
(4R + llr ) - ~ga ~ ~(R - 2r) ~ 0, 

with equality only for the equilateral triangle. Again, using the 

Gerretsen inequality s2 ~ 16Rr - 5r2, we have 

so that 

223 
~g ~ BRr + 13r - 4r /R, 

a 
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2 2 2r 
Eg - (8Rr + 11r ) ~--(R - 2r) ~ 0, 

a R 

with equality only for the equilateral triangle. This completes the 
proof. 

W. J. 
(1977) , 

Blundon and R. H. Eddy, 'Problem 478', Nieuw Arch. Wisk. 25 
423 and 26 (1978), 354-355. -

6.21. According to Feuerbach, in a triangle ABC the incircle and Euler's 
nine-point-circle are tangent at a point~. If A', B', C' are the mid­
points of the sides and the triangle is not equilateral, then 

2(R - r)/R(R - 2r) < E~A2 < 2R2 + 4Rr 

- r2 + 2(R - r)/R(R - 2r), 

R(R + r - /R(R - 2r)) < E~A,2 < R(R + r + /R(R - 2r)). 

Proof. It is known that (see for instance V. Thebault, Mathesis 
1929,~54; V. Thebault 'Sur les points de Feuerbach', Gaz. Mat. 39 
(1933), p. 42 or Problem 3396 from Gaze Mat. ~ (1924»: --

2R(bc - 4Rr - r2) _ r(b2 + c 2 _ a 2 ) 
2 (R - 2r) 

2 
~A,2 = R(b - c) 

4(R - 2r) 

By means of these equalities, 

(1) 
2 R - r 

E~A = 2(R _ 2r) Q + r(r + 4R), 
RQ 

4(R - 2r) 

where 

2 2 
Q = E(b - c) = 2s - 6r(4R + r). 

Note that the following inequalities are valid (see IX.5.3) 

(2) 4(R - 2r) (R + r - /R(R - 2r)) ~ Q ~ 

~ 4(R - 2r) (R + r + /R(R - 2r)). 

Combining (2) and (1) one finds the desired inequalities. 
Remark. We note that we can obtain extensions of the above inequal­

ities similar to those of Lupa~' inequalities (2) (see IX.5.3). 
A. Lupa~, 'Problem 343', Mat. Vesnik 1l (28) (1976), 365-366. 

6.22. A finite point X in the plane of the triangle ABC is called an 
isoperimetric point of this triangle if the triangle XBC, XCA and XAB all 
have the same perimeter 2a. For this point the following inequality is 



TRIANGLE AND POINT 329 

valid 

(J 1 r-; S > 9(3 + 2v3). {E} 

G. R. Veldkamp, 'The Isoperimetric Point and the Point(s) of Equal 
Detour in a Triangle', Amer. Math. Monthly 92 (1985),546-558. 

6.23. Let 10 be any tritangent centre (i.e., either the incentre or an 

excentre of a triangle), let N be the nine-point centre and let K and 
L be the points on the Euler line which are respectively the reflections 
of Hand G in 0; that is to say KL:LO:OG:GN:NH = 4:2:2:1:3. Then 

IK ~ 4R + r, 901 2 - 41 N2 > 41 N • I K. 
o 0 0 0 

A. P. Guinard. 'Incentres and Excentres Viewed from the Euler Line', 
Math. Mag. 58 (1985), 89-92. 

6.24. GI 14.28 gives the following well-known inequality 

( 1 ) W < TI/!'; 

in which W denotes the Crelle-Brocard angle. 
Refinements of this inequality were subject of many papers and 

problems. These results will be discussed in the following lines. 
First, we shall give the inequality 

(2) W3 < IT (A - w) • 

Proof. Inequality (2) is given by F. Abi-Khuzam. But, G. R. Veldkamp 
noted that there was some doubt as to the correctness of the method used, 
and he gave a simpler proof. Here we shall give the very simple proof of 
R. J. Stroeker and H. J. T. Hoogland (a modification of Veldkamp's 
proof) . 

The function x .... f(x) = log (x/sin x) is strictly convex on the 
-2 -2 

interval (0, TI), because f" (X) = sin x - x > 0 for 0 < x < TI. Hence 
by Jensen's inequality for a convex function f 

f(TI/6) = f(i L(W + (A - w)) < i L(f(W) + f(A - W)) 

so that 

TI/6 ,;:: 1 W A - W 
log(sin TI/6) ~ 6 logIT (sin W • sin(A - W))· 

Using the trigonometric version of Ceva's theorem, i.e. 

sin3 W = IT sin(A - w), 



330 CHAPTER XI 

inequality (1) and the fact that the function x/sin x is increasing on 
the interval (0, TI/6], we deduce 

which implies (2). 
Remark. L. Kuipers gave 
Let be given n positive 

a generalization of the above results: 
angles Aj subject to Ejik cotan Aj cot an ~ 

1. Define W < TI/2 by cotan W = E cot an A .. Then 
J 

w ~ arccotan /2n/(n - 1), II sin (A. - w) 
J 

wn < II(A. - w). 
J 

and 

In 1963, yff conjectured that w satisfies the following inequality 

(3) sw 3 ~ ABC. 

Proof. The first proof was qiven by F. Abi-Khuzam. Simpler proofs 
were given by o. Bottema and M. S. Klamkin. G. R. Veldkamp and 
R. J. Stroeker and H. J. T. Hoogland showed that (3) is a consequence of 
(2). Indeed 

because 4w(A - w) ~ A2 is equivalent to (A - 2w)2 ~ o. 
Inequality (3) follows from (2). This is an immediate consequence 

of the inequalities 

2w ~ MO(A, B, C) ~ Ml (A, B, C) = TI/3. 

R. J. Stroeker conjectured the following inequalities 

(4) 

(5) 

Also interesting are 

and 

proved in his joint paper with Hoogland. 
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Inequality (3) would be a consequence of (4). This is evident from 
the following equivalent form of (4): 

R. J. Stroeker and H. J. T. Hoogland noted that (4) and (5) would 
imply the inequality 

(8) 

which is a sharpening of (3). Since (5) is equivalent to 

this inequality implies that 

(9) min (A, B, C) ~ 2w. 

R. J. Stroeker and H. J. T. Hoogland provided substantial numerical 
evidence in support of conjectures (4) and (5) and gave an analytical 
proof for (4) in the case of an isosceles triangle. 

Finally, V. Mascioni proved (4) in his first paper. In his second 
paper he proved the following results: 

(i) The conjecture (5) is true. 
(ii) Let r (i.e. s) be the least (i.e. the largest) positive real 

number such that 

M (A, B, C) ~ 2w ~ M (A, B, C) -r -s 

is valid. Then 

1 ~ s ~ log(3/2) < log 3 ~ r ~ 2. 
log(4/3) log 2 

F. Abi-Khuzam, 'Inequalities of yff type in the triangle', Elem. 
Math. 35 (1980),80-81. 
~R. Veldkamp, 'Elementair bewijs van een Yff-achtige ongelijk­
heid', Nieuw Tijdschr. voor Wisk. 69 (1981),47-51. 

R. J. Stroeker and H. J. T. Hoogland, 'Brocardian Geometry Re­
visited or Some Remarkable Inequalities', Nieuw Arch. Wisk. (4), 
vol. 2 (1984), 281-310. 

L. Kuipers, 'Uitbreiding van de ongelijkheid van Abi-Khuzam tot 
meer dan vier hoekrootten', Nieuw Tijdschr. voor Wisk. 69 (1981-1982), 
No.4, 166-169. 

P. Yff, 'An Analogue of the Brocard Points', Amer. Math. Monthly 70 
(1963), 500. 

F. Abi-Khuzam, 'Proof of Yff's Conjecture of the Brocard Angle of 
a Triangle', Elem. Math. 29 (1974), 141-142. 

O. Bottema, 'On Yff's I;e'quality for the Brocard Angle of a Tri­
angle', Elem. Math. 31 (1976), 13-14. 

M. S. Klamkin, 'On yff's Inequality for the Brocard Angle of a Tri­
angle', Elem. Math. 32 (1977), 118. 
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V. Mascioni, 'Zur Abschatzung des Brocardschen Winkels', Elem. Math. 
41 (1986), 98-101. 
==R. J. Stroeker, 'Problem E 2905*', Amer. Math. Monthly 88 (1981), 
619-620. 

V. Mascioni, 'Zur Abschatzung des Brocardschen Winkels, II', Elem. 
Math. (to appear) • 

6.25. ~" A '- h cotan w 7 ~ tan 2 r vl. 

Proof. (G. R. Veldkamp) The function x ~ tan x is convex on (0, TI/2). 

Hence L tan ~ ) 3 tan i = /3, i.e. the second inequality is true. Further 

etc. 
Hence: 

cot an A + cotan B 
sin(A + B) 
sin A sin B 

2 sin C 
1 + cos C 

2 sin C ;;;, 
cos C + cos(A - B) 

A 
2 tan 2 ' 

cotan W = L cotan A ;;;, L tan ~ ;;;, 13. 

Emmerich-Anderson and Zerr, 'Problem 10656', Math. Quest. 54 (1891), 
100. 

6.26. (1) La sin A;;;' 18R sin2 W {E}, 

(2) L sin2 A ;;;, 9 sin2 w. {E} 

Remark. Inequality (2) is a simple consequence of (1). 
S. Terzijan, 'Problem 2', Matematika (Sofija) 1984, No.1, 37 and 
~, No.6, 38. 

6.27. 3 tan2 W ;;;, 8IT cos A. {E} 

Proof. (M. S. Klamkin) Since the r.h.s. is less than zero for non­
acute triangles, we can take the triangle to be acute. This being the 
case, we obtain a stronger intermediate inequality, i.e. 

with equality if and only if a b = c. Since 

and cos A 
222 

(b + c - a )/2bc, etc. , 

6.27 is equivalent to 

(1) 2 222 2 2 
48F ;;;, (La /abc) IT(b + c - a ). 
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Letting (a2 , b 2 , c 2 ) ~ (u, v, w), (1) reduces to 

3F2 ~ u + v + w 2 
1 uvw F, 

where F and Fl denote the areas of triangles of sides (u, v, w) and 

(~, IV, IW), respectively. Since 4F~ ~ 13 F by the Finsler-Hadwiger 

inequality, it suffices to show that 

3/3 ~ u + v + w 
4 uvw F 

or that 313 R ~ u + v + w. But the latter inequality is just GI 5.3 with 
equality if and only if a ~ b ~ c. 

A. W. Walker and M. S. Klamkin, 'Problem 322', Nieuw Arch. Wisk. 20 
(1972), 161 and 21 (1973), 113-114. 

6.28. If (U is the erelle-Brocard angle, and e any acute angle of a tri­
angle, then 

cotan W sin 2e > 2 in an obtuse-angled triangle, 

cotan W sin 2e < 2 in an acute-angled triangle. 

Proof. Since cotan W ~ Z cotan A, we have 

cotan w sin 2e ~ 2 cos e(sin(A + B) (cotan A + cotan B) + cos e) 

~ 2 COS 2 (A + B) + 2 sin2 (A + B) cos e/sin A sin B. 

This is > 2 or < 2 according as cos e/sin A sin B is > 1 or < 1. But 
cos e/sin A sin B ~ 1 - cotan A cotan B, which is < 1 if A and B are both 
acute, and> 1 if one of them is obtuse. 

A. Emmerich-Anderson and R. Knowles, Math. Quest. 53 (1890), 112. 

6.29. If w is the erelle-Brocard angle, then 

3 (IT cosec A)1/3 ~ _9 IT cosec A 
--'-"'-":===-=="-<..-:-~ ~ cos (,) '" 

2 2 1/2 8 2 1/2 
(Z cosec A) (Z cosec A) 

This result is due to W. Janous. 

7. Miscellaneous Inequalities Involving Arbitrary Points 

with equality if and only if P ~ o. 
Ju. I. Gerasimov, 'Problem 848', Mat. v ~kole 1971, No.4, 86. 
I. Tomescu, 'Problem 13232', Gaz. Mat. (Buchar~ 24 (1973),370. 
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7.2. (1) 
2 

r s, 

(2) 

In each case there is equality if and only if P = I. 
Proof. The following inequality is given by J. Wolstenholme (this 

is a simple consequence of the well-known trigonometric asymmetric in­
equality from Chapter VI) : 

By multiplying (1) and (2) by 4s and using 2rs 
rewritten, respectively, as 

Lar l , they can be 

(4) 

222 Now noting that if a l = a(2b + 2c - a), b l = b(2c + 2a - b), and c l 

c(2a + 2b - c), then a l , b l , c l are sides of a triangle, it follows that 

(4) and (5) are valid for all real r l , r 2 , r3 with equality if and only 
if r l = r 2 = r 3• 

L. Carlitz and M. S. Klamkin, 'Problem 910', Math. Mag. Sept.-Oct. 
1975, 242-243. 

7.3. 

M. S. Klamkin, 'Problem P 228', Can. Math. Bull. 17 (1974), 309. 

7.4. Let Si: = Rl + R2 + R3 - Ri (i = 1,2,3). Then 

M. S. Klamkin and M. H. Hendricks, 'Problem 377', Nieuw Arch. voor 
~ 23 (1975),90-91. 

H. Demir and M. G. Greening, 'Problem E 2160', Amer. Math. Monthly 
76 (1969), 300 and 1146-1147. 
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In each case there is equality if and only if ABC is equilateral 
and P is the centre of ABC. 

L. Carlitz, Math. Mag. 46 (1973) , 166. 
= 

7.7. LR1 (r1 + r 3 ) ;;;. L(r1 + r 2 ) (r 1 + r 3), 

L (R1 + R2 ) (R1 + R3 ) ;;;. 4L (r1 + r 2 ) (r 1 + r 3 ), 

with equality if and only if ABC is equilateral and P is its centre. 
L. Carlitz and M. S. Klamkin, 'Problem E 2348', Amer. Math. Monthly 

79 (1972),304 and 81 (1974),323-324. 

7.8. 

with equality if and only if the triangle is equilateral and P is its 
centre. 

F. Leuenberger and L. Goldstone, 'Problem 2445', Amer. Math. 
Monthly 80 (1973), 1138 and 81 (1974),1117-1119. 

7.9. 2 ~ 9 LR1W1 + 12w1w2w3 ~ 4 R1R2R3 , 

with equality if and only if the triangle is equilateral and P is its 
centre. 

Remark. This result is is given in: 
L. Carlitz and F. Gotze, 'Aufgabe 663', Elem. Math. 27 (1972), 19 

and l§. (1973), 17-18. 
Editor noted that the following generalization of the above inequality 
was given by J. Schopp: 

(A ;;;. 0) • 

A proof of 7.9 is also given in: 
S. Horak, '0 jedne nerovnosti v trojuhelniku' , Rozh. Mat. Fyz. 56 

(1977-1978), 433-437. 

7.10. 

This inequality is due to S. J. Bil~ev. 

7.11. If A;;;' 90°, then 
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min(R.) ~ ~ ~ max(R ) 
i 1 2 i i' 

D. Mihet, Gaz. Mat. (Bucharest) 88 (1983), 149. 

7.12. Let AA', BB' and CC' be concurrent cevians of a triangle ABC, 
and let a = AC'/BC', S = BA'/CA' and y = CB'/AB'. Let p ~ 0 be a real 
number. Then 

This inequality is due to W. Janous. For p = 2 we get an inequality 
of Filip. 

A. Filip, 'Problem 19279*', Gaz. Mat. (Bucharest) 88 (1983),250. 

7.13. With the same notation as in 7.12 

L __ Ct __ ;;;, 1. 
as + 1 2' 

L ___ ?- ~ 3 
(1 + a) (1 + S) '" "4 

The second inequality is due to W. Janous. The first one is given in: 
V. Stoican, 'Problem 9720', Gaz. Mat. (Bucharest) B 20 (1969),441 

and B 21 (1970), 148-150. 

7.14. Let AA', etc. be concurrent cevians of a triangle ABC. Then 

E. Popa, 'Problem 10551', Gaz. Mat. (Bucharest) B 21 (1970),492. 

7.15. Let D E BC and k = CD/CB. Then 

AD < kAB + (1 - k)AC. 

T. Andrescu, D. M. Batinetu, I. V. Maftei, and M. Tena, Gaz. Mat. 
(Bucharest) 88 (1983) 286 and 89 (1984), 148. 

7.16. Let P be a point in the interior of a triangle ABC, and D, E and 
F the feet of the normal-projections of P to sides a, band c, respect­
ively. Furthermore, r 1 = PD, r 2 = PE, r3 = PF, x = BD, Y = CE, z = AF. 
Then 

We were informed of this result by W. Janous. 

7.17. With the same notation as in 7.16. 

212 
LX ;;;'"4 La • 

This result is due to W. Janous. Note that 7.16. is a simple con-
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sequence of 7.17 and of GI 12.54. 

7.18. Conjecture: Let the point P be the feet of the altitude from A. 
Then 
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C. caragea, 'Problem 9307', Gaz. Mat. (Bucharest) B 19 (1968), 751. 

7.19. In the triangle ABC let M be any point on side BC. Prove that 

(AM - AC) • BC < (AB - AC) • Me. 

J. Vukroirovit, L. Bankoff, M. G. Greening, M. A. Bershad, 'Problem 
E 2128', AIDer. Math. Monthly 75 (1968), 1007 and 76 (1969),941-942. 

7.20. Let Ai (i = 0, 1, 2 (mod 3)) be the vertices of a triangle, r its 

inscribed circle with centre I. Let Bi be the intersection of the seg­

ment Ail with r and let Ci be the intersection of line Ail with the side 

Ai _ 1Ai +1 • Then 

(1) 

Editors noted that L. Goldstone proved 

E(3A.B. - A.C.) ~ 2r(1 - 2(r/R)). 
~ ~ ~ ~ 

Since R ~ 2r, this inequality is also an improvement of (1). 
J. Garfunkel and o. P. Lossers, 'Problem E 2634', AIDer. Math. 

Monthly 84 (1977) 58 and 85 (1978),281-282. 

7.21. In an acute triangle ABC, angle-bisector BTl intersects altitude 

AHl in D. Angle-bisector CT2 intersects altitude BH2 in E, and angle­

bisector AT3 intersects altitude CH3 in F. Then 

J. Garfunkel, 'Problem 222', Pi Mu Epsilon J. ~, No.5, 24 and 
l22£, No.5, 136-137. 

7.22. A1, Bl and C1 are points on the respective sides, opposite the 

vertices A, Band C of the triangle ABC. Then 
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if AC 1 :C1B = BA 1 :A1C = CB 1 :B1A holds true. 

This result, similar to 7.17, is given in: 
'Problem F 2142', KOz Mat. Lap. 56 (1978), 126 and 2l (1978),61-62. 

7.23. Let ABC be a triangle with P an interior pOint. Let A', B', C' be 
the points where the perpendiculars drawn from P meet the sides of ABC. 
Let A", B", C" be the points where the lines joining P to A, B, C 
meet the corresponding sides of ABC. Then 

LB'C' ~ LB' 'C". 

J. Garfunkel and C. S. Gardner, 'Problem E 2716', Amer. Math. 
Monthly 89 (1982), 594-598., 

7.24. Let AA1 , BB1 , CC1 be three arbitrary cevians of the triangle ABC. 

If AAl n B1Cl = P, BBl n A1Cl = Q, CC l n A1Bl = R, then 

(conjecture) . 

I. Safta, 'Problem C:114', Gaz. Mat. (Bucharest) 86 (1981), 224. 

7.25. Let A,B, (i = 1, 2, 3) be the arbitrary cevians of the triangle 
1 1 

A1A2A3 and let P be an interior point. If Mi is the point where the 

line parallel to AiBi drawn from P meets the side opposite to Ai' then 

min 
i 

F. S. Pirv~nescu, 'Asupra problemei 9539 din G. M. B. 4/1969', Gaz. 
Mat. (Bucharest) 86 (1981), 56-57. 

a) 

b) if BA ) CA then.· 
1 1 ' 

D. Secl~man, 'Problem 18974', Gaz. Mat. (Bucharest) 86 (1981),419. 

7.27. 

where 
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H. Toepken, 'Aufgabe 301', Jahresb. d. Deutsch. Math.-Verein. LI. 
2. Aht. Heft 2 (1941), 3. 

7.2B. 

7.29. 

ity: 

7.30. 

This is Janous' interpolation of an inequality from: 
G. Tsintsifas, 'Problem 1144', Crux Math. 12 (1986), 107. 

2:(s - a)R1 ~ 2F. 

This inequality of W. Janous is stronger than Tsintsifas' inequal-

2:(b + C)R1 ~ BF. 

G. Tsintsifas, 'Problem 1159', Crux Math. 12 (1986), 140. 

PA3 
2: --- ~ 3PG. 

bc 

I. Iwata, Encyclopaedia of Geometry, (Japanese), Tokyo, 1971, 
Vol. 5, p. 347. 

7.31. 2:1/ri > 9/max (a, b, c). 

D. M. B~tinetu, 'Problem 0:150', Gaz. Mat. (Bucharest) 85 (1980), 
325. --

7.32. 

Remark. This inequality is a simple consequence of (2) in 1.1. 
C. Cirtoaje, 'Problem 10732', Gaz. Mat. (Bucharest) B 21 (1970), 

682. ----

7.33. 

In each case there is equality if and only if P = I. 

Proof. Since IT sin ~ = ~R these inequalities are equivalent to 
GI 12.26 and 12.2ti. 

The first inequality is given in: 
'Problem 2920', Mat. v ~kole 1985, No.6, 64. 

7.34. The straight line through the incentre of a triangle ABC passes 
through the points P and L on sides AC and CB respectively. Then 

CP + CL ~ 2ab/s. 

L. Ljubenov, 'Problem 2', Obu~enieto po Matematika 1984, No.1, 59. 
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INEQUALITIES WITH SEVERAL TRIANGLES 

1. Inequalities Related to Two Trianqles Inscribed One in the Other 

1.1. Let ABC be a trianqle. Let D be a point between Band C, let E be 
a pOint between C and A, and let F be a point between A and B. Denote 
the areas of triangles DEF, AEF, BFD, CDE by G, F 1 , F2 , F3 , respectively, 

and assume without loss of generality that Fi ~ F2 ~ F3 · 
J. ),'. Rigby proved the [o:aowinq results; 

with equality if and only if AD, BE and CF are concurrent. 
Proof. Let BC, CA and AB be divided at D, E and F respectively in 

ratios x:x', y:y' and z:z', where x + x' = y + y' z + z' = 1, and let 
ABC have area FO. Then Fl y'ZFO' F2 z'XFO' F3 x'yFO' and G = (1 

y'z - z'x - x'y)FO = (xyz + (1 - z + yz - x + zx - y + xy - XyZ))FO = 
(xyz + x'y'Z')FO. Hence 

2 3 
(xyz - x'y'z') FO ) O. 

Equality occurs if and only if ~z,~ = 1, i.e. if AD, BE and CF are 
concurrent, by Ceva's theorem. x y z 

(b) If G, F l , F 2 , F3 are any positive real numbers satisfying the 

inequality (a), and if ABC is any triangle with area G + Fl + F2 + F3 , 

then there exist just k different positions for an inscribed triangle 
DEF such that the trianqles DEF, AEF, BFD and CDE have areas G, F l , F2 , 

F3 , where k = 1 or 2 according as we have equality or strict inequality 

in (a). 

Proof. (a) is equivalent to 
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This last inequality is trivially true if 4F1F2 - G2 < 0, and hence in 
all cases 

i.e. 

so that 

G2 + FiG - 2F1F2 ) O. 

Hence 

(2G + F 1) 
2 

) 2 
(F 1 + SF 1 F 2) , 

from which we easily deduce that 

G) l/(F2 
2 1 + SF 1 F 2) - F 1) . 

(d) Let G, Fl and F2 be any positive real numbers such that F2 ) 

1~ .2 is any number and G) '2( (F1 + SF 1F2 ) - F 1 )· If (~) G ) 4F1F2 and F3 

Fl 

such that Fl :( F2 
:( 2 

F3 , or if (ii) G < 4F1F~ and F3 is any number such 

t.hat F 1 :( F2 :( F3 :( (G3 
2 ~ 2 

+ G (F 1 + F2»/(4F1F 2 - G ), then there exists a 

triangle ABC and an inscribed triangle DEF such that the triangles DEF, 
AEF, BFD and CDE have areas G, F 1 , F2 and F3 (where Fl :( F2 :( F3). 

Remark. Inequality (c) is better than inequalities G ) Fl and G ) 
1F72 ~GI 9.1). 

O. Bottema proved the following result: 
(e) In a triangle ABC with area FO we can inscribe a triangle DEF 

such that the remaining triangles have given areas F 1 , F 2 , F3 if and 
only if 

1 2P 
- 2M(1 + cost] arc cos(~ - 1»), 

M 

where 3M = Fl + F2 + F 3 , P = F 1F2F3 . 

Remark. For a fixed value of M the minimum FM is an increasing 

function of P; as 0 < P:( M3 , we have 
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3M < FM < 4M. 

J. F. Rigby, 'Inequalities Concerning the Areas Obtained when One 
Triangle is Inscribed in Another', Math. Mag. 45 (1972), 113-116. 

O. Bottema, 'A Theorem on an Inscribed Triangle', Math. Mag. 47 
(1974), 34-36. 

1.2. If Fl is the area of the least triangle with given angles inscribed 

in ABC, then 

(by GI 10.8), with equality if 

and only if ABC and DOEOFO are similar. Here DOEOFO and inscribed tri­

angle DEF are similar. 
Remark. This result is due to A. Oppenheim, and it is a general­

ization of GI 9.17. 

1.3. Let AA l , BB 1 , CC l be concurrent cevians of a triangle ABC. If Fl is 

the area of A1B1Cl (A l , Bl , Cl ' on the sides BC, CA, AB, respectively), 
then 

with equality if and only if Al , B1 , Cl are the midpoints of the sides. 

Proof. (C. T~n~sescu) If x = BAl :A1C, y = CB l :B1A, z = AC l :C1B, 
then xyz = 1 and 

2 
Fl = IT(x + 1) F. 

So the result follows from x + 1 ~ 21X, etc. 
This is an elementary, but crucial property. Although it appears as 

Problem M 805* in 'Kvant', 1983, No.8, 52-53, it seems more plausible 
to consider this as an old, traditional result. Many special problems 
are manifestations of the above principle. Here we shall give the fol­
lowing result: 

If AA1 , BB1 , CC1 are the internal angle bisectors, then 

(1) 
2abc 

IT(b + c) F, 

so we qet as a result 
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J. T. Groenman and M. S. Klamkin, 'Problem 762', Crux Math. 8 (1982), 
209, 278 and 9 (1983), 249-250. 

Remark. Using (1) we get 

so the following inequalities are also valid 

4Rr Fl 2R (! 
2 2 

(-( 
2r 

2r 
F 9R - 4 

2R + 3Rr + 

Similarly, for the orthic triangle of an acute triangle we have 

2IT tan A 
IT(tan B + tan C) F 

i.e. 

For two similar results see 1.14 and 1.16. 

1.4. Let ABC be an arbitrary triangle and let P denote a point in the 
interior of ABC. Let D, E, F denote the feet of the perpendiculars from 
P to BC, CA, AB, respectively. Let FO and RO denote the area and the 

circumradius of DEF, respectively. Then the following results were 
proved by L. Carlitz: 

1 ) 

with equality if and only if P is the incentre of ABC. 

2) 

3) 

with equality if and only if P is the incentre of ABC. 

4) 

with equality if and only if P is the incentre of ABC. 

5) 
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with equality if and only if ABC is equilateral and P is the incentre. 

6) 

with equality if and only if P is the circumcentre of ABC. 

7) 

with equality if and only if ABC is equilateral and P is the incentre. 
L. Carlitz, 'Some Inequalities for the Triangle', Univ. Beograd. 

Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 357-380 (1971),7-10. 

1.5. Let P be an interior point of an acute triangle ABC, with pedal 
triangle DEF. Then 

with equality if and only if ABC is equilateral and P is its centroid. 
J. Garfunkel and L. Bankoff, 'Problem E 2038', Amer. Math. Monthly 

74 (1967), 1262 and 76 (1969), 87. 

1.6. Let DEF be a triangle inscribed in ABC (with area FO). Then 

LDE2 ~ 12R2 IT sin2 A 

l: sin2 A 

with equality if and only if DEF is the pedal triangle of the Lhuilier­
Lemoine point. 

E. Egervary, 'Uber ein Minimumproblem der Elementargeometrie' , J. 
reine angew. Math. ~ (1938), 174-186. 

1.7. Let m = max (DE, EF, FD), where DEF is a triangle inscribed in ABC. 
If A, B, C < 2~/3, then 

m ~ 2R( IT sin A )1/2 
L cotan A + /3 

with equality if and only if DEF is the pedal triangle of the isodynamic 
point P, i.e. if and only if for this point aR1 = bR2 = CR3 • 

If A ~ 2~/3, then 

m ~ 2R IT sin A 
sin B + sin C 

(FO is area of ABC), 

with equality if and only if DEF is the pedal triangle of the mid-point 
Al of the side BC. 

E. Egervary, The same reference as in 1.6. 

1.B. Let ABC be a given triangle and let DEF be the pedal triangle of a 
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point M inside of triangle ABC, with the sides a 1 , b 1 , c 1 . For an arbi­

trary point P inside of triangle ABC, let Rl = AP, R2 = BP, R3 CPo 

(
aR 1 bR2 CR3) 

Then max ---, b' has a minimum if and only if P = M. Also, 
a 1 1 c 1 

La 1R1 has a minimum if and only if P is an isogonal point to the point 

M with respect to the triangle ABC. 
E. Egervary, The same reference as in 1.6. 

1.9. If Pa' Pb' Pc denote the lengths of the perpendiculars from the 

vertices B, C, A to the medians rna' mb , mc ' respectively, of an acute 

triangle ABC, then LP is not less than the sum of the sides of the tri-
a 

angle of minimum perimeter which can be inscribed in ABC. 
J. Garfunkel and L. Bankoff, 'Problem E 2037', Amer. Math. Monthly 

74 (1967), 1262 and 76 (1969), 86. 

1.10. Let L, M, N be the feet of the altitudes of triangle ABC and let 
Fl be the area of triangle LMN. Then 

Proof. Since quadrilateral BCMN has a circumscribed circle, we 
have 

(1) BL • CL LM • LN, 

and similarly 

(2) CM • AM = LM • MN, AN • BN = LN • MN. 

If A1 , B1 , C1 are the angles of triangle LMN, then by (1) and (2) we 
obtain 

LBL • CL 

since 

L cosec Al ~ 213. 

G. Kalajdzic, 'Some Inequalities for the Triangle', Univ. Beograd. 
Publ. Elektrotehn. Fak. Sere Mat. Fiz. No. 247-273 (1969), 171-174. 

Remark. The following inequality is also valid: 

La/HL ~ 313F /F 1. 

R. Somesan, 'Problem 20401', Gaz. Mat. (Bucharest) 90 (1985), 124 
and 91 (1986), 128. 

1.11. With the notation as in 1.10, the perimeter of the triangle LMN is 
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greater than the chord of triangle ABC through the orthocentre H parallel 
to LM. 

This result is due to G. D. Chakerian and M. S. Klamkin. 

1.12. Let D, E, F be points on BC, CA and AB, respectively, and let L 
and Ll be the perimeters of triangles ABC and DEF, respectively. If 

AF:FB BD:DC CE:EA 1 :k (k> 1) 

then 

k 2 _ k + 1 < ~ < _k_ 
(k + 1) k L k + 1 

Both bounds are best possible. 
This is a result of W. Janous, and it is a generalization and re­

finement of a result from: 
V. Tur~aninov, 'Problem M 692', Kvant 1981, No.7, 19 and 1982, 

No.3, 31-32. 

1.13. Given are a triangle ABC, its centroid G, and the pedal triangle 
PQR of its incentre I. The segments AI, BI, CI meet the incircle in U, 
V, W. Let F l , F2 be the areas of triangles PQR and UVW. Then 

J. Garfunkel and M. S. Klamkin, 'Problem 648', Crux Math. 7 (1981), 
178 and ~ (1982), 180-181. 

1.14. In the triangle ABC let P E AB, M E BC, N E CA be such that the 
lines through A and M, Band Nand C and P divide the circumference of 

1 
ABC in two equal parts. Then, area (MNP) ~ 4 area (ABC). 

We were informed of this result by W. Janous. 

1.15. In the triangle ABC let M, N, P be the midpoints of AB, BC and CA, 
respectively. Furthermore, let U E MB, V E NC, W EPA. Then 

area (UVW) ~ area (MNP) 

L. Panaitopol, Gaz. Mat. (Bucharest) 85 (1980),41 and 434. 

1.16. Let P be in the plane of ABC (not a vertex), PU internal bisector 
of BPC, U on BC, SO for V, 'v. Then 

area (UVW) ~ l F 
4 

with equality if and only if P is the circumcentre. 
Proof. We have in fact 
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area (UVW) • F";; F. 
4 

This result is due to A. Oppenheim. 

1.17. Equilateral triangle ABC is inscribed in triangle XYZ, with A 
between Y and Z, B between Z and X, and C between X and Y. Show that 
XA + YB + ZC < XY + YZ + ZX. Is equality possible? 
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C. P. Popescu, 'Problem E 3091', Amer. Math. Monthly 92 (1985),360. 

1.18. Let P be an interior point of a triangle ABC, with pedal triangle 
DEF. Then 

'Problem E 2517', Amer. Math. Monthly 83 (1976). 

1.19. Let A1 , B1 , C1 be points on ths sides BC, CA, AB of the triangle 

ABC, respectively, and a 1 , b 1 , c 1 the sides of the triangle A1B1C1 • If 

F is the area of ABC, then 

G. A. Tsintsifas, 'Problem E 3154', Amer. Math. Monthly 93 (1986), 
482. 

1.20. Conjecture: Let three points P, Q, R be on the sides AC, BC, AB of 
a triangle ABC, respectively. If PA + AR RB + BQ = 9C + CP, then 

PR + RQ + QP ~ s. {E} 

This conjecture is due to Tao Maoqi and Zhang Jingzhong. They 
provided substantial numerical evidence in support of their result. 

Private communication. 

2. Some Other Inequalities with Triangles Connected to the Given Triangle 

2.1. Let AI, BI, CI cut the circumcircle of the triangle 6 = ABC in A', 
B', C', respectively. It is easily verified that the angles of 6' = A'B'C' 

IT - A IT - B IT - C 
are ---2-- ---2-- ---2-- We may call 6' the first derived triangle of 

ABC, and similarly the n-th derived triangle 6(n) of 

the first derived 

of 6(n), we have 

, (n-l) (n) (n) 
tn_angle of 6 . If A ,B , 

(n) 2n _ (_1)n (_l)n 
A = IT + --n- A, 

3 • 2n 2 
etc.' 

ABC recursively as 
(n) 

C are the angles 
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All the triangles D(n) have a common circumcircle, namely the 
circumcircle of D, and the following inequalities are valid: 

(1) r(;r', 

(4) r ~ r' 
a a 

(2) F (; F', (3) 5 ~ Sf, 

(5) LA' I (; LA' 'I' • 

For each of the first three inequalities there is equality if and only 
if the triangle D is equilateral. 

L. Carlitz, 'Some Inequalities Related to Euler's Theorem R ~ 2r', 
Publ. Inst. Math. N. S. 12 (26) (1971), 11-17. 

2.2. Let ABC be a triangle with centroid G inscribed in a circle with 
centre O. A point M lies on the disk w with diameter OG. The lines AM, 
BM, CM meet the circle again in A', B', C', respectively. Then 

area (ABC) (; area (A'B'C'). 

G. Tsintsifas, 'Problem 743', Crux Math. 8 (1982), 135 and ~ (1983), 
182-184. 

2.3. Let a triangle ABC be given and M be a point of its interior. The 
lines through A and M, Band M, C and M shall intersect the respective 
sides in Al , Bl and Cl . Let sl' s2' ..• , s6 be the areas of triangles 

MA 1B, MA1C, MB 1C, MB1A, MC 1A and MC 1B, respectively. Then 

with equality if and only if M is the centroid of ABC. 
We were informed of this result by W. Janous. 

2.4. P 
to the 

B2 , Cl , 

are sl' 

51' S2' 

is an interior point of a triangle ABC. Lines through P parallel 
sides of the triangle meet those sides in the pOints Al , A2 , Bl , 

C2 as shown in the figure. The areas of the triangles A1C2P, etc. 

s2 and 53' and the areas of the parallelograms AB1PC2 , etc. are 

S3' 

A 

B c 
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Then the following inequalities are valid: 

where s ~ 1/2 ~ r. 
(b) (Gel1i) 

(c) (Tsintsifas) 
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Remarks. (a) is a simple generalization of a result of Gerasimov 
and Kalajdzi6. 

(b) If P = I, then A1C2 + B1A2 + C1B2 ~ (a + b + c)/3. This is a 
result from: 

S. Iwata, Encyclopaedia of Geometry (Japanese), Tokyo, 1971, Vol. 5, 
p. 344. 

I. Gerasimov, 'Problem 701', Mat. v ~kole 1969, No.6, 65 and 1970, 
No.4, 86. 

G. Kalajdzi6, 'Some Inequalities for the Triangle', Univ. Beograd. 
Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 247-27~ (1969), 171-174. 

R. Gel~, 'Problem 19955*', Gaz. Mat. (Bucharest) 88 (1983), 464 
and 89 (1984),373. 
G.~sintsifas and S. Wagon, 'Problem 862', Crux Math. 9 (1983), 208 

and 10 (1984),322-323. 

2.5. In a triangle ABC the tangents to the incircle and parallel to the 
sides of the triangle are drawn. They generate three small triangles 
with areas F l , F2 and F3 . Then 

Proof. (W. Janous) All triangles are similar, so we have 

FFl = (hch- 2r)2 = (1-c/s)2, 

c 
etc. 

Since 

( 
1 Fl)1/2 1 2 1/2 1 

= - -- = (- =(1 - a/s)) ~ - =(1 - a/s) 
3 F 3 3 

1/3, 

we get the desired inequality. 

2.6. Let P be an interior point of a triangle ABC and let AAl and BBl be 
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two of its cevians. If F E ABl and G E BC such that F, P and G lie on 
the same line, then 

area (B PA ) ~! area (FGC). 
1 1 4 

N. Nenov and J. Tabov, 'Problem 2', Matematika (Sofija) 1979, No.1, 
35 and 1979, No.4, 35-36. 

2.7. The points, D, E, F lie on the hypotenuse AB of a right triangle ABC 
such that CD is normal to AB, CE is the angle-bisector of C and CF is the 
angle-bisector of the angle BCD. Then 

F;;' (/2 + 1) • area (CEF). 

E. A. Bokov, 'Problem 1163', Mat. v ~kole 1973, No.1, 75 and 1973, 
No.5, 87. 

2.8. Let in the exterior of a triangle ABC be constructed a triangle 
A1B1C1 (with area F1), the sides of which are a distance d apart from 

the sides of ABC. Then 

Fl = (d + r)2 Z cotan ~ and 

N. Teodorescu, 'Problem 3', Gaz. Mat. (Bucharest) 89 (1984), 
409-411. 

2.9. Given a triangle ABC with its inscribed circle (I), lines AI, BI, 
CI cut the circle in points D, E and F, respectively. Then 

ZAB ;;. (ZDE) //3. 

J. Garfunkel and W. Dodge, 'Problem 368', Pi Mu Epsilon J. 6 (1976), 
227 and ~ (1977), 376. 

2.10. Let a triangle ABC be given. Let midpoints of its sides BC, CA, AB 
be A1 , B1 , C1 ' respectively. Let the angle-bisectors of the triangle 

A1B1C1 meet the sides of the triangle ABC in points M, N, P, respective­

ly. If BC < CA < AB, then 

ZBM = 2s and 

D. Cvetkov, 'Problem 4', Oh. po Matematika (Sofija) 1980, No.1, 41 
and 1980, No.5, 46-47. 

2.11. Al lies on the side BC of a triangle ABC. Let the radii of in­

circles of triangles ABAl and AA 1C be equal. Then 
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M. Mar~ev, 'Problem 1', Matematika (Sofija) 1976, No.5, 34 and 
1977, No.2, 37. 

2.12. Let I be the inc entre of a triangle ABC, and let R, Rl , R2 , R3 be 

the radii of circumcircles of triangles ABC, BIC, CIA and AlB, respect­
ively. Then 

Proof. Using the sine law we get a = 2Rl sin(TI _ B ; C) = 2R sin A, 

i.e. 2 A . A A A 
Rl cos 2 4R s~n 2 cos ~. Hence Rl = 2R sin 2 ' etc. and 

2R(2R - r). 

The above inequalities are now a simple consequence of this identity. 
Remark. The first inequality was proved by K. V. Vetrov. Further, 

since for non-acute triangles r ~ (1:2 - l)R, we have 

K. V. Vetrov, 'Problem 419', Mat. v ~kole 1967, No.6, 77 and 1968, 
No.4, 81-82. 

2.13. Let P be a point inside a non-obtuse triangle ABC, and let D, E, 
F be the pOints situated symmetrically to P with respect to the sides 
BC, CA, AB. Then the following generalization of GI 10.4 is valid 

(1 ) area DEF ~ area ABC. 

If ABC is equilateral and s' is the semi-perimeter of DEF, then 

(2) 2s/l3~ s' ~ s. 

The left-hand-side equality occurs if and only if the pOint P is located 
at one of the vertices of ABC. The right-hand-side equality occurs if 
and only if P is located at the centroid of ABC. 

M. S. Klamkin, 'Notes on Inequalities Involving Triangles or 
Tetrahedrons', Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. 
No. 330-337 (1970), 1-15. 

2.14. Let the side BC of a triangle ABC be subdivided using the points 
B = PO' P1 ' ••• , Pn- l , Pn = C in order. If r i is the inradius of triangle 

APi - 1Pi for i = 1, ••• , n, then 

r l + ••• + r < 1 h log ___ s __ • 
n 2 a s - a 

Proof (V. Mascioni). We prove the following refinement: 



352 CHAPTER XII 

with equality if and only if r 1 = rn' 

Define F(x, y): ~ and note that 
x + y 

(2) F(r + s, t)F(r + u, v) F(s + u, t + v) 

is equivalent to 

(3) o. 

If we consider the following figure, 

Fig. 1. 

we find that (3) holds true (by the Theorem of Carnot, we have that (3) 
is equivalent to cos a + cos S = 0, which is evidently satisfied since 
a + S = TI), hence (2) is true in this case, too. As regards Demir's in­
equality, we obtain thus (with complete induction) 

(4) 
s - a 

a 

n 
IT 

i=l 

where the index i refers to triangle APi _ 1P i • NOw, the geometric-arith­
metic-mean inequality gives 

n 
1 - 2 L: 

nha i=l 
t:. , 

1 

which is nothing but (1), and which is a refinement of Demir's inequality 
s - a lin 1 s . 1 

since 1 - (-----) < - log ----- (followlng from 1 - - < log x for 
x>l). s n s-a x 

H. Demir, 'Problem 1206', Math. Mag. ~ (1985), 46. 

2.15. Let P be an interior or boundary point of a triangle ABC. If the 
triangles PBC, PCA, PAB have the inradii Pa ' Pb , Pc' respectively, then 

r < L:p < min (a, b, c). 
a 

H. Demir, 'Incircles within',Math. Mag. 59 (1986),77-83. 
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2.16. 313Rr ~ area (I IbI ) ~ 4R2 + 2Rr(313 - 4). {E} 
a c 
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2.17. Let TO = ABC be a given triangle. Consider a sequence of triangles 

Tk (k = 1, 2, ••• ) where the sides a k , bk , ck of Tk are equal to the 

exterior angle-bisectors of Tn _ 1 . Let Fk be the area of Tk and Qk = 
2 

L(bk - a k ) . Then 

This inequality is due to G. R. Veldkamp, and it is a refinement of 
an inequality of P. Finsler and H. Hadwiger (see GI 4.7). 

2.18. Let D, E, F be the centroids of the equilateral triangles con­
structed outwardly on the sides of an arbitrary triangle ABC. Then 

area (DEF) ~ area (ABC). 

A. Ermilov, Kvant 1977, No.5, 16. 

2.19. Let, on the elongations of the side BC of a triangle ABC, be 
projected the lengths CA' = BA" = b + c, on elongations of the side AC: 
AB' = CB" = a + c and on the elongations of the side AB:BC' = AC" = 
a + b. If F is the area of the triangle ABC and F 1 , F2 , F3 , F l, F2, F; 

are areas of the triangles CA'B', AB'C', BC'A', BA"C", AB"C", CA"B", 
respectively, then 

(a) 
F 

(b) 

Remark. This is a result of I. Georgescu. Of course, (b) is a simple 
consequence of (a) and the geometric-arithmetric mean inequality. There­
fore, using (a) and Jensen's inequality for convex functions we can give 
a generalization of (b) (see Section VIII.1). 

2.20. Let be given a triangle ABC of area F. Three lines parallel to the 
sides of the triangle and intersecting them give the new triangle MNK of 
area F'. The sides of these triangles form six new triangles of areas 
F 1 , F2 , .•• , F6 . Then 

2.21. Let BCP 1 and P2CB be the two equilateral triangles constructed on 

the side BC of an arbitrary triangle ABC. If ex = AP2 and S = AP 1 , then 

(i) as ~ Lbc, 

(ii) 2s//3 ~ ex + S ~ 2s, 
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(iii) 

If P is a point in the interior of the triangle ABC, then 

(iv) cPA + aPB + bPC ~ as, 

(v) bPA + cPB + aPC ~ as. 

S. Iwata, Encyclopaedia of Geometry (Japanese), Tokyo, 1971, vol. 5, 
pp. 343-344 and 347-348. 

2.22. Let P be a point in the plane of a triangle ABC. If F 1 , F2 , F3 are 

areas of the triangles PBC, PCA and PAB, respectively, then 

V. V. Nakladem, 'Problem E 558', Amer. Math. Monthly 50 (1943), 12 
and 567-568. 

2.23. If A1 , B1 , C1 are the second points of intersection of the alti­

tudes and the circumcircle of an acute triangle ABC, then 

S. Iwata, Encyclopaedia of Geometry (Japanese), Tokyo 1971, Vol. 5, 
p. 355. 

3. The Neuberg-Pedoe and the Oppenheim Inequalities 

3.0. Introduction 

This Section concerns results about the well-known Neuberg-Pedoe and the 
Oppenheim inequalities for the areas of two triangles. Of course, these 
inequalities were considered in the book 'Geometric Inequalities' [1], 
but after the appearance of this book many new results connected with 
these inequalities appeared. 

Firstly, it was noted that Pedoe's result from GI 10.8 was partly 
proved in 1891 by J. Neuberg, and many authors call this inequality the 
Neuberg-Pedoe inequality. 

Further, A. Oppenheim noted that his inequality from GI 10.12 is 
equivalent to the Neuberg-Pedoe inequality. 

Several papers contain new proofs of the Neuberg-Pedoe inequality. 
In 3.1. we shall show that the idea of a very simple Carlitz proof can 
be used in the proof of the Oppenheim inequality, too. 

In 3.2. we give the comments of O. Bottema on the mixed area of 
two triangles. It is interesting that one of his results is connected 
with a result of L. Carlitz, which we give in 3.3. An extension of the 
Carlitz results is also given. 



INEQUALITIES WITH SEVERAL TRIANGLES 355 

Refinements of the Neuberg-Pedoe inequality were given in several 
papers. We give some new proofs and some extensions of these results. We 
also give some similar results for the Oppenheim inequality. 

Further, we give some generalizations of the Neuberg-Pedoe inequal-
ity. 

In 3.6. we shall consider some further generalizations of the 
Oppenheim inequality for triangles, quadrilaterals and tetrahedra. We 
shall give some extensions of these results. 

3.1. The Neuberg-Pedoe and the Oppenheim Inequality 

THEOREM A. Let ai' bi' c i denote the sides of the triangle AiBiCi (i 1, 

2) with areas F,. Then 
~ 

(1) H ;;, 16F1F 2 

2 2 2 2 
where H = Za 1 (-a2 + b 2 + C2 ), with equality if and only if the triangles 

are similar. 
This is the well-known Neuberg-Pedoe inequality (see [2-6] or GI 

10.8) • 
There exists several proofs of the Neuberg-Pedoe inequality. For 

some of these proofs see also [7-11]. 
L. Carlitz [8] gave a very simple proof of this inequality by using 

the well-known Acz~l inequality, i.e. the following special case of the 
Acz~l inequality: 

LEMMA 1. Let a = (a 1 , .. -, 
real numbers, such that 

(2) 

Then 

(3) 
2 

a -
2 

a ) and b 
n 

and 

(b 1 , .•. , bn ) be two sequences of 

b~ - b~ -

2 
- b ) « 

n 

with equality if and only if the sequences a and b are proportional. 
A. Oppenheim [12] (see also GI 10.12) gave the following result: 

THEOREM B. Suppose that A,B,C, (i = 1,2) are triangles with sides a" 
~ ~ ~ 2 2 1/2 ~ 

bi' c i and areas F i • Define numbers a 3 , b 3 , c 3 by a 3 = (a 1 + a 2 ) , etc. 

then a 3 , b 3 , c 3 are the sides of a triangle with area F3 , and the fol­

lowing inequality is valid 

(4) 
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with equality if and only if the triangles are similar. 
Remark. Note that a necessary and sufficient condition for 

triangularity is p2 > o. 
Now we shall show that the Oppenheim inequality is a simple con­

sequence of the well-known Bellman inequality [13] (see also [14, p. 38] 
or [15, p. 58]), i.e. of the following consequence of Bellman's inequal­
ity: 

LEMMA 2. If a and b are sequences of non-negative real numbers which 
satisfy (2), then 

(5) 

with equality if and only if the sequences a and b are proportional. 
Proof of Theorem B. To prove (4) we take 

and similarly for P2 and F3 • Now put 

2 
b2 2 21/2 2 21/2b2 a l -+ a l + + c l , a 2 -+ a l , a 3 -+ 

1 1 ' 

21/2 2 b -+ 
2 2 2 b -+ 21/2 2 a 4 -+ c l , a2 + b 2 + c2 , a2 , 

1 2 

b 3 -+ 21/2b2 b ... 21/2 2 
2' 4 c 2 • 

Then (2) holds and (5) becomes 

with equality if and only if the triangles are similar. 
Remarks. 1° By the same substitution which converts Lemma 2 into 

Theorem B, one also derives Theorem A from Lemma 1. 
2° Oppenheim noted in [16] that Theorems A and B are equivalent. He 

also noted that Theorem B (and, therefore, Theorem A) is equivalent to 
GI 14.1. Analogously, we can easily show that Lemmas 1 and 2 are also 
equivalent. 

3° Further, it is known that Lemmas 1 and 2 can be easily proved by 
using the Cauchy and the Minkowski inequalities, respectively (see [17]). 
Therefore, we can give a simple proof of Theorems A and B by using these 
inequalities, too. 
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4° A generalization to several dimensions of the Neuberg-Pedoe in­
equality is given in [18]. The same is also valid for the Oppenheim in­
equality (see 3.6. of this Section or [16]). A generalization for two 
n-gons of the Neuberg-Pedoe inequality is given-in [19]. 

3.2. Comment by O. Bottema: On the Hixed Area of Two Triangles 

3.2.1. For the area Fl of the triangle with sides a 1 , b 1 , c 1 and the 

angles A1 , B 1 , C1 we have 

222 
a homogeneous quadratic form of a 1 , b 1 , c 1 . For a second triangle with 

sides a 2 , b 2 , c 2 the analogous formula holds. We consider the expression 

(6) 

that is the 'polar form' of the two quadratics. We shall call F12 the 
'mixed area' of the two triangles. We have 

(7) 

Hence F~2 > 0: the mixed area is a real number. 

(8) 

Obviously, F12 = F21 , Fll = F 1 , F22 = F2 · 

Furthermore, 

and therefore 

that is the Neuberg-Pedoe inequality. 

3.2.2. Bottema met the concepts in 3.2.1. dealing with the following 
problems. In a plane two triangles A1B1C1 and A2B2C2 are given. Question: 

is it possible to place them in such a way that A1A2 , B1B2 , C1C2 are 
parallel? 
Answer: it is possible if and only if 

(9) 
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The same condition holds for two triangles in space if one is a parallel 
projection of the other. 

A second problem: once more two triangles A1B1C l and A2B2C2 are 

given. Is it possible to place A2B2C2 in such a way that it is an in­

scribed triangle of A1B1C l ? (A2 , B2 , C2 on the corresponding sides - if 

necessary extended - of A1B1C l )? 

Answer: the necessary and sufficient condition reads 

The above lines are a summary of two papers: [20] and [21]. 

3.3. On a Result of Carlitz 

L. Carlitz [22] proved the following result: 

THEOREM C. If the differences 

( 10) 

are all positive or all negative and in addition the numbers 

(11 ) 1 2 211/2 
a 1 - a2 ' Ib2 _b2 11/2 

1 2 ' 

form the sides of a triangle 6 (possibly degenerate), then 

( 12) 8 (F~ + F~) - H 

where F(6) denotes the area of 6. Otherwise, 

(13 ) 

Remark. Inequality (13) is the same as (9), so the above result 
gives more information on triangles satisfying the first Bottema question 
from 3.2.2. 

Now we shall give an extension of Theorem C, i.e. the following 
theorem is valid: 

THEOREM D. If the differences (10) are all positive or all negative and 
in addition the numbers (11) form the sides of a triangle 6 (possibly 
degenerate), then equality (12), and equalities 

(14) 

and 
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(15) 

are valid. Otherwise, 

(16) 

Proof. The following identity is given in [22]: 

( 17) T 

where 

Note that the following identity is also valid 

(18) 

So, we have 

(19) 

(20) 
2 

16F3 - 4H = T. 

2 
T + 16F3 
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and 
Note that if the differences (10) are all positive or all negative 

in addition the numbers (11) form the sides of a triangle 6, then 

T = 

(21 ) 

16F2 (6). In this case we have 

Otherwise T < 0, so from (19) and (20) we get (16). 
Remark. Obviously, (16) is the refinement of (13). 

3.4. Sharpening the Neuberg-Pedoe and the Oppenheim Inequality 

K. S. Poh [23] proved the following refinement of (1): 

THEOREM E. Let conditions of Theorem A be satisfied, and let 

Then 
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and E = 16F1F2 if and only if the two triangles are equibrocardian, i.e. 

if and only if the two triangles have equal Crelle-Brocard angles. More­
over, the following are equivalent 

(ii) H = E, (iii) 

J. F. Rigby [24] gave a short proof of Theorem C. In the proof of 
inequality 

he from the fact 4F. /X~ 2 
starts that = - 2Y. , where X. = Zai , Y. = 

(i 1 , 2) . 
l l l l l = 

We shall note that (23) is also a simple consequence of Lemma 
Indeed, we have 

16F1F2 Ix~ - 2Y11x~ - 2Y2 .;;; X X -
1 2 21Y1 Y2 = E 

where we used (3) for n 
Since [23]: 

2 
2. Equality occurs if and only if X1/Y1 

and 

condition for equality is equivalent with 

i.e. 

2 
(Z cotan A1 ) 

2 
(Z cotan A2 ) , 

(24) Z cotan A1 = Z cotan A, 

since Z cotan A. ;:;, /3 (i = 1, 2) (GI 2.38). 
l 

4FZ cotan A, 

Za~ 
l 

1. 

In the formulation of his theorem, Poh gave equation (24) for E = 
16F1F2 • We remark that cotan w = Z cotan A, W being the Crelle-Brocard 

angle of the triangle, so (24) becomes cotan Wl = cotan W2 ' i.e. Wl = W2 • 

Therefore, E = l6F1F2 if and only if the two triangles are equibrocardian. 

Further, we shall note that inequalities (22) can be proved by the 
method of Carlitz, if instead of Lemma 1 we use the following refinement 
of Aczel's inequality: 

LEMMA 3. If the conditions of Lemma 1 are satisfied then 

(25) 
2 2 _ a 2 ) (b2 b 2 _ _ b 2 ) .;;; (a1 - a 2 - -

n 1 2 n 

.;;; (alb l 
2 a~)l/2(b~ b 2 )l/2)2 .;;; - (a2 + . . . + + ... + 

n 
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Proof. By substitution 

n = 2, 

_ a b ) 2 
n n 
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from Lemma 1 we get the first inequality, and using the Cauchy inequal­
ity we get the second inequality. 

Of course, we can give the similar extension of Theorem B: 

THEOREM F. Let the condition of Theorem B be satisfied. Then 

where G = ±((Za~)2 - 2((Za;)1/2 + (Za~)1/2)2)1/2, and F1 + F2 = G if and 

only if the two triangles are equibrocardian. Moreover, the following 
are eguivalent 

(ii) (iii) 

The proof is similar to the proof of Theorem E. We only use Lemma 2 
instead of Lemma 1, for the second inequality, and Minkowski's inequal­
ity instead of Cauchy's in the first inequality. 

We shall also note that inequalities (26) can be proved if instead 
of Lemma 2 we use the following result: 

LEMMA 4. If the conditions of Lemma 2 are satisfied then 

Proof is similar to the proof of Lemma 3. 
Chia-Kuei Peng [25] proved the following sharpening of the Neuberg­

Pedoe inequality: 

THEOREM G. Let the conditions of Theorem A be satisfied. Then 

(27) ( S2 2 S1 2) 
H ;;;. 8 - F + - F ::;, 16F1F2 - Sl 1 S2 2 -
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2 2 
where 8 1 = La l and 8 2 = La2 • 

Here, we shall show that the following result is valid: 

THEOREM H. With the same conditions as in previous theorem, 

(28) 

Proof. Of course, we need only prove 

We have 

E 

where we used the arithmetic-geometric mean inequality and the following 
formula 

4 
2La, i.e. 

Gao Ling [26] gave two refinements of the Neuberg-Pedoe inequality. 
Here we shall give some extensions of his results. 

THEOREM I. Let A.B.C.D. 
l l l l 

(i = 1, 2) be two quadrilaterals inscribed in 

circles, let B.C. 
l l 

and let F. denote 
l 

then 

= ai' CiDi b i , DiAi 

the areas of A.B.C.D. (i 
l l l l 

c. and A.B. = d. (i = 1, 2) 
l l l l 

1, 2). If 
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with equality if and only if corresponding angles Bl and B2 are equal. 

Proof. Since angles Bl and Dl are supplementary, we have 

On the other hand, from the cosine law 

and hence 

using these equalities and similar equalities for the quadrilateral 
A2B2C2D2 , we obtain 

and (29) follows immediately since 

-1 < cos(B - B ) ~ 1 
1 2 

with equality if and only if Bl = B2 . 

Note that the following result is a simple consequence of Theorem I: 

THEOREM J. (i) Let the conditions of Theorem A be satisfied. Then 

(30) 

with equality if and only if Ai 

with equality if and only if the two triangles are similar. 
(ii) Let the conditions of Theorem B be satisfied. Then 

with equality if and only if Ai 

with equality if and only if the two triangles are similar. 
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Remarks. 1° Gao Ling [26] proved only the first inequalities in (29) 
and (30). The above proof is only a simple extension of his proof. 

2° NOw, we shall note that (30) follows directly from Bottema's 
identity (8), i.e. 

3.5. Further Generalizations of the Neuberg-Pedoe Inequality 

We now define 

s. 
~ 

H 
P 

La~ 
~ 

(i 1, 2), 

q p/(p - i), 

Then the following generalization of Theorem H is valid [27]: 

THEOREM K. 

H 
P 

;;;, E 
P 

The cases of equality are: 

16 2/p 2/q 
F 1 F2 . 

(a) In each pair of neighboring inequalities there occurs inequal­
ity if and only if the two triangles are similar. 

2/p 2/q. . 
(b) Ep = 16F l F2 holds ~f and only ~f the two triangles have 

equal Crelle-Brocard's angles (i.e. wi = W2 ). 

Now we shall prove the following theorem: 

THEOREM L. Let p, q;;;' 1. Then 

Proof. If we apply the Neuberg-Pedoe inequality to triangles with 
~ l/q 

sides a l ' etc. and a 2 ' etc. (p, q > 1), we get 

where F and F are the areas of these triangles. 
p q 
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NOw, using the Oppenheim inequality VII.2. (1) we get the desired 
inequality. 

Remarks. 1° For p = q, we get 

For p = 2 we get an inequality of G. Ling [28] (see VII.2). For p = 
2m+l 

we have a result from [29]. 
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2° Similarly, we can give generalizations of some other inequalities 
of S. Bil~ev and H. Lesov [29]. The same is valid for Theorem H. A 
further extension of Theorem L can be given using Carroll's generaliza­
tion of Oppenheim's inequality (see VII.2). 

Finally, we shall prove the following result: 

THEOREM M. Let a 1 ) a 2 ) .•• ) an and b 1 ~ b 2 ~ ~ b n be the sides of 

two convex n-gons with semi-perimeters sand s' and areas F and F', 
respectively. Further, let f and g be two increasing convex functions on 
[0, +00). Then 

1 
4 IT2 4 IT 2 

) n(n - 2)f«-;:;- tan -;:;- F) )g«-;:;- tan -;:;- F') l. 

Proof. Since 

using Ceby~ev's inequality for monotone sequences and Jensen's inequal­
ity for convex functions we get 

) n(n 

= n(n - 2)g(2s'/n)f(2s/n). 

It is known that of all n-gons with the same perimeter the regular 
n-gon has greatest area. Thus 

i.e. 

s2 ) n tan ~ F. 
n 
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Of course, the desired inequality is a simple consequence of these 
results. 

3° For f(x) = g(x) = xr (r > 1), we get 

'Cbr ( r + a r
2 + + a r ) ;;. n(n _ 2) (~tan2 ~ FF,)r/2. 

~ 1 -a1 ••• n 2 n 
n 

For n = 3, we have a result from [29]. 
4° The above results are given in [37]. Some similar results for 

two triangles are given by W. Janous [38]. For example, he proved: 

Then 
Let a i ;;. b i ;;' c i (i = 1, 2) be the sides of triangle 6 i (i = 1, 2). 

p 

Za~(-ai + bi + Ci) ~ 3(lJ Fl + kZ(b 1 - Cl)2)2(lJ F2 + 

where k = 8/9 if 0 < p, q ~ 1, and k = 1 if 0 < p, q ~ 2. 

3.6. Further Generalizations of the Oppenheim Inequality 

Now, we shall give some generalizations of the Oppenheim inequality for 
triangles, quadrilaterals and tetrahedra. 

First, we shall give the following Oppenheim generalization of his 
Theorem B: 

THEOREM N. Suppose 

any p ;;. 1, a = (aP 
1 

that A.B.C. (i 
1. 1. 1. 

P l/p 
+ a 2 ) ,etc. 

= 1, 2) are two triangles. Define for 

Then a, b, c are the sides of a tri-

angle. The three areas are connected by the inequality (if p = 1 or 2 or 
4) 

(31 ) 

with equality if and only if the triangles are similar. 
Oppenheim [16] also showed that the inequality does not hold for 

p > 4, and he also gave the conjecture that Theorem K holds for 1 ~ p ~ 4. 
The case p = 2 is Theorem B. Note that a generalization of this case 

for n triangles was given in [30], and one result similar to Theorem N 
was given in [31, p. 39]. The case p = 1 is again given in Math. Hagazine 
56 (1983), 19 and Amer. Math. Monthly 90 (1983),522-523. But one similar 
result for n triangles was given first by M. S. Klamkin in [30]. The 
proof from the Honthly is similar to Klamkin's proof. Note that 
Oppenheim's proof is simpler. He used another inequality of Minkowski 
(see [32, p. 88] or [14, p. 26]). 

A. Oppenheim [33] also proved the following result: 
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laterals of sides a 1 , ••• , d 1 and a 2 , ••• , d 2 • Define a, etc. by 

a = (aP + aP)l / p 
12' 

etc. (p> 1). 

367 

Then there is an inscribable quadrilateral of sides a, etc.; the areas 
satisfy (for p = 1, 2, 4) the inequality (31) with equality if and only 
if the given polygons are similar. 

The Oppenheim conjectures that Theorems Nand 0 are also valid for 
1 < p < 4 were proved by C. E. Carroll [34], i.e. the following results 
are valid: 

THEORE~ P. Let the conditions for Theorem N be fulfilled. Inequality (31) 
is valid in the case when 1 < p < 4, too. Apart from trivial cases with 
p = 1 and F1 = F2 0, equality holds if and only if 

THEOREM Q. If p> 1, if the triangles having areas F1 and F2 are acute 

or right triangles, and if a, b, c, F are as in Theorem N, then (31) 
holds with equality if and only if (32) holds. 

THEOREM R. If 1 < p < 4 and if two quadrilaterals have sides a 1 , ••• , d 1 

and a 2 , ... , d 2 , then a = (a~ + a~)l/p, etc. are the sides of a quadri­

lateral, and the maximum areas satisfy (31). Equality holds only if the 
sets a 1 , ..• , d 1 and a 2 , •.• , d2 are proportional; but there are trivial 

exceptions with p = 1 and F1 = F2 = o. 
NOW, we shall show that we can give generalizations of these results 

for the case of n triangles or quadrilaterals. In our results trivial 
equality cases are not included. 

THEOREM S. Suppose that AiBiCi (i 
for any p > 1 

n lip 
a = (L w.a~) , etc. 

i=l ~ ~ 

1, ••• , n) are n triangles. Define 

where wi> 0 (i = 1, .•. , n). Tnen a, b, c are the sides of a triangle. 

If 1 < p < 4, the n + 1 areas are connected by the inequality 

(33) 
n 
L 

i=1 

with equality if and only if the given n triangles are similar. 
Proof. In the case Wi = 1 (i = 1, •.• , n) we shall use the 

mathematical induction method. Indeed, for n = 2, this is Theorem P. 
Suppose that Theorem S for Wi = 1 (i = 1, ••• , n) is true for n - 1 and 
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put 

(i 1, ••• , n- 2), a' -+ (aP + aP ) l/p 
n-1 n-1 n ' 

etc. 

/2 n-1 /2 /2 n P/2 
Then from F'P ~ L F!P follows ~ ~ L F because Theorem P 

]. i ' i=l i=l 

gives F~:~2 ~ ~~~ + ~/2. Further, by substitution a i -+ w~/Pai' etc. 

(i = 1, ••• , nl, we get our result. 
Similarly, we can prove the following two theorems: 

THEOREM T. In the previous theorem let p ~ 1, and let the given n tri­
angles be acute or right triangles. Then (33) holds with equality if and 
only if the given n triangles are similar. 

THEOREM U. If 1 " P ~ 4 and if n quadrilaterals have sides a" b i , c i ' ]. 

d, (i = 1, ... , n) , then a = ( ~ w,a~)l/P, etc. are the sides of a 
]. \i=l ]. ]. 

quadrilateral, and the maximum areas satisfy (33). Equality holds if and 
only if the sets ai' bi , c i ' di (i = 1, ••• , n) are proportional. 

Remark. It is known that, if a quadrilateral has sides of fixed 
length, the area is maximum when the vertices lie on a circle. 

Now, we shall give two applications of Theorems Sand U. 

COROLLARY 1. Of all triangles with the same perimeter, the equilateral 
triangle has the greatest area. 

n 
Proof. Put L wi = 1, then from (33) for p = 1 follows that the 

i=l 

symmetric function F1/2 is concave. Therefore, F1/2 is a Schur-concave 
function (see [35, p. 64]), and the same is valid for F (see [35, p. 61]), 
a known result ([35, p. 209]). A simple consequence of this result is 

F(+ La, + La, + La) ~ F(a, b, c), 

i.e. Corollary 1. 
Similarly, we can prove (see for example [35, p. 209]): 

COROLLARY 2. Of all quadrilaterals with a given perimeter, the square 
has the greatest area. 

As we said in 3.1., A. Oppenheim noted that the generalization of 
Theorem B in several dimensions is also valid. As an example, he gave 
the following result: 

THEOREM V. If tetrahedra T, T1, T2 have edges connected by the equations 
2 2 2 

a = a 1 + a 2 , etc., then their volumes satisfy the inequality 
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with equality if and only if T1 and T2 are similar. 

Slmilarly to the proof of Theorem S we can prove: 

THEOREM W. If tetrahedra T, Ti (i = 1, ... , n) have edges connected by 

2 
the equations a 

n 
L: 

i=1 

2 
w,a" etc., where w, 

l l l 
(i = 1, n) are positive 

numbers, then their volumes satisfy the inequalities 

n 
L: 

i=l 

2/3 
w,V, 

l l 

with equality if and only if the Ti (i = 1, .•• , n) are similar. 

Remark. The method from the proof of Theorem S we can use for 
generalization of some other similar results: 

1) Let the conditions of Theorem S be satisfied for p = 2. Then 

(34) 

where hi is the altitude of the triangle AiBiCi (i = 1, ... , n), and his 

the altitude of the triangle with sides a, b, c, with equality only for 
similar t.rianqles. 

2) Let the conditions from 1) be satisfied, then the analogous 
results for the circumradii are valid 

n 
L: 

i=1 

2 
w,R, 

l l 

with equality if the given triangles are similar or if the triangles 
are riqht angled, with vertices corresponding. 

3) Let the conditions of Theorem W be satisfied, then corresponding 
altitudes satisfy (34). 

We shall now give a conjecture, due to D. Blaqojevic: 
Let A,B,C" i E {1, 2, .•• , n~ be a finite set of triangles with 

l l l 

sides a" 
l 

the sides 

b i , c i • It is known that for all such sets, the triangles with 

M (a), M (b), M (c) exists if and only if r ~ 1. (Here M (a) 
r r r r 

is the mean order r of a 1 , a 2 , ••. , an.) 

Conjecture. If angles of the triangles are bounded from below by an 
'IT 

angle ~ < 3 ' then the bound r = r(a) could be moved to be less than 1. 

(If necessary, add the conditions a, ~ b, ~ c, for all i.) If so, find 
l l l 

some properties of the function r = r(a). 
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4. On O. Bottema's Inequality for Two Triangles. 

In this Section ~Ie shall show that the known Bottema inequality for two 
triangles and an interior point of one of these triangles is also valid 
for any point. We shall also give some related results. 

The following result is well-known ([1], GI 12.18): 

THEOREM A. Let x, y, z be the distances from any point P from the plane 
of a triangle ABC of area F to the respective vertices. Then 

(1 ) 

Equality occurs if and only if the triangle is equilateral and P is its 
centre. 

Inequality (1) is stronger than ([2], GI 12.14): Ex ~ 6r, where r 
is the radius of incircle, because (GI 5.11) 6r ~ 2~ 

The following result is also known ([3], [4], GI 12.55): 

THEOREM B. If all angles are less than 120°, then 
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If A> 120°, then 

Ex > b + c. 

Here x, y, z are the distances from an interior point P of a triangle 
to the respective vertices. 

Equality holds if P coincides with Fermat-Torricelli's point. 
Remark. Let A1A2B3 , A2A3B1, A3AIB2 be the equilateral triangles 

erected outwardly on the sides of an arbitrary triangle A1A2A3 . 

The segments A1B1, A2B2 , A3B3 are concurrent at a point T, the 

Fermat-Torricelli point of the triangle (see for example [8]). 
o. Bottema [5] proved the following inequality for two triangles 

(see also GI 12.56): 

THEOREM C. 

2 2 2 2 
where M = Ea 1 (b + c - a ); a 1 , b 1 , c 1 , and a, b, c are sides of two 

arbitrary triangles of areas Fl and F, respectively, and x, y, z are the 

distances from an interior point P of triangle ABC to the respective 
vertices. 

In his book, when dealing with the Fermat-Torricelli point (being 
the case a 1 = b1 = c1), Bottema generalized a known proof for the case 

that a 1 , b1 , c 1 are the sides of an arbitrary triangle. The proof was 

complicated and has been much simplified by Bottema and Klamkin in [6]. 
A new proof of theorem C is given in [7), too. 

Now we shall show that (2) is also valid in the case when x, y, z 
are the distances from an arbitrary point P of the space to the respect­
ive vertices (see [12]). 

Of course, it is sufficient to consider the case when the point P 
belongs to the plane of the trianqle ABC. 

We shall use the idea of the proof from [6]. Let A', B', C' be 
defined as in the figure 

C 

B 
Situation 1. 

1t'-A' 

Figure 1 

B 

Situation 2. 

:Jt'-C' 
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Note that 

A' + B' + C' 'IT, and 

Thus 

2 
a 

2 2 
Y + z + 2yz cos A' , 

373 

etc. 

222 2 
b + c - a = 2x + 2x(z cos B' + Y cos C ' ) - 2yz cos A', etc. 

and depending upon whether situation 1 or 2 holds, we have 

On substituting back in (2), we obtain 

2 2 2 
(Ia1x) ~ Ia1 (x + x(z cos B' + Y cos C ' ) -

- yz cos A') ± 4F 1I y z sin A', 

or 

2 A' c 1)cos + 4Fl sin A') ~ 0, 

or finally, 

This is obviously true because the terms on the left-hand side are all 
non-negative. This implies that (2) holds not only for interior points 
but for exterior points P as well. 

There is equality only if each term of the sum vanishes, i.e.: 
Case 1: xyz ~ 0, Al = A', Bl = B', C1 = C ' , 

Case 2: xyz = 0 (say x = 0), Al = A'. 

It is obvious that equality does not exist in the case when P is 
an exterior point of a triangle ABC. 

By coupling the above result and the Neuberg-Pedoe inequality 
(GI 10.8) we get a similar extension of a result from [6]: 

wherefrom in the case a 1 = b 1 = c 1 ' we get 

(4) 

Using (3) we can obtain the following generalization of a result 
of Bottema and M. S. Klamkin [9]: 

If a, b, c and x, y, z denote the sides of a triangle ABC of area F 
and the distances from any point P to A, B, C, respectively, than either 
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of the pair of inequalities 

2 
La ;;, 4FI3, 

with equality if ABC is equilateral and P is the centroid, implies the 
other one. 

Proof. Using (3) we get 

(5) 
2 

(La 1 x) ;;, 16FF 1 

Then by Cauchy's inequality, 

which gives the desired result. 
Remark. In [10J the following result is given: 
~t be given a triangle ABC with sides a, b, c. Let f(X) 

where X ranges over the plane of the triangle. Then 

(6) f(X) ;;, 4F. 

LaXA, 

Let A be the largest angle of the triangle. If angle A < 90°, then the 
orthocentre H does not lie outside the triangle, and equality holds in 
(6) when X = H, i.e. min f(X) = 4F, attained when X = H. The situation 
is different, however, if angle A > 90°. Then 

min f(X) = 2bc > 4F 

attained when X = A. 
Now, we shall give a similar result from [llJ: 
2) Let be given the triangle A1A2A3 , let A1 , A2 , A3 E (0, ~), and 

let (i, j, k) be any cyclic permutation of (1, 2, 3). Let 

L. = A2 + A2 + 2A.Ak cos A. - A~. 
J. j k J J. J. 

At least two of the numbers L1 , L2 , L3 are positive. 

If L1 , L2 , L3 > 0, then LA1Rl (R1 = PAl' etc.) has a minimum for an 

internal point P if sin A2PA3 : sin A3PA1 : sin A1PA2 A1 : A2 : A3 • 

If Li < 0, then LA1Rl has a minimum for Ai. 

For Al = A2 = A3 we get Theorem B (Fermat's problem). 

Finally, we shall give an inequality of G. Bennett [7J, similar to 
2) : 

If w1 ' w2 ' w3 are real numbers, then 

(7) 
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with equality if and only if 

(7) can be viewed as a three-triangle inequality by restricting the 
wi to be the sides of a third arbitrary triangle. 
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5. Miscellaneous Inequalities Involving Elements of Several Triangles 

5.1. For any two triangles the following inequalities are valid 

(1) 1: __ 1_ ;" 41: ~ cos A' , 
s - a a 

(2) 

with equality if and only if both triangles are equilateral. 
A. Oppenheim and L. Bankoff, 'Problem E 2059', Amer. Math. Monthly 

75 (1968), 189 and 76 (1969), 196-197. 

5.2. For any two triangles the following inequalities are valid 

(2) 
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(3) 
2 2 Ea a' ~ 16FF', (4) 9RR' ~ Eaa' , 

(5) Ea2/r'r' ~ 
b c 

4F/F' , (6) Ea2r' ~ 2Fs'· 
a ' 

(7) 8V3/F/F' :<;; E (b + c)/r' 
a 

:<;; 18RR' /F' , (8) El/aa' ~ 1/RR' , 

(9) Er /h' ~ 3/F/F'· 
a a ' 

(10) Er r' 
a a 

~ 3~2F,2 /rr', 

(11) 
2 2 

Ea'/(b + c ) :<;; 9R'/8F, (12) 
2 
~ 18FF'/s'. Ea'r 

a 

G. A. Tsintsifas, Private communication. 
Comment by W. Janous. a) The following n triangles inequality is a 

generalization of the results from (1-3): 
If t 1 , tn are positive real numbers and 0 :<;; k :<;; n, then 

k n 
E t/2 E t/2 t./2 

3(4/I3)i=1 (l3)i=k+l 
n 

~ IT F ~ 

i=l i 

b) As k = log(9/4)/log(4/3) > 2, we have on grounds of GI 5.28, i.e. 
RI1 ~ ~(a, b, c) the following interpolation of (4): 

(where we used firstly the Cauchy-Schwarz-inequality and secondly the 
~/2 - Ml inequality). 

5.3. The following two-triangles-inequalities are valid 

(1) (~y ~ ab (1 
c' 

s' '" E a'b' - SO), 

(2) (:,y ~ ab 
E b'c' (1 

a' 
- SO), 

(3) (E COS:(A/A) \2 ~ E CO~u(A/A)COS:(B/A) (1 _ 2 cOS:(C'/A»), 

E cos (A'/O)} cos (A'/o)cos (B'/o) E cos (A'/o) 

(4) 
u 2," U u 

(Ea' cos (A/A» ~ 4s'E(s' - a')cos (B/A)COS (C/A), 
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where 0 < u ~ A, A ~ 2, 0 < v ~ 0 and 0 ~ 2. 
w. Janous, Private communication. 

5.4. The following two-triangle inequality is valid 

(1) 

with equality if and only if the two triangles are equilateral. 
The analogous three-triangle inequality 

(2) 

does not hold. 
Proof. We prove first that 

Apply the Cauchy inequality to L 

and 

As for positive x, y, z we know that LX2 ~ Iyz, (3) immediately 
follows. 

L2 4 . Now, is s l s2' and we have the well-known relat~on 4ri Ri 

1, 2). Hence 

377 

By setting this in (3) and dividing both sides by lala2blb2clc2' (1) is 

proved. Equality will hold in (3) if and only if we have a l = a 2 = b i = 
b2 = c l = c 2 ; that is, if both triangles are equilateral and congruent 

since only then the equality holds in both of the inequalities that were 
used above. 

By using 4ri Ri = aibici/s i , equation (2) becomes analogous to (3): 

Now, the last relation may fail for triangles, e.g. consider sides a l , 

a i /100, 99a l /100 as a l , b l , c l ; a 2 , a 2/100, 99a2/100 as a 2 , b2 , c2 ; a 3 , 

a 3/100, 99a3/100 as a 3 , b3 , c 3 • Then one left-hand side is Sa 1a 2a 3 • The 

right side is greater than (S.S)a 1a 2a 3 . 
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Remark. The above solution of a problem of M. S. Klamkin was given 
by P. Bracken. M. S. Klamkin also proved a companion inequality to (1): 

M. S. Klamkin and P. Bracken, 'Problem 1043', Math. Mag. 51 (1978), 
193 and 52 (1979), 320-321. -

5.5. Let the triangles AIA2A3 and BIB2B3 be inscribed in a circle of 

radius R. Let Nl and N2 be the centres of their nine-point-circles, Hl 

and H2 - the orthocentres, G1 and G2 - the centroids. Then the following 

inequalities are valid: 

(1) N1N2 
1 

< "2(4R + min AiB j ), i, j 1, 2, 3. 

1 IR2 2 
(2) H1N2 < "2(6R + + 2(min A,B,) ), i, j 1, 2, 3. 

1. J 

(3) G1N2 <l..!.R 
6 

+ 7; 16 min A,B" 
1. J 

i, j 1, 2, 3. 

(4) i, j 1, 2, 3. 

E. Jucovi~, Private communication. 

5.6. Let A, B, C and Al , Bl , Cl be angles of the triangles ABC and 

AIBIC1 , respectively. Suppose that A ~ B ~ C, Al ~ Bl ~ Cl ' and also 

that A ~ Al and A + B ~ Al + Bl • Then 

~ 
r 

A Al 
L cotan - ~ L t 2 co an 2 

J. Garfunkel and M. S. Klamkin, 'Problem 1049', Crux Math. 11 
(1985), 148 and 12 (1986), 249. -

5.7. Let P, P l be interior pOints of the triangles ABC and AIBIC1 , 

respectively. Let r l , r 2 , r3 be the distances from P to the sides of ABC 

and Pl , P2 , P3 the distances from Pl to the sides of AI BIC1 • Also let 

F, Fl denote the respective areas. The extreme value of Lr l Pl is 

4FF1/(Laa l ), and the extreme value of LaalrlPl is} FF1• 

This result is due to L. Carlitz. 

5.8. Let T, T' be two triangles such that a ~ a', b ~ b', c ~ c'. 
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(i) If T' is non-obtuse, then F < F' . If T' is obtuse, the inequal-
ity need not be true. 

(ii) If T is non-obtuse, then R< R' . If T is obtuse, the inequal-
ity need not be true. 

(iii) No isotone relation holds between the inradii. It is possible 
to have two acute angled triangles T, T' such that 

a < a', b < b', c < c', but r> r'. 

A. Oppenheim, 'Some Inequalities for Triangles', Univ. Beograd. 
Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 357-380 (1971), 21-28. 

5.9. Suppose that a triangle T is formed from two triangles T1 and T2 
by taking 

Then 

b 

If one of T1 , T2 is non-obtuse, then R 3 min (R1 , R2 ). 

If both T1 , T2 are obtuse, then 

If both T1 and T2 are obtuse, no conclusion can be drawn about R. 

A. Oppenheim, The same reference as in 5.8. 

5.10. Let ai' b i , c i denote the sides of n triangles AiBiCi (i 1, ... , 

n). If w. 30 (i = 1, n), then the three numbers 
l 

are possible lengths of sides for a triangle ABC. Then 

(1 ) 

(2) 

with equality if and only if the triangles are directly similar. 
Proof. (The above result with LW. = 1, was proved by ~1. S. Klamkin. 
-- . l 1/3 1/3 

Here we shall glve a new proof.) Note that s = LW.S., (4RF) = (abc) , 
2 1/3 1/3 l l 

(r s) = «s - a) (s - b) (s - c)) ,and then inequalities (1) and (2) 
are direct consequences of the following inequality 
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(3) G (~ w.a.) ~ 
m i=l 1. 1. 

n 

L 
i=l 

w.G (a.), 
1. m 1. 

where Gm is the geometric mean and a = (a 1 , ••• , am). This inequality.is 

a simple generalization of the well-known Minkowski inequality. 

M. S. Klamkin, 'Notes on Inequalities Involving Triangles or Tetra­
hedrons', Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 
330-337 (1970), 1-15. 

5.11. Let Ai' Bi , Ci denote the angles of n triangles AiBiCi (i 

n). Let the angles of ABC be given by 

1, ... , 

B C = l::w.C., 
1. 1. 

where LW. 
1. 

1, ••• , n). Then the following inequalities 

are valid 

(1) 
2 

s IF ,.;; 
2 

LW. s./F.; 
1. 1. 1. 

(2) (r/R) 113 ~ 113 LW. (r ./R. ) ; 
1. 1. 1. 

(3) siR ~ LWiS/Ri ; (4) (F/R2) 113 ~ 
2 113 

LWi (F i/Ri) ; 

with equality if and only if the n triangles are directly similar. 
Remark. This result is given in the reference quoted in 5.10. Note 

that of special interest is the case n 3 (for 5.10 and 5.11) if 

a' = ua + vb + wc, b' = va + wb + uc, c' = wa + ub + vc, 

where u + v + w = 1, u, v, w ~ 0, for 5.10, and similarly defined tri­
angle with angles for 5.11. 

5.12. L. Carlitz proved the following results: 
(i) If 0i is the circumcentre, Gi the centroid and Ri the circum-

radius of AiBiCi (i = 1, 2), then 

(1) 

with equality if and only if the triangles are similar. 
(ii) If Ii denote the incentre, I ai , I bi , Ici the excentres of 

AiBiCi (i = 1, 2), then 

(2) 

with equality if and only if the triangles are similar. 
Carlitz proved (1) and (2) using Acz~l's inequality (i.e. Lemma 1 

from Subsection 3.1.) and the following known identities 



INEQUALITIES WITH SEVERAL TRIANGLES 381 

(3) and 

Note that (1) and (2) can also be proved by using Cauchy's inequal­
ity. Further, (1) and (2) are equivalent to the following inequalities 

(1 ') 

(2' ) 

These inequalities can be proved by using Bellman's inequality (lemma 2, 
Subsection 3.1), or the well-known Minkowski inequality. Of course, we 
can give simple generalizations of these inequalities for the case of n 
triangles: 

If w. ;:;, 0 (i = 1, .•• , n), then 
l. 

0: w.O.G. )2 ,;;; (Z w.R. )2 - ~ Z(Z 
9 . 

i 
l. l. l. 

i 
l. l. 

l. 

(Z w.O. I.) 2 :;::; 12 (Z 
2 Z(Z w.R. ) -

i 
l. l. l. 

i 
l. l. 

i 

2 
wia i ) , 

2 
wiOiIai) , 

with equality if and only if the given triangles are similar. 
L. Carlitz, 'Some Inequalities for Two Triangles', Math. Mag. 45 

(1972),43-44. 
Comment by V. Mascioni. Following Carlitz' ideas we get, for in­

stance, 

(using XI, 1.1, (6, 3)), ,ve have also 

(using XI.l.1, (6, 3)). 2 
Starting from XI, 1.1, (5) (i.e. ZaMA - abc 

Aczel's inequality 

for all points P, Q in the plane. If we take P 

2 
2sMI ), we get by 

02' we get 
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2 
(since 0ili = Ri(Ri - 2ri )). 

Comment by W. Janous. For the last inequality of Mascioni's comment 
we could proceed a little bit sharper as follows: 

Starting again from XI, 1.1, (5), we get, via Aczel's inequality, 

Putting Mi = 0i' i = 1, 2, we get 

Using now GI 5.3, i.e. 2s. ~ 3R.I3, i = 1, 2, we finally arrive at 
l. l. 

Further, startinq from XI.l.l, C(6), i.e. 
2 

sMN , we get 

2 
l:(s - a)r1A - 4F(R - r) 

5.13. For any two triangles the following inequalities are valid: 

(4) (M. S. Klamkin), 
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2 
(5) 16FF'R'/R' (Eaa') /(Ea/a'), 

(6) (Eaa')/(Ea/a,)2, F'RR'/F. 

383 

S. Bil~ev and H. Lesov, 'V'rhu edno ravenstvo i sv'rzanite s nego 
geometri~ni neravenstva', ab. po matematika (1986), 4 (1986),33-42. 

5.14. 
2 222 

(R/R') 'E(4R - a )/a' 

with equality if tan A tan A' = tan B tan B' = tan C tan C'. 

5.15. 

S. Bil~ev and H. Lesov, The same reference as in 5.13. 

2 
(s'/R)/2R'r' , Eb'c' (s - a)/bc , s' Is. 

These inequalities are due to S. Bil~ev and E. Velikova. 

5.16. Let r be a real number. Then the following two-triangle inequal­
ities are valid 

(1) 

(2) 

where (x, y, z) is any cyclic permutation of (a', b', c'). 
S. J. Bil~ev and E. A. Velikova, 'Ob odnoj probleme G. Tsintsifasa', 

Matematika i matematicko obrazovanie, BAtI, 1987, 586-593. 

5.17. Let P denote a point interior to the triangle ABC, and let r 1 , r 2 , 

r3 denote the distances from P to the sides of the triangle. If p denotes 

the perimeter of the pedal triangle, then 

Equality holds if and only if r l = r 2 = r 3 • 

A. G. Ferrer, L. Walker, and C. Abungu, 'Problem E 2517', Amer. 
r1ath. Monthly 83 (1976), 204. 

5.18. Let a r , b r , c r ' r = 1, n, be the sides of n obtuse triangles 

(n ~ 2) with c > a , b for each r. Then 
r r r 

This is Klamkin's generalization of a problem given by Groenman. 
J. T. Groenman, M. S. Klamkin, and J. DOu, 'Problem 1030', Crux 

Math. 11 (1985), 83 and 12 (1986), 193-194. 
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5.19. Let ai' b i , c i ' Ri , Fi be the sides, radii and areas of n triangles 

and xi' Yi , zi be non-negative numbers (i = 1, ••• , n). Then 

R ) 2 n 2 2 z2,)2/n ~ / n ( n \2/n 
(R 1 ••. IT (xi + Yi + r E IT y,z,a,) 

n i=l ~ i=l ~ ~ ~ 

and 

This result is due to Ii. Janous. 



CHAPTER XIII 

THE MOBIUS-NEUBERG AND THE MOBIUS-POI-IPEIU THEORE~IS 

1. The literature devoted to the following theorem and its variations 
and generalizations is great, and here we cite 89 references. 

THEOREM 1.1. If A, B, C and D are arbitrary points in a plane, then 
AD • BC, BD • CA and CD • AB are proportional to the sides of a triangle 
FGH. This triangle is degenerate if and only if the points A, B, C, D 
lie on a circle (in this case we have Ptolemy's well-known theorem). 

Many articles have been written on this subject and some of them 
are not readily available. This chapter offers a history of this theorem 
and some related results. Certain facts concerning some priorities are 
brought to light. Some results have been rediscovered several times. 
There is also a considerable number of papers which offer apparent 
generalizations as new results. 

First, we shall note that Theorem 1.1 is known as the Neuberg­
Pompeiu theorem: the "Neuberg" because many authors thought that he had 
discovered this theorem ([1],1891), and "Pompeiu" because he had given 
the following theorem ([2], 1936), known as Pompeiu's theorem: 

THEOREM 1.2. Let ABC be an equilateral triangle and D any point in its 
plane. Then distances AD, BD, CD are lengths of the sides of a triangle. 

Of course, Theorem 1.2 is a special case of Theorem 1.1, but after 
the appearance of Pompeiu's paper, his result preoccupied many mathema­
ticians and many new contributions were given. 

However, Theorem 1.1 was proved in 1852 by A. F. Mobius [3]. In his 
paper, Mobius also gave Theorem 1.2 and the following result: 

The angles of the triangle FGH in Theorem 1.1 are: 

HFG BDC - BAC DBA DCA, 

FGH CDA CBA DCB DAB, 

GHF ADB - ACB DAC DBC. 

Mobius, in the proofs, used the following identity 

[AD] • [BC] + [BD] • rCA] + [CD] • [AB] = 0, 

where [AD] = zl - z4' etc., zl' z2' z3' z4 are complex numbers corre­

sponding to A, B, C, D, i.e. the identity 

( 1 ) 
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Throughout this chapter we will call Theorem 1.1 the M5bius-Neuberg 
theorem and Theorem 1.2 the M5bius-pompeiu theorem. 

2. In [5] (1903-1904) C. Tweedie gave several very interesting general­
izations of the above results: 

THEOREH 2.1. If ABC, A'B'C' are any two equilateral triangles in a plane, 
their vertices being taken in the same sense of rotation, of the three 
lines AA', BB', ee', the sum of any two is not less than the third. 

Remark. If the triangle A'B'C' becomes infinitesimal, the theorem 
still applies, i.e. in this case we get Theorem 1.2 (see Cor. 2 from 
[5] ) • 

THEOREt1 2.2. If, instead of being equilateral, the triangles ABC and 
A'B'C' are directly similar, then BC • AA', CA • BB', AB • ec' are 
proportional to the sides of a triangle. This triangle is degenerate if 
and only if the centre of similitude lies on the circumcircle of one 
(and therefore of both) of the given triangles ABC and A'B'e'. 

Remark. In particular, if the triangle A'B'C' becomes infinitesimal, 
we get Theorem 1.1 (see [5], p. 23 and [6]). 

In part 5 of his paper, C. Tweedie also noted that the inequality 
theorem admits an extension to two similar triangles in parallel planes, 
and there is no case of equality, so long as the planes are distinct. So 
the following theorems hold: 

THEOREM 2.3. Theorem 2.1 is also valid if ABC and A'B'C' are two equi­
lateral triangles in parallel planes, and there is no case of equality, 
so long as the planes are distinct. 

THEOREM 2.4. Theorem 2.2 is also valid if ABC and A'B'e' are two direct­
ly similar triangles in parallel planes, and there is no case of equal­
ity, so long as the planes are distinct. 

Remark. Tweedie proved only Theorem 2.3. 
Of course, in the infinitesimal case one has the following two 

theorems: 

THEOREM 2.5. Theorem 1.2 is also valid in the case when D is any point 
in space. 

THEOREM 2.6. Theorem 1.1 is also valid in the case when A, B, C, Dare 
arbitrary points in space. 

3. The result of Theorem 1.1 could be found in such classical books as 
[7] and [8], and then again in [9], [10], [13], [15], [20], [24], [29], 
[38], [40], [46], [47], [48], [55], [57], [60], [70] and [71]. 

The proof of Theorem 1.2 could be found in [4] and again in [2], 
[16], [17], [18], [19], [22], [28], [37], [39], [41], [42], [44], [45], 
[50], [53], [54], [57] and [64]. 

Theorem 2.1 was proved in [20], Theorem 2.2 in [12], [20], [55], 
[69], [72], Theorem 2.5 in [23] and Theorem 2.6 in [31], [46], [49], 
[68], [77], [78], [84] and [89]. 

As we said, D. Pompeiu [2], [54] discovered Theorem 1.2. In the proof 
he used identity (1). After that, this result preoccupied many mathema­
ticians, and in the literature Theorem 1.2 is quoted as Pompeiu's theorem. 
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N. G. Botea [20] proved Theorem 2.1 by the identity 

where zl' z2' z3 and zi, z2' z) are the affixes of the vertices of two 

directly similar triangles. 
D. Pompeiu [12] proved also the following result: 
If ABC and A'B'C' are directly similar triangles and cAl = AA', 

~1 = ~', oc1 = oc', then the triangle A1B1C1 is directly similar to 

the two given ones. 
This result and Theorem 1.1 imply Theorem 2.2. 
V. Th~bault [31] proved Theorem 2.6 as a simple consequence of 

von Staudt's well-known formula 

6RV = Is (s - aa') (s - bb') (s - cc'), 

where a = BC, b = CA, c = AB, a' = AD, b' = BD, c' = CD, s = !(aa' + bb' 
2 

+ cc') and V and R are the volume and circumradius of a tetrahedron 
ABCD. 

J.-P. Sydler [43] and A. K. Humal [52] proved that the H5bius­
Pompeiu theorem is also valid in n-dimensional space. 

4. In [9], [10], [49], [50], [60] and [61] more precise versions of 
Theorems 1.1 and 1.2 are proved. 

De Lapierre [9], J. Lhermitte [10] and W. Boomstra [49] proved the 
following result: 

Let PQR be the pedal triangle of a point D with respect to the given 
triangle ABC. The products AD • BC, BD • CA, CD • AB are proportional to 
the sides QR, RP, PQ of the triangle PQR. 

z. A. Skopec [50] proved the following statement: 
Let ABC be an equilateral triangle and D any point in its plane. 

There is a triangle A'B'C' with the vertices A', B', C' on the lines BC, 
CA, AB, respectively, and the sides B'C' = AD, C'A' = BD, A'B' = CD. 

This result is a consequence of the constructions DA' II AB, DB' II BC, 
DC' II CA and the fact that DB'AC', DC'BA', DA'CB' are isosceles trapezoids 
(possibly with intersecting diagonals). 

In [61] Z. A. Skopec proved that the triangle A'B'C' has the area 

~ Ipl, where p is the potency of point D with respect to the circum­

circle of the triangle ABC. 
O. Bottema [60] gave the following result: 
If the triangles ABC and PQR are given, a point D exists with the 

property AD : BD : CD = P : q : r if and only if 

(-ap + bq + cr) (ap - bq + cr) (ap + bq - cr) ~ o. 

The two triangles may be interchanged. 
This result is given in the well-known book [67] (referred to as GI 

in the text) as Corollary 2 in 15.5. In this book we can also find 
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Theorem 1.1 as GI 15.4 and 15.5, Theorem 1.2 as Corollary 1 in GI 15.5 
and Theorem 2.5 as GI 12.4. 

5. Generalizations of the Mobius-Pompeiu theorem for polygons and more 
general sets of points were proved in [32], [33], [34], [35], [36], [58], 
[73J, [74], [76], [79], [86], [87], [88] and [89]. 

D. Pompeiu [32] (see also [86]) gave a new direction in the general­
izations of his theorem, by proving the following result: 

THEOREI1 5.1. Let ABCD be a square and P any point in its plane. Then AP, 
BP, CP, DP are lengths of the sides of a quadrangle. 

He also noted that one could prove a generalization of this result, 
i.e. the following statement: 

THEOREM 5.2. Let AIA2 ..• An be a regular n-gon and P any point in its 

plane. Then the distances AlP, A2P, ••. , AnP are lengths of the sides of 
an n-gon. 

Proofs of Theorem 5.2 were given in [33] and [34]. 
In [35] D. Pompeiu proved a new generalization: 

THEOREM 5.3. Let AIA2 •.. An be an n-gon with equal sides and P any point 

in its plane. If B1 , B2 , •.. , Bn are the midpoints of the sides A1A2 , 

A2A3 , .•. , AnAl' then B1P, B2P, •.. , BnP are the sides of an n-gon. 

The proof is very simple. Let 0 and zl' z2' •.. , zn be the affixes 

of the points P and A1 , A2 , 

= a • exp (i</> . ) , 
identity J 

(j = 1 , 2, 

n 
2 

L: 
2 

(Zj+l - Zj) 
j=l 

it follows 

n icb 

0 

An' respectively, and let Zj+l - Zj 

n), where zn+l = z1· Then from the 

L: (z. + z. l)e j 0, 
j=l J J+ 

1 . 
i.e. the vectors -2(z, + z. 1) (J = 1,2, .•• , n) rotated through the 

J J+ 
angles </>. (j = 1, 2, ... , n) are parallel to the sides of an n-gon. 

J 
M. Zacharias [36] proved that Theorem 5.3 is valid for any n-gon 

with n = 2m and any point P (in the plane or in the space). This is a 
consequence of the obvious equality 

where 

+ 
0, 
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->-
PB, 

J 

and A2n+ l = AI' 

(j 1, 2, •.• , 2n) 
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S. V. Pavlovic [58] proved a generalization of these results for two 
n-gons. 

M. Dinc~ [73], [74] gave the following results: 

THEOREI1 5.4. Let AIA2 ..• An be a regular polygon and P any point in the 

space. The distances A,P (j = 1, 2, .•. , n) are the lengths of the sides 
of a convex polygon. J 

THEOREM 5.5. Let AIA2 .,. An be a regular polygon and P any pOint in its 

plane. The powers with exponents p E {I, 2, •.. , n - 2} of the distances 
A,P (j = 1, 2, ••. , n) are the lengths of the sides of a convex polygon. 

J We shall give Dinc~ls nice pr~of of Theorem 5.5. 
n 

Let z and the solutions sl' s2' ... , sn of the equation x-I = ° 
be the affixes of the points P and AI' A2 , ... , An' Then one has the 
identity 

(2) 
n 
L: 

j=l 
s,(z-s,)p 

J J 
0, 

which implies Theorem 5.5. Indeed, 

n 
L: 

j=l 
s, (z - s,)p 

J J 
= (~ s,)zp 

j=l J 

( 
n 

- L: 
j=l 

2) 1 p-l s, C z 
J p 

n 
+ (-1)P L: 

j=l 

p+l 
s, 

J 

+ .,. + 

n 
The homogeneous symmetric polynomials L: 

j=l 
s~ (1 ~ k ~ n - 1) can be re­

J 

presented by the elementary symmetric polynomials 

which are, in our case, identically equal zero. NOW, Theorem 5.5 is a 
simple consequence of (2) and the inequality 

THEOREM 5.6. Theorem 5.5 is also valid if P is any point in the space. 
V. Bazon [76] proved the following two theorems: 

THEOREf1 5.7. Let {AI' A2 , ••• , An} (n ~ 4) be a set of points in space 

such that for every i E {I, 2, ... , n} there are j, k, 1 E {I, 2, .•. , n} 
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with the property that i, j, k, 1 are mutually different and that A.A. 
1 J 

AkAl . If P is any pOint, then the distances AhP (h = 1, 2, ••. , n) are 

the lengths of the sides of an n-gon. 

THEOREI1 5.8. Let {A1 , A2 , ... , An} (n ~ 6) be a set of points on a 

sphere with radius r such that for every i, j E {1, 2, ... , n} (i ~ j) 
it holds A.A. ~ r. If P is any point, then the distances kP (h = 1,2, 

1 J h 
.•. , n) are the lengths of the sides of an n-gon. 

Theorem 5.7 can be applied to the set of vertices of a parallelo­
gram, a parallelepiped or a tetrahedron (and specially a quadrangle) with 
a pair of equal opposite edges. Theorem 5.8 can be applied to the set of 
vertices of a regular octahedron or dodecahedron. 

Proof of Theorem 5.7: For every i E {1, 2, ... , n} we have success-
ively 

n 
A.P ~ A.A. + A.P 

1 1 J J 
AjP + AkAl ~ AjP + AkP + AlP ~ L ~P. 

h=l 
h# 

Remark. The condition AiAj = ~Al can be weakened to AiAj ~ AkAl . 

Proof of Theorem 5.8: For every i E {1, 2, •.• , n} let j, k, 1, p, 
q E {1, 2, •.. , n} be any indices such that i, j, k, 1, p, q are mutual­
ly different. Then we have AjO ~ AkAl and OAj ~ ApAq' where 0 is the 

centre of our sphere. Therefore, 

A.P ~ A.O + ~A. + A P ~ A.P + kAl + A A ~ 
1 1 J j J k pq 

n 
~ AjP + ~P + AlP + ApP + AqP ~ L ~P. 

h=l 
h~i 

Remark. The conditions of Theorem 5.8 can be weakened so that for 
every i there are k, 1, p, q such that i, k, 1, p, q are mutually dif­
ferent and A Al ~ r, A A ~ r. 

k p q 
The following generalization of Theorem 2.1 is given in [79]: 

THEOREM 5.9. Let A1A2 .. , An and AiA; '" A~ be any two regular polygons, 

which vertices are taken in the same sense of rotation, situated in 
parallel planes. Let AiAi = a i (i = 1, 2, •.. , n) and let p be an integer 

with 1 ~ P ~ n - 2. Then a~ (i = 1, 2, .•. , n) are lengths of the sides 
1 

of an n-gon (possible degenerate). 
I. pop also proved the following theorem. 

THEOREM 5.10. Let A1A2A3 be an equilateral triangle with the sides a, P 

any point in space on distance h from its plane, and a i 
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3) • > a, then 
2 

(i = 1, 2, 3) are lengths of the sides of a tri-Ifh a, 
angle. 

1. 

For the proof of Theorem 5.10, I. Pop proved the following lemma, 
for which we shall later give a new proof: 

LEl~ 5.11. Let A1A2A3 be an equilateral triangle with the side a and N 

a point in its plane. Then 

2 
NA -

j 
(j 1, 2, 3). 

Proof of Theorem 5.10: Let N be the projection of P onto the plane 
A1A2A3 • Then for every i E {1, 2, 3} we have according to the Lemma 5.11, 

6. In [9], [10], [11], [25], [27], [45], [55], [57] and [75] there were 
considered some inverse problems for Theorems 1.1 and 1.2. 

De Lapierre [9], J. Lhermitte [10] and Huisman [11] gave the con­
struction of a point D such that its distances DA, DB, DC from the ver­
tices of a triangle ABC are proportional to given three numbers. 

S. V. Pavlovi6 [45], [55] and [57] proved that the conversion of the 
Mobius-Pompeiu theorem is possible, and he gave a negative answer to this 
question for the generalized Mobius-Pompeiu theorem in the case of reg­
ular n-gons. 

N. Schaumberger [75] proposed the following problem: 
Find the length of a side of an equilateral triangle in which the 

distances from its vertices to an interior pOint are 5, 7 and 8. 
In his solution, H. Eves [75] proved the following two theorems: 

THEOREM 6.1. Let s be the length of one side of an equilateral triangle 
ABC with circumcircle y. Let D be a point in the same plane and let a = 
DA, b = DB, c = DC. Then 

21222 
(3) s = '2(a + b + c ) ± 

1 
± '2 13 (a + b + c) (-a + b + c) (a - b + c) (a + b - c), 

where the radicand is zero if and only if D is on y, and the '+' or '-' 
sign before the radicand holds according as D lies inside or outside y, 
respectively. 

THEOREloi 6.2. If a, b, and c are positive numbers such that 

(4) a + b - c > 0, a - b + c > 0, -a + b + c > 0, 

then, for any point D in the plane, there are two non-congruent equi­
lateral triangles ABC such that a = AD, b = BD, c = CD. The sizes of the 
triangles are uniquely determined. D lies inside the circumcircle of the 
larger triangle and outside the circumcircle of the smaller one. If one 
of the inequalities (4) is replaced by an equality, then the size of the 
triangle ABC is uniquely determined, and D lies on the circumcircle of 
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this triangle. 
Here we shall also quote from the Editor's Notes about this problem: 
"Eves gave the following formula for the side s of a convex regular 

n-gon, given the respective distances a, b, and c from a point P in the 
interior of the n-gon to three consecutive vertices of the n-gon: 

s2 a 2 + 2b2 cos Y + c 2 ± (4(1 + cos y) (a 2b 2 + b 2c 2 ) + 

+ 2(1 + 2m cos y)c2 a 2 + (1 - 2m) (a4 + c 4 ) + 

2 4)1/2 + 4(cos Y - l)b , 

where y = «n - 2)/n)180· and m = 11 - cos y." 
T. C. Wales noted that the problem appears in L. A. Graham, 'In­

genious Mathematical Problems and Methods', Dover, NY (1959), p. 34 and 
pp. 189-190; and that the equations (3) are jointly equivalent to the 
equation 

A. Wayne noted that he had himself proposed the same problem with 
the distances 3, 4 and 5 as Problem 3682, School Science and Mathematics, 
April 1977, pp. 353-354, and the solution appeared in the February 1978 
issue, pp. 174-176, along with a note by C. W. Trigg that the problem 
had been discussed on page 450 of the April 1933 issue. 

7. In [14], [21], [26], [51], [56], [59], [62], [63], [65) and [66] were 
given some solutions of the following problem and some of its analogues: 

Let ABC be any triangle. Find the set of all points D in its plane 
(or in the space) such that the distances AD, BD, CD are the lengths of 
the sides of a triangle (or of a degenerate triangle). 

8. In [70] and [72] were given some applications of the M5bius-Neuberg 
and M5bius-Pompeiu theorems. 

G. Bercea [70] noted that Theorem 1.1 is an answer to the following 
problem of M. S. Klamkin: 

If A, B, C denote the angles of an arbitrary triangle, then it is 

known(GI, p. 120) that the three triples (sin A, sin B, sin 
A 

C), (cos 2 
B C 2 A 2 B 2 C 

cos 2 ' cos 2)' (cos 2' cos 2' cos 2) are sides of three triangles. 

Give a generalization which includes the latter three cases as special 
cases. 

The above special cases follow upon putting in Theorem 1.1 D = 0 
(the circumcentre), D = I (the incentre) and D = P where the point P is 
given by 

PA/(s - a) = PB/(s - b) PC/(s - c) k, a = BC, 

b = CA, c = AB 

and s is semi-perimeter. 
As we said, the proof of Theorem 1.1 is based on the identity (1) 
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for complex numbers and the basic triangle inequality 

(6) lu + vi ~ lui + Ivl. 

M. S. Klamkin [72] exploited this simple method by applying (6) to a 
number of rather simple complex number identities to obtain simpler 
proofs of some known inequalities as well as obtaining some new inequal­
ities. Here we shall give results similar to Theorem 1.1. 

Let A1A2A3 be a triangle with sides a 1 = A2A3 , a 2 A3A1 , a 3 = A1A2 , 

P a point in the plane of the triangle and Ri = PAi (i = 1, 2, 3). Final­

ly, M1 , etc. R, r, ~ denote the median from A1 , the circumradius, the 

inradius, the area, respectively, of A1A2A3 and m1 , ~1' etc., denote 

the median from P and area of PA2A3 . Then the following results are 
valid: 

1° (a 1D1 , a 2D2 , a 3D3 ) form a triangle, where 

etc. 

etc. 

3 0 3 3 3 (a 1M1 , a 2M2 , a 3M3 ) form a triangle. 

4° (a 1M3 , a2M~, a3M~) form a triangle. 

222 
5° (a 1m1F 1 , a 2m2F2 , a 3m3F3 ) form a triangle, where 

etc. 

9. M. S. Klamkin and A. Meir [85] considered a real normed vector space 
which is called ptolemaic if 

for all x, y, z in this space. They treated some results of 
I. J. Schoenberg [82] on ptolemaic spaces and also gave related refer­
ences [80], [81] and [84]. For an interesting application of Theorem 1.1 
they noted [83]. 

10. NOW, we shall give some comments on the above results: 
1) As we noted in 2, Tweedie did not give a proof of Theorem 2.4. 

Here we shall give a simple proof of this theorem. 
First we note the following result - a simple consequence of 
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Minkowskils inequality: 

LEMMA 10.1. Let two triangles with sides a, b, c and a 1 , b 1 , c 1 be given. 

If p ~ 1, then (aP + a~)l/P, (bP + b~)l/P, (cp + C~)l/P, are also sides 
of a triangle. 

NOw, we shall prove 

THEOREM 10.2. Let a, b, c be the sides of a given triangle. If ax, by 
and cz (x, y, z > 0) could be sides of a triangle, then the same holds 

for alx2 + d 2 , b/y2 + d 2 , c/z 2 + d 2 (d > 0). 
Proof 1. Put in Lemma 1: p = 2, a ~ ax, b ~ by, c ~ cz, a 1 ~ ad, 

b 1 ~ bd, c 1 ~ cd, then Theorem 10.2 follows. 

Proof 2. Here we shall give a direct proof. First, we shall prove 
the following inequality 

By squaring, (7) becomes 

Squaring this inequality again we get 

2 222 222 2 
d (4acxz(a + c - b ) + 4a c (x + z ) + 

2222222 
+ d (4a c - (a + c - b ) )) ~ 0, 

Le. 

which is evidently true (a, b, c are the sides of the triangle). 
On the other hand by ~ ax + cz, i.e. 

which together with (7) gives 

Proof of Theorem 2.4. Note that ABC and A'B'C' are two directly 
similar triangles in parallel planes. Let A1BI CI be the projection of 

triangle AIB'C' in the plane of the triangle ABC. This triangle is di­
rectly similar to triangle ABC, so using Theorem 2.2 we have that 
BC • AA 1 , CA • BB I , AB • CC I could be the sides of a triangle. ~ow, using 
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Theorem 10.2, we find that the same holds for 

and 

i.e., for 

BC"M', CA • BB' and AB • CC', 

where d is the distance of the two parallel planes. 
Of course, Theorems 2.6, 2.5 and 2.3 are similar consequences of 

Theorem 10.2 and of Theorems 1.1, 1.2 and 2.1, respectively. 
As we noted in 3, A. K. Humal [52] proved M5bius-pompeiu's theorem 

for n-dimensional space. Note that using Theorem 10.2 we can similarly 
prove that Theorems 2.3, 2.4 and 2.6 are also valid in n-dimensional 
space. For example, we shall give: 

Proof of Theorem 2.6 in n-dimensional space. Let a cartesian coor­
dinate system be chosen such that points A, B, C are in the xy-plane, i.e. 
their coordinates are: A(X1 , Yl' 0, ••• ,0), B(X2 , Y2' 0, .•• ,0), 

C(X3 ' Y3' 0, ••• ,0), and D is an arbitrary point in the space, i.e. 

D(X4 , Y4'2z3' ; •• , zn)' L~t AB c, CA = b, BC = a, AD = x, BD = y, 

CD = z, d = z3 + ••• + Zn' x' AD', y' = BD', z, = CD', where D' is a 

projection of point D to the plane xy, i.e. D' (x4 ' Y4' 0, ••• ,0). Then 

x 
2 

+ Z 
n 

On the basis of Theorem 1.1, ax', by' and cz' could be sides of a tri­
angle, so from Theorem 10.2 follows the same for 

cz. 

2) NOw, we shall prove the following theorem: 

THEOREM 10.3. If P is a point in space, then (a 1D1 , a 3D3), where 

a 1 , D1 , etc., are defined as in 8.1°, form a triangle, too. 

etc. 

Proof. Let p' be a projection of P to the plane of the triangle, and 
let R~ (i = 1, 2, 3) be defined as R" D, but instead of point P we 

~ ~ ~ ~ 

have P'. Using 8.1°, (a1Di, a2D2, a 3D3) form a triangle. Since 

2 2 . 2 2 
+ a~) L (R,2 + d2 + 

2 D, L(R1 + a 1 ) 2 (R, = a 1 ) -
~ ~ ~ 1 

_ 2 (R~ 2 + d2 + 
2 L(R,2 + a 2) - 2(R: 2 + a~) + d2 

~ ai' 1 1 ~ ~ 

D~2 
~ 

+i (i 1, 2, 3 ), 
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where d is the distance of the point P to the plane 

NOw, using Theorem 10.2, we have that a,/D~2 + 

of the triangle. 

3) could be sides of a triangle. ~ ~ 
d2 = aiDi (i = 1, 2, 

Remark. Theorem 10.3 holds in n-dimensional space, too. 
3) Now, we shall give some simple extensions of Theorems 

5.6 and 5.9. 
5.4, 5.5, 

The following result is a simple generalization of GI 13.3: 

LEMMA 10.4. Let f(x) be any non-negative, non-decreasing, subadditive 
function on the domain x > O. If a l , a 2 , ••• , an form a polygon, then 

f(a l ), f(a 2), ••• , f(an ) form a polygon, too. 

For example, f(x) x l / p (p > 1) satisfies conditions of Lemma 10.4. 

THEOREM 10.5. Let A1A2 ••• An be a regular polygon and M an arbitrary 

point in space. The expressions MA~ , i = 1, •.• , n, where p is a real 
~ 

number from [0, n - 2] could be the sides of a convex polygon. 

Proof. Theorem 5.6 says that MA~-2 (i = 1, ... , n) could be sides of 
-- ~,p/ (n-2) 

a convex polygon. For p E [0, n - 2], the funct~on f(x) = x- satis-
fies the conditions of Lemma 10.4, and the theorem follows. 

Similarly, using Theorem 5.9 and Lemma 10.4 we can prove: 

THEOREM 10.6. Let A1A2 ••• An and AiA2 ••• A~ be any two regular poly­

gons, which vertices are taken in the same sense of rotation, situated 

in parallel planes. The expressions A,A~P, i = 1, ••• , n, where p is a 
~ ~ 

real number from [0, n - 2] could be sides of a polygon (possibly de­
generate) • 

Remark. Theorem 10.5 and 10.6 are also valid in n-dimensional space. 
4) Now we give a simple proof of Lemma 5.11: 

Let a triangle be given in a complex plane, and let the affixes of 

its vertices sl' 52' s3 be the solutions of the equation x 3 - R3 = O. 
Then 

Therefore, 

and since 1 s, 1 
~ 

2 
R, 3R 

2 

2( 3 z l: 
i=l 

3 3 
l: si 

i=l 

Si) - 2Z( ~ s~) + (~ s~) 
i=l ~ i=l ~ 

Is,(z _ s,)1 2 + 
3 
l: 

i=l ~ ~ 

a , we get 
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2 2 
NA. + a . 

~ 

Similarly, we can prove the following generalization of Lemma 5.11: 

LEMMA 10.7. Let AIA2 ••. An be a regular polygon, and R its circumradius. 

If N is a point in the plane of the polygon, then the follO\ving inequal­
ity is valid 

n-l 
NA -

j 
(j 1, ... , n). 

Remark. Theorem 5.10 is also valid in n-dimensional space. 
Comment by W. Janous. Theorem 5.10 can be generalized in the fol­

lowing (ultimate) way. 
Let AIA2A3 be an equilateral triangle in En, n ~ 3, with the sides 

a and P be a point of En. Let be a. = A.P (i = 1,2,3). Furthermore, let 
~ ~ 

Hl , M2 , !13 

A2A3 , A3 Al 

be the points of intersection of the lines parallel to AI A2 , 

and passing through A3 , Al , A2 , respectively. Then it is 

d ff ·· f 2 2 2 f . 1 h 1· necessary an su ~c~ent or a l , a 2 , a 3 to orm a tr~ang e t at P ~es 

in the exterior of the three spheres with centres Ml , M2 , M3 and radii a. 

References 

1. J. Neuberg, 'Sur les quadrangles complets', Mathesis (2) 1 (1891), 
81-82. 

2. D. Pompeiu, 'Une identite entre nombres complexes et un theoreme de 
geometrie elementaire' , Bull. math. phys. Ecole polytechn. Bucarest 
.§. (1936), 6-7. 

3. A. F. Mobius,iUber eine Methode, urn von Relationen, welche der 
Longimetrie angehoren, zu entsprechenden Satzen der Planimetrie zu 
gelangen' , Ber. Verhandl. konigl. Sachs. Ges. Wiss. Leipzig Math. 
Phys. Cl. 1852, 41-54. 

4. J. Hadamard, Geometrie elementaire, I, Paris 1898, p. 233. 
5. C. Tweedie, 'Inequality Theorem Regarding the Lines Joining Corre­

sponding Vertices of Two Equilateral, or Directly Similar, Triangles', 
Proc. Edinburgh Math. Soc. 22 (1903-1904),22-26. 

6. P. Pinkerton, 'Note on Mr. Tweedie's Theorem in Geometry', Ibid. 22 
(1903-1904), 27. -- = 

7. F. G.-M. Exercises de geometrie, 5. ed., Tours-Paris 1912, pp. 522-
523. 

8. E. Rouche and Ch. de COmberousse, Traite de geometrie~, 8. ed., 
Paris 1912, pp. 158-159. 

9. De Lapierre, 'Relation entre deux problemes classiques', Ens. sci. 4 
(1930-1931), 25-26. 

10. J. Lhermitte, 'Sur Ie lieu des point dont les distances aux trois 
sommets d'un triangle ABC sont proportionnelles aux nombres a, S, y, 
Ibid. 4 (1930-1931), 150-152. 

11. Huisman, 'Note~ Ibid. 4 (1930-1931), 152-153. 



398 CHAPTER XIII 

12. D. Pompeiu, 'Remarques sur la note de M. Teodoriu', Bull. math. phys. 
Ecole polytechn. Bucarest l (1930), 161-163. 

13. G. R. Veldkamp, 'Afleiding-van eenige eigenschappen van koordenvier­
hoeken', Nieuw Tijdschr. Wisk. 18 (1931), 293-295. 

14. D. Barbilian, 'Exkurs uber die Dreiecke', Bull. math. Soc. Roumaine 
sci. 38 / II (1936), 3-62. 

15. G. Bratu, 'Un theor~~e de M. Pompeiu', Bull. math. phys. Ecole poly-
techno Bucarest 7 (1937), 3. 

16. N. Obrechkoff, 'Sur un theor~me de 11. Pompeiu', Ibid. 7 (1937), 4-5. 
17. H. Hilton, 'Sur un theor~me de M. D. Pompeiu', Ibid. t=(1937), 5. 
18. E. Abason, 'Sur une propriete du triangle equilateralT , Ibid. 7 

(1937), 6-8. --- = 

19. E. Abason, 'Un theoreme de geometrie', Ibid. 7 (1937), 8-13. 
20. N. G. Botea, 'Une relation entre nombres complexes et la generalisa­

tion d'un theor~me de geometrie elementaire', Ibid. 7 (1937), 13-14. 
21. D. Barbilian, 'Eine Verallgemeinung des pompeiuschen=Dreieckssatzes', 

Bull. math. Soc. Roumaine sci. 39 I (1937), 3-12. 
22. E. Abason, 'Articol despre triunghiul echilateral', Gaz. Mat. 42 

(1937), 352-360, 393-406.. -
23. G. Bratu, 'Sur Ie trap~ze rectangle', Mathematica (Cluj) 12 (1937), 

263-269. 
24. P. Montel, 'Sur un probl~me de J. Bertrand', Bull. math. phys. Ecole 

polytechn. Bucarest 9 (1937-1938), 1-7. 
25. A. Angelesco, 'Sur ul'i theoreme de :1. D. Pompeiu', Ibid. 9 (1937-1938), 

7-8. --= 
26. D. Germani, 'Sur un theoreme de M. D. Pompeiu', Ibid. ~ (1937-1938), 

12-17. 
27. E. M. Abason, 'Sur la reciproque d'un theoreme relatif au triangle 

equilateral', Ibid. 9 (1937-1938), 27-37. 
28. A. Hoborski, 'ElernenTarer Beweis eines planimetrischen Satzes des 

Herrn D. Pompeiu', Ibid. 9 (1937-1938), 9712. 
29. C. Postelnicesco, 'Sur un=theoreme de M. D. Pompeiu', Ibid. 9 

(1937-1938), 38-39. -- = 
30. M. Petrovitch, 'A propos d'un theor~me de M. Pompeiu', Bull. math. 

Soc. Roumaine sci. 40 (1938), 205-208. 
31. V. Thebault, 'Sur un theor~me de M. D. Pompeiu', Bull. math. phys. 

Ecole polytechn. Bucarest 10 (1938-1939), 38-42. 
32. D. Pompeiu, 'La geometrie et les imaginaires: demonstration de 

quelques theor~mes elementaires', Ibid. 11 (1939), 29-34. 
33. ~. Gheorghiu, 'Sur un theoreme de M. Pompeiu', Ibid. 12 (1941), 

221-234. -- = 
34. T. Anghelu~a, 'Une identite entre nombres complexes et un theor~me 

de geometrie elementaire', Bull. sci. Ecole polytechn. Timisoara 10 
(1941), 249-252. 

35. D. Pompeiu, 'Un theor~me de geometrie', Bull. Sect. sci. Acad. 
Roumaine 24 (1941), 223-226. 

36. M. Zachar~as, 'Ein geometrischer Satz', Ibid. 25 (1943), 247-248. 
37. I. Popa, 'Sur un theor~me de geometrie elementa~re', Bull. Ecole 

polytechn. Ia~i 2 (1947), 79-80. 
38. G. H. Hardy, A C~urse of Pure Mathematics, III, Cambridge 1948, 

p. 105. 
39. C. F. Manara, 'Un teorema sui triangoli equilateri', Period. Mat. (4) 

31 (1953), 186-188. 



THE MOBIUS-NEUBERG AND THE MOBIUS-POMPEIU THEOREMS 399 

40. S. V. Pavlovic, 'Sur une demonstration geometrique d'un theor~me de 
D. Pompeiu', Elem. Math. 8 (1953), 13-15. 

41. J.-P. Sydler, 'Autre demonstration du theor~me de Pompeiu', Ibid. ~ 
(1953), 15-16. 

42. R. Lauffer, 'Ein Satz der elementaren Geometrie', Ibid. ~ (1953), 
65, 136. 

43. J.-P. Sydler, 'Generalisation d'un theor~me de M. Pompeiu' , Ibid. ~ 
(1953), 136-138. 

44. R. Deaux, 'Theor~me de Ptolemee et nombres complexes', Hathesis 65 
(1956),96-98. 

45. S. V. Pavlovic, 'Sur deux theor~mes de D. Pompeiu', Ibid. 65 (1956), 
211-214. 

46. W. Hansen, 'Ein Beweis der ptolemaischen Ungleichung', Arch. Math. 
7 (1956), 320-322. 

47. 'G. R. Veldkamp, 'Een stelling uit de elementaire meetkunde van het 
platte vlak', Nieuw Tijdschr. wisk. 44 (1956), 1-4. 

48. o. Bottema, 'De stelling van Pompeiu', Ibid .. 44 (1956), 183-184. 
49. W. Boomstra, 'De stelling van Pompeiu nogmaals', Ibid. 44 (1956-

1957), 285-288. 
50. Z. A. Skopec, 'Nekotorie zamecanija k teoreme Pompeju', Mat. prosv. 

1957, No.2, 205-210. 
51. S. Manolov ann D. Kolarov, 'Opredeljane na oblastite v prostranstvoto, 

tockite na koito imat edno metricno svoj stvo ' , Godi~nik Univ. Sofija 
Mat. Fak. 52 (1957-1958), kn. 1, 165-181 (1959). 

52. A. K. HumaT; 'Dokazatel'stvo teoremi Pompeiju v n-mernom prostranstve, 
Izv. AN EstSSR 7 (1958), No.2, 154-155. 

51. Ju. M. Gajduk and A. N. Hovanskij, 'Kratkij obzor issledovanij po 
geometrii treugoljnika' , Mat. v ~kole 1958, No.5, 50-58. 

54. D. Pompeiu, Opera Matematica, Bucarest 1959. 
55. S. V. Pavlovic, 'Sur un theore~e de Neuberg et son inversion', Univ. 

Beograd. Publ. Elektrotehn. Fak. Ser. Hat. Fiz. No. 29-32 (1959), 5-9. 
56. S. Manolov, 'Zadaca 22', Fiz.-mat. spisanie 3 (36) (1960) , 152-153. 
57. S. V. Pavlovic, '0 Pompeiu-Neubergovoj teoremi', Mat. biblioteka 19 

(1961), 103-108. = 
58. S. V. Pavlovic, 'Uber die Erweiterung eines M. Zacharias-

D. Pompeiu'schen Satzes', Publ. Inst. math. Beograd l (15) (1961), 
93-100 (1962). 

59. S. Manolov and D. Kolarov, 'Edin nacin na razdeljane prostranstvoto 
na oblasti', Fiz.-mat. spisanie 6 (39) (1963), 31-37. 

60. o. Bottema, Euclides.38 (1963-19'G'4), 129-137. 
61. Z. A. Skopec, 'Plo~caa-treugoljnika Pompeju', Mat. v skole 1964, 

No.2, 68-70. 
62. S. Manolov and D. Kolarov, 'Edin nacin za razdeljane na pravite v 

ravninata na dve klasi', Fiz.-mat. spisanie 9 (1966), 272-278. 
63. S. V. Pavlovic, 'Uber die Erweiterung eines ~lementargeometrischen 

Satzes von D. Pompeiu' , Abh. Math. Sem. Hamburg 30 (1967),54-60. 
64. Z. A. Skopec, 'Prilo~enija kompleksnih cisel k zaaacam elementarnoj 

geometrii', Mat. v ~kole 1967, No.1, 63-71. 
65. V. Kortenska, 'Vrhu edin nacln za razdeljane na pravite v ravninata 

na dve klasi', Godi~nik vis~. tehn. ucebn. zaved. Mat. 4 (1967), 
kn. 3, 139-147 (1972). -

66. O. Bottema, 'Eine Erweiterung des Pompeiuschen Satzes', Abh. Hath. 
Sem. Hamburg 33 (1969), 119-123. 



400 

67. 

68. 
69. 
70. 

71. 
72. 

73. 

74. 

75. 

76. 

77. 

78. 
79. 

80. 

CHAPTER XIII 

GI: O. Bottema, R. Z. Djordjevie, R. R. Janie, D. S. Mitrinovi~, and 
P. M. Vasic, Geometric Inequalities, Groningen 1969. 
D. Veljan, 'Zadatak 1018', 1-1a.t.-fiz. list 21 (1970-1971), 78-79. 
'Zada~a 1330', Mat. v §kole 1974, No. 1, 6~and No.5, 87. 
M. S. Klamkin and G. Bercea, 'Problem 729', Elem. Math. 29 (1974), 
155 and 30 (1975), 133-134. 
w. Mnich, '0 nierowno§ci Ptolemeusza', Matematyka 31 (1978),39-40. 
M. S. Klamkin, 'Triangle Inequalities from the Triangle Inequality', 
Elem. Math. 34 (1979), 49-55. 
M. Dinc~, 'EXEinderi ale teoremi lui Dimitrie Pompeiu', Gaz. Mat. 84 
(1979), 368-370. -­

M. Dinc1i, 'In leg1itur1i cu nota matematic~ "Extinderi ale teoremei lui 
Dimitrie Pompeiu''', Gaz. Mat. 85 (1980), 198-199. 
N. Schaumberger and H. Eves, '~oblem 187', College math. J. 1981, 
155 and 1982, 278-282. 
V. Bazon, 'In leg1itur~ cu teorema lui Pompeiu', Gaz. Mat. 88 (1983), 
376-378. 
M. Lascu, 'Asupra unor inegalit~ti 1ntr-un tetraedru', Gaz. Mat. 89 
(1984), 397-399. 
H. Zhu, 'A Tetrahedron Inequality', Math. Gaz. 68 (1984), 200-202. 
I. Pop, 'In leg1itur1i cu teorema lui Dimitrie Pompeiu asupra 
triunghiului echilateral', Gaz. Mat. 90 (1985), 70-73. 
T. Hayashi, 'Two Theorems on Complex Nrumbers', TOhoku math. J. 4 
(1913-1914),68-70. = 

81. S. Barnard and J. M. Child, Higher Algebra, London 1949, p. 78. 
82. I. J. Schoenberg, 'A Remark on M. M. Day's Characterization of Inner­

product Spaces and a Conjecture of L. M. Blumenthal', Proc. Amer. 
Math. Soc. 3 (1952), 961-964. 

83. D. Peaoe, 'A Geometric Proof of the Equivalence of Fermat's Principle 
and Snell's Law', Amer. Math. Monthly 71 (1964), 543. 

84. T. M. Apostol, 'Ptolemy's Inequality ana the Chordal Metric', Math. 
Mag. 40 (1967), 233-235. --

85. M. S.-Xlamkin and A. Meir, 'Ptolemy's Inequality, Chordal Metric, 
Multiplicative 11etric', Pacific J. Math. 101 (1982), 389-392. 

86. N. Racli~, 'Theoreme de fermeture', Bull. math. phys. Ecole polytechn. 
Bucarest 12 (1941),5-8. 

87. T. popoviCIu, 'Quelques remarques sur un theoreme de M. Pompeiu' , 
Bull. math. Soc. Roumaine sci. 43 (1941),27-43. 

88. G. G. Constantinescu, 'On Some C£ometrical Theorems' (Romanian), 
Pozitiva 1 (1941), 257-263. 

89. J. Haantjes, 'De stelling van Ptolemeus', Simon Stevin 29 (1952), 
25-31. 



CHAPTER XIV 

INEQUALITIES FOR QUADRILATERALS 

1. Let ABCD be an inscribable quadrilateral. Then 

Ja. N. Sukonnik, 'Problem 823', Mat. v ~kole 1970, No.5, 72 and 
1971, No.3, 80. 

2. Let ABCD be a given quadrilateral. Then 

(1) 
22, . 2 A + C 

P q ~ 4abcd Sln ---2--

Proof. If we take the Brettschneider theorem in the form 

2 2 
P q (ac + bd)2 _ 4abcd cos2 A + C 

2 

then in view of (ac + bd)2 ~ 4abcd we obtain (1). 
This result is due to M. Naydenov. For A + C 

of W. Janous. 
~/2, we get a result 

3. Let ABCD be a convex quadrilateral with A + C > ~. Then, 

.E < ad + bc 
q ab + cd 

A. N. Danilov, 'Problem 593', Mat. v ~kole 1969, No.2, 73 and 1969, 
No.6, 69. 

4. In any convex quadrilateral the following inequalities are valid 

2 < L sin ~ ~ 2/2 
2 

and 

This result is due to G. Mircea. 

5. In any inscribable quadrilateral 

2 
La ~ pq + 2F/sin a a EO {A, B, C, D}, 

with equality only if the quadrilateral is a square. 
G. E. Muller, 'Problem 19700', Gaz. Mat. (Bucharest) 88 (1983), 220. 

6. If a, band p, q denote the lengths of sides and diagonals, respect-
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ively, of a parallelogram, then 

2 2 I a - b I < pq. 

T. P. Grigorjeva, 'Problem 1965', Mat. v ~kole 1975, No.2, SO and 
1979, No.1, 70. 

7. Let p and q be the lengths of diagonals of a trapezium that is 
circumscribed about a circle. If r denotes the inradius, then 

Remark. This result of Ja. N. Sukonnik is a generalization of a 
result of Ju. I. Gerasimov. 

Ja. N. Sukonnik, 'Problem 1424' , Mat. v ~kole 1974, No. 5, SO and 
1975, No. 4, S2. 
--:JU. I. Gerasimov, 'Problem 639', Mat. v ~kole 1969, No. 4, 73 and 
1970, No. 3, 80. 

8. If a quadrilateral has both an incircle and circumcircle, then 

(1) (a + b + C + d) 2 :;;, Spq 

with equality if and only if the quadrilateral is a square. 
This inequality is due to M. S. Klamkin. 
Comment by V. Mascioni. This inequality is equivalent to the trivial 

mean inequality 111 (a, b, c, d) ~ M2 (a, b, c, d). In fact, the following 

are equivalent (for inscribable and circumscribable quadrilaterals, of 
course) : 

(1) (a + b + c + d) 2 :;;, Spq 

4 (a + c) 2 :;;, 8pq 

2(a + c)2 + 2(b + d)2 :;;, Spq 

M2 (a, b, c, d) :;;, M1 (a, b, c, d). 

A simple proof of (1) is given by 

2 2 2 2 
(Za) = 4(a + c) = 2(a + c) + 2(b + d) :;;, Sac + Sbd 8pq 
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(note that for a circumscribable quadrilateral we have a + c = b + d, 
and for an inscribable quadrilateral pq = ac + bdl. 

Remark. (M. S. Klamkin) The stated inequality is also equivalent to 
2---

(La) ~ 8(ac + bd), for circumscribable quadrilaterals. 

9. Let ABCD be any inscribable quadrilateral. Then the following in­
equality is valid 

8~ < sin B < (a + d)2 + (b + c)2 

(a + b)2 + (c + d)2 sin A 8/abcd 

Gh. Stoica, 'Problem 19466', Gaz. Mat. (Bucharest) 87 (1982), 
423-424. 

10. Let ABCD be any inscribable quadrilateral. Then the following in­
equalities are valid 

(a) 
1 1 s 2 
2" + 2" < (2F) ; 
p q 

(b) 

J. Brejcha and M. KvaiHk, 'Problem 1', Rozhledy t1at. Fyz. 49 
(1970-1971), 26-28. -

11. If in a convex quadrilateral with a < b < c < d, then 

F ,s::: 3/3 2 
- 4 c. 

E. Popa, 'Problem 8841', Gaz. Mat. (Bucharest) B 20, (1969), 
100-102. 

12. In a convex quadrilateral it is true that 

(a) 2F < ab + cd; (b) 2F < ac + bd. 

Equality holds exactly when the quadrilateral is inscribable and 
(a) AC is a diameter of the circumcircle; 
(b) BD is a diameter of the circumcircle. 
Remark. The above equality conditions are qiven by M. Naydenov. 
'Problem M 137', Kvant 1972, No. 12, 37-38. 

13. Let ABCD be a circumscribable quadrilateral with parallel sides AD and 
BC. Then 

AB + CD ~ 2IF. 

'Problem 1839', Mat. v ~kole 1977,No. 3, 75 and 1978, No.1, 76. 

14. Let Q be a convex quadrilateral. Suppose that: 
Length of any diagonal of Q ~ length of any side of Q ~ 1. 

Then 
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2 73 F - s + 1 ~ O. 

J. H. Folkman and R. L. Graham, 'A Packing Inequality for Compact 
Convex Subsets of the Plane', Canad. Math. Bull. ~ (1969), 747-752. 

15. Let ABCD be a right circumscribable trapezium with parallel sides a 
and c (a > c) and inradius r. Then 

c/C12. < 2r < kc. 

S. Horak and M. Zemek, 'Problem 3', Rozhledy Mat. Fyz. 59 (1980-
1981),82 and 60 (1981-1982), 79-81. --

16. Let ABCD be a circumscribable quadrilateral with inradius r. Then 

a + C ;;;, 4r. 

T. A. Ivanova, 'Problem 1497', Mat. v ~kole 1975, No.2, 75 and 
1976, No.1, 73. 

17. Let a, b, c, d be the sides (in that order) of a quadrilateral that 
is inscribed in one circle and circumscribed about another. Let R, r 
denote the circumradius and inradius, respectively. Then 

(1) 

(2) 

(3) 

2 
8Rr/2 ~ (a + c) , 

In each case there is equality if and only if the quadrilateral is 
regular. 

Proof. Preliminary result. Let ABCD be the quadrilateral with AB = 
a, etc. Since opposite angles are supplementary, two adjacent angles 
are;;;' IT/2, say A, B ;;;, IT/2, since AC = 2R sin B, BD = 2R sin A, Ptolemy's 
theorem gives 

(4) ac + bd = 4R 
2 

sin A sin B. 

Since C IT - A and D IT - B, we have 

A B 
a = r(cotan 2 + cotan 2) , b 

A B 
r(tan 2 + cotan 2)' 

A B 
c= r(tan 2 + tan 2)' d 

A B 
r(cotan 2 + tan 2)' 

Hence 

(5) ac + bd 
2 

4r (1 + cosec A cosec B) 
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and by (4) and (5), 

(6) 
2 

(ac + bd) 

405 

Note also that a + c b + d = 2r(cosec A + cosec B) and this attains its 
minimum value when ABCD is a square. 

Proofs of (1), (2) and (3). By the arithmetic-geometric mean in­
equality 

(7) ac + bd ~ 2 (abcd) 1/2, 

(B) 
1 2 1 2 1 2 

ac + bd ~ 4(a + c) + 4(b + d) = 2(a + c) • 

Inequality (1) follows immediately from (6) and (7). 
By (6) and (B), 

4 2 2 2 
(a + c) ~ 4(ac + bd) = 64R r (1 + sin A sin B), 

and since the minimum of a + c occurs when A = B = TI/2, it follows that 

(a + c)4 ~ 12BR2r2, i.e. (2) holds. 
By (4), (5) and (B) we have 

(a + c)2 ~ 2(ac + bd) 

4R2 sin A sin B + 4r2(1 + cosec A cosec B). 

Again, since the m~n~mum of a + c occurs when A = B = TI/2, it follows 

that (a + c)2 ~ 4(R2 + 2r2). Inequality (3) follows from this and the 
4 

fact that (by (7) and (B» (a + c) ~ 16abcd. 
If the quadrilateral is a square, it is a trivial matter to show 

that equality holds in all cases. Conversely, if equality holds in (1), 
then there is equality in (B), i.e. a = b = c = d and the quadrilateral 
being cyclic is a square, if equality holds in either (2) or (3), then 
a + c is minimal, i.e. A = B = TI/2 and again the quadrilateral is a 
square (of side 2r). 

L. Carlitz and G. J. Griffith, 'Problem P1B6', Canad. Math. Bull. 
15 (1972), 616-617. 

Comments by V. Mascioni. Using (6), Klamkin's result in B. becomes 

2 
8rR/l + sin A sin B ~ (a + c) • 

It follows that (2) is stronger than the inequality in B. 
2 2 (7) (true for inscribable quadrilaterals) may be written as 4abcd ~ 

p q and thus is a companion to Janous' result from 2. 

lB. Let ABCD be a quadrilateral inscribed in a circle of radius Rand 
circumscribed about a circle of radius r. If s is the semiperimeter of 
the quadrilateral, then 
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(1 ) 
2 

+ r + r 

with equality if and only if at least one pair of opposite angles are 
right angles; 

with equality if and only if the quadrilateral is an isosceles trapezium; 

(3) s ~ 2R + (4 - 212)r, 

(4) 

with equality in each case if and only if the quadrilateral is a square. 
W. J. Blundon and R. H. Eddy, 'Problem 488', Nieuw Arch. Wisk. 26 

(1978), 231 and 465-466. --

19. Let U be the point of intersection of the diagonals of a convex 
quadrilateral ABCD. Let R1 , R2 , R3 , R4 be the distances from U to the 

vertices of ABCD and r 1 , r 2 , r 3 , r 4 the angle bisectors of the angles 

AUB = CAD = D., BUC DUA. Then 

(1) 

with equality if and only if the quadrilateral is a rectangle; and 

with equality if and only if 

S. Horak, 'Nerovnosti v geometrii', Rozhledy Mat. Fyz. 52 (1973-
1974), 10-13. 

20. Denote the midpoints of the diagonals AC and BD of a convex quadri­
lateral by E and F, respectively. Draw line segments AF, BE, CF and DE 
inside the quadrilateral and denote the new endpoints A1 , B1 , C1 and D1 , 

respectively, in the order given. Then among the ratios 

there is at least one not greater than 1. 
I. MOLLER, 'Problem Gy. 1495', K5z. Mat. Lap. 47 (1973), 157. 
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21. If about a convex quadrilateral 
tangle with maximal area Fmax' then 

V. I. Gridasov, 'Problem 669', 
1970, No.4, 76. 
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of area F is circumscribed a rec-
F ;;. 2F. 
max 

Hat. v !lkole 1969, No.5, 75 and 

22. A', B', C', 0' are the midpoints of the sides BC, CD, DA, AB of a 
convex quadrilateral ABCD, the consecutive pairs of lines AA', BB', CC', 
DO' intersect each other at A1 , B1, C1 ' 0 1 . The area of the quadri-

lateral A1B1C1D1 is F1 , the quadrilateral ABCD has area F. Then 

5F1 ~ F ~ 6F1 . 

This problem from Gaz. Mat. A can be found in Koz. Mat. Lap. 38 
(1969), 174 and in Kvant 1976, No.8, 16. -

23. P, K, S, N are the midpoints of the sides AB, BC, CD, DA of a convex 
quadrilateral ABCD. Let (AK) n (BN) = L, (KD) n (NC) = M, (PC) n (BS) = 
Q, (AS) n (PO) = T. Then 

(a) 

(b) 
F + F 

KMNL PQST ~ .!. 
FABCD . 2 

V. Matizen, 'Problem 3', Kvant 1976, No.8, 16. 

24. A convex quadrilateral, for which the sum of all six distances be­
tween the vertices (i.e. the sum of lengths of the sides and diagonals) 
is Sl' contains another one, for which the sum is S2. 

(a) S2 can be larger than Sl. 
4 

(b) S2 < "3 Sl· 

P. Gusjatnikov, 'Problem M 759', Kvant ~, No.8, 30 and 1983, 
No.1, 42-43. 

25. A triangle with area F contains a parallelogram with area Fl. Then 

~.!. F1 - 2 F. 

This result of J. B. Tabov is a generalization of a result from: 
Zaeta, 'Problem 5', Ob po Matematika 1984, No.3, 55 and~, 

No.3, 60-61. ----

26. Let PQRS be inscribed in the convex quadrilateral ABCD with P on AB, 
Q on BC, etc., and let AP/BP p, BQ/QC = q, etc. It is assumed no two 
vertices coincide. The area of a convex polygon with vertices P1 , P2 , ••• , 
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P n will be denoted I p 1 P 2 ..• P n I. T~et I DAB I = A1 , I ABC I 

ICDAI = A4 . Then 

A2 ' I BCD I =, A3 ' 

I SAPI =-p- I SABI 
p + 1 (1 + p) (1 + s) • 

Since I ABeDI = ~(A + A + A + A4) it follows, 
2 1 2 3 

F I PQRS I = ~(-21 - P + s))A1 = 
(1 + p) (1 

where the coefficients f 1 , f 2 , f3' f4 depend only on the ratios p, q, r, 
s. 

(1) 

(2) 

M. J. Pellinq uroved the followinq result: 
F = IPQRSI satisfies the following inequalities 

F';;; (1 + (1 - prj (1 - qs)) max(A1.') = 
IT(1 + p) 

F ;;;, (1 + (1 - prj (1 - qs)) min(A.) = 
IT(1 + p) 1. 

where Pl = p/(l + p) = AP/AB etc. 

Proof. First, the coefficients f. have 
1. 

for i E {1, 3} and j E {2, 4}. For since fl 

the property that f. + f. > 0 
1 1. J 

= 2 - p/(l + p) (1 + s) and 
1 

f2 = 2 - g/(l + q) (1 + p) we have fl + f2 = (1 + s + ps + pqs)/ 

/(1 + p) (1 + q) (1 + s) > 0 and the other cases follow similarly. 
Suppose now that p, q, r, s are fixed, that max (A.) = k, and that 

1. 
F is maximized for Ai subject only to this condition. We show that then 

all the Ai must be equal to k. Obviously one must be, say A4 • If A2 < k, 

then since geometrically Al + A3 = A2 + A4 one of A1 , A3 is less than k, 

say Al < k. But fl + f2 > 0 so that F could be increased if A1 , A2 were 

replaced by Al + x, A2 + x, for a suitably small x > o. So A2 = k which 

implies Al = A3 = k. 

Thus F is maximized only when Al A2 A3 A4 k, so that 
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A computation shows Lfi = 1 + (1 - prj (1 - qs)jIT(l + p) whence (1) 

follows. (2) can be proved similarly by minimizing F subject to min (Ai) 
= k and one finds again that Al = A2 = A3 = A4 = k. 

The following results are consequences of the above result: 

i.e. 
(a) Equality holds in (1) or (2) if and only if all Ai are equal, 
if and only if ABCD is a parallelogram. 
(b) From (1) it follows that if pqrs = 1 then F ~ max (Ai) with 

equality if and only if ABCD is a parallelogram and pr = qs = 1 and from 
(2) if pr = qs then F ~ min (A,) with equality if and only if ABCD is a 

1. 

parallelogram and pr = qs = 1. The condition pqrs = 1 can be expressed 
geometrically: a simple application of Menelaus' theorem shows it is 
equivalent to SP, RQ meeting on DB (or equally PQ, SR meeting on AC). 

tL J. Pel ling , 'Inequalities Involving the Area of a Quadrilateral 
Inscribed in a Convex Quadrilateral', Univ. Beograd. Publ. Elektro­
tehn. Fak. Ser. Mat. Fiz. No. 498-541 (1975),188-190. 

27. Let ABCD be a convex quadrilateral and let a be the angle between 
its diagonals. If P is an interior point and W min (LAP), then 

H. Toepken, 'Aufgabe 301', Jahresb. d. Deutsch. Math.-Verein. 51, 
2. Abt., Heft 2 (1941), 3. 

28. Let M A1A2A3A4 be a quadrangle in a Euclidean 2-space E2 \~ith the 

canonical coordinate system (x, y), and let P = (x, y) be an arbitrary 

point of E2. We define a function f(x, y) fM(P) corresponding to M by 

4 2 
fM(P) = L IPA,A, 11 , 

i=l 1. 1.+ 

where AS = Al and IABPI denotes the area of the triangle determined by 

three points A, Band P. Then 

F(M) 
2 2 

-r S (!1) 
e , 

where S(M) denotes the area of 14 and r a non-zero real number. The 
equality holds if and only if M is a parallelogram. Therefore, for any 
parallelogram M of the fixed area S = S(M), F(M) is independent of the 
shape of M. 

S. Tanno, 'Some Functions on the Set of Triangles or Quadrangles', 
Kodai Math. J. g (1983), 110-115. 

29. A normed linear space V is called quadrilateral if the inequality 

(1) la + bl + Ib + cl + Ic + al ~ lal + Ibl + Icl + la + b + cl 
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holds for all a, b, c E V. 
Such spaces were defined by M. F. Smiley and D. M. Smiley who con­

jectured that every two-dimensional normed linear space is quadrilateral. 
This conjecture was proved by A. Sudbery. 

Of course inequality (1) is the well-known Hlawka inequality. For 
some other generalizations and related results of this inequality see 
AI, pp. 170-177, and a paper of J. E. Pecaric. 

M. Chirit~ and R. Constantinescu noted the following interpretation 
of (1): 

Let Ai' Bl , Cl be the midpoints of the sides of a triangle ABC, and 

Let M be a point in its plane. Then 

Remark. It is obvious that M can be an arbitrary point in space. 
~Smiley and M. F. Smiley, 'The polygonal Inequalities', ~ 

Math. Monthly 71 (1964),755-760. 
A. Sudbery, TThe Quadrilateral Inequality in Two Dimensions', Amer. 

Math. Monthly 82 (1975), 629-632. --
J. E. Pe~ariC; 'Modified Version of a General Result of Vasic­

Adamovic-Ke~kic and Some Remarks Concerning Inequalities for Convex 
Functions', GlasnikMatematicki, 21 (41) (1986),331-341. 

M. Chirit~ and R. Constantinescu, 'Asupra unei inegalitati care 
caracterizeaza functiile convexe', Gaz. Mat. (Bucharest) 89 (1984), 
241-242. 

30. Let A1 , A2 , A3 , A4 be any given non-collinear four points in a plane 

IT. If these points form a convex quadrilateral, then let P be the point 
of intersection of its diagonals. If there is p E {1, 2, 3, 4} such that 
the point A lies inside (or on the boundary of) the triangle with 

p 
vertices from the set {Ai' A2 , A3 , A4 }\{Ap }' let then P = Ap' For any 

point Q of IT it is true that 

4 
E 

i=l 
QA, ~ 

l. 

4 
E 

i=l 
PA, 

l. 

with equality if and only if Q = P. 
Peters, Briefwechsel zwischen K. F. Gauss und H. C. Schumacher, 

Bd. 3, Altona 1981, S. 13, 14, 24, 26-28, 30-32, 39-40, 44-45. 
A. Engel, 'Geometrical Activities for the Upper Elementary School', 

Educ. Studies Math. 3 (1971), 372-376. 
H. Schupp, 'Extremwertbestimmungen mit Hilfe der Dreiecks-. 

ungleichung', Mathematikaunterricht 30 (1984), H. 6. 
A. Fricke, 'Der Punkt kleinster gewl.chteter Entfernungssumme von 

gegebenen Punkten', Ibid. H. ~, 22-37. 

31. Let x, y, z be three sides of a quadrilateral inscribed in a circle 
of radius r, and let the fourth side be the diameter of the circle. Then 

3 xyz ~ r 
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with equality if and only if x = Y = z = r. 
E. Kraemer and S. Van~~ek, 'Problem 4', Rozhledy Mat. Fyz. Praha 58 

(1979-1980), 33-35. 

32. Conjecture: If quadrilateral is convex, then 

2 max (a, b, c, d) 

When does the equality hold? 

r-z--2 ;. ve- + C. 

L. Tu~escu, 'Problem 20791*', Gaz. Mat. (Bucharest) 91 (1986), 220. 

33. If a quadrilateral has a circumscribed circle with radius R and an 
inscribed circle with radius r, then the following interpolation of 
GI 15.15 is valid: 

2R;' max(p, q) ;. 212 r. 

M. Lascu, 'Problem C:580', Gaz. Mat. (Bucharest) 91 (1986), 95. 



Chapter XV 

INEQUALITIES FOR POLYGONS 

1. Let A1 , B1 , C1 , D1 , El be the midpoints of sides of a convex pentagon 

ABCDE of area F. If Fl is the area of the pentagon A1B1C1D1El' then 

Remark. The second inequality is GI 16.2. 
~Skljarskij, N. N. cencov, and I. M. Jaglom, Geometri~eskie 

ocenki i zada~i iz kombinatornoj geometrii, Moskva 1974, pp. 38 and 
166-168. 

2. Let ABC DE be a convex pentagon of area FABCDE Then 

where FABE is the area of a triangle ABE, etc. 

'Problem M 193', Kvant 1973, No. 11, 43-44. 

3. Drawing in a triangle the three lines parallel to its sides and 
touching its incircle, we get a hexagon H having three pairs of parallel 
sides; then 

perimeter (H) ~ ~s 

where s denotes the semiperimeter of the triangle. This inequality is 
due to W. Janous. 
4. Let PS (A1 , ..• , AS) be a convex pentagon and let QS(B1 , ... , BS) be 

a convex pentagon which is determined by the line segments AiAi+2' i = 

1,2, ••. ,5 (e.g. Bl A1 A3 n ASA2 and BS = A4Al n ASA2 ). Let T be a 

point which is not in the exterior of QS ' We denote by r i the distances 

of T from the sides of PS ' d i are the distances of T from the sides of 

QS and Ri TAi , i = 1, 2, ••. , 5. Then 

5 
3 L 

i=l 
R. > 2 

l 

5 
L 

i=l 
r. + 4 

l 

5 
L 

i=l 
d .• 

l 

A. Lupa~ and S. B. Maurer, Math. Mag. 43 (1970),279 and 44 (1971), 
233. 
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S. If A1, A2 , A3 , A4 , AS are five different points in a plane and dij 

d ji stands for the distance of Ai and Aj , we have 

Equality holds if and only if the points are colinear and in the order 

A1A2A3A4AS· 
Proof. If we apply GI 15.4 (or the M5bius-Neuberg theorem) to the 

quadrilaterals A2A3A4AS' A1A2A4AS' A1A2A3A4' and moreover the triangle 

inequality to A1A3AS' we have respectively: 

(2) d24d3S ~ d23d4S + d 2Sd34 , 

(3) d 14d2S ~ d12d4S + d 1Sd24 , 

(4) d 13d24 ~ d12d34 + d14d23 , 

(S) d 1Sd24 ~ d 13d24 + d3Sd24 , 

and by adding these inequalities we obtain (1). Equality holds if and 
only if it does for all relations (2), (3), (4) and (S). In this case it 
follows from (S) that A1 , A3 , AS are (in this order) on a line L. Further-

more, A2 , A3 , A4 , AS are on a circle and so are A1 , A2 , A4 , AS and A1, 

A2 , A3 , A4 • Each pair of circles has three common POintsi hence the 

circles coincide and as L has three points of intersection with it. the 
points Ai are collinear. From (2) it follows the order has the possi-

bilities A2A3A4AS and A3A4ASA2i (3) implies A1A2A4AS or A1ASA4A2i from 

(4) we have either A1A2A3A4 or A1A4A3A2. The only order satisfying all 

conditions is A1A2A3A4AS. Conversely, if the points are collinear in this 

order, equality in (1) holds. 
o. Bottema, Euclides 44 (1968-1969), 23S-237. 

6. If Ai (i = 1, 2, ••• ,6) are different points in a plane, dij being 

the distance AiAj' we have 

(1) 

Equality holds if and only if the points are on a circle in the order 

A1A2A3A4ASA6· 
The proof goes along the same lines as that of S. 
Remark. That (1) with the equality sign holds for a convex hexagon 
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inscribed in a circle, was proved by W. Fuhrmann, Synthetische Beweise 
planimetrischer Satze (Berlin, 1890), 61; Cf. R. A. Johnson, Modern 
Geometry (1929), republished as Advanced Euclidean Geometry (Dover 
Publications, 1960),65-66. The converse theorem and inequality (1) have 
been given by H. F. Sandham and V. W. Graham, Amer. Math. !1onthly, i'Z. 
(1940), 642-643. For another proof of the converse theorem, see --
P. Bronkhorst, Euclides 44 (1968-1969), 55-56; o. Bottema (Id. 7.35-237) 
gave a proof of (1) by means of inversion making use of 5. 

Comment by K. A. Post. 5. and 6. are consequences of the following 
identities 

and 

where w, ' 
plane. lJ 

(i f- j), z, 
l 

(i = 1, .•. , 6) are points in the complex 

7. Let P1P2P3P4PSP6 be a convex hexagon. Denote by F its area and by Fl 

the area of the triangle Q1Q2Q3' where Ql' Q2 and Q3 are the midpoints 

of P 1P4 , P2P5 , P3P6 , respectively. Then 

D. o. Skljarskij, N. N. Cencov, and I. M. Jaglom, The same reference 
as in 1, pp. 38 and 169. 

8. Let A, B, C be three points which are not in the exterior of a 
regular hexagon MNPQRS of side 1. Then 

min (AB, AC, BC) ~ 13, 

with equality if and only if the triangle ABC coincides with MPR or with 
NSQ. 

This result is due to I. Tomescu. 

9. Let on the elongations of the sides of a triangle ABC be marked the 
lengths AK = AL = a, BM BN = b, CP = CR c. Then 

area (KLMNPR) ) 13 area (ABC). 

Ju. I. Gerasimov, 'Problem 370', Mat. v ~kole 1967, No.3, 84 and 
1968, No.1, 72-73. 

10. Let (n - k)s be the perimeter of an n-gon with sides x" 1 ~ i ~ n, 
l 

(n, kEN) and let f be a strictly convex function for x > O. If xi ~ s, 
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x. (1 ~ i ~ n), then 
~ 

n n 
(1) ~ f(xi + x i +1 + .•• + x i +k- 1 ) ~ ~ f«n - k) (s - xi)) 

i=l i=l 

with equality if and only if xl = x2 

Proof. From Jensen's inequality 

x • 
n 

(n _ k)f(n _ k)s _ n~k x ) ~ n~k 
i=l ·j+i i=l 

f«n - k)(s - x .. )). 
J+~ 

415 

for a. 
~ 

(n - k) (s - x. .), (1 ~ i ~ n - k), j 
J+~ 

1, 2, ••• , n; we obtain 

(n - k)f(n - k)s - n~k x. 1) ~ nt f«n - k) (s - x. 1)). 
i=l J+ i=l J+ 

Summing the latter set of inequalities for j = 1, 2, ••• , n, we obtain 
(1) • 

By letting f(x) = log x for x > 0 in (1), we obtain [1]: 

n n 
(2) IT (xi + x i +1 + ••• + x i +k - 1) ~ (n - k)n IT (s - xi). 

i=l i=l 

Of course, for k = 1 from (2) we get the known inequality of 
Mitrinovic and Adamovic (see AI, pp. 208-209), i.e. the following gener­
alization of GI 1.3: 

n 
(3) IT xi ~ IT(x2 + x3 + ••• + xn - (n - 2)x1)· 

i=l 

Another generalization of (3) was given by M. S. Klamkin. He proved 
the inequality 

(4) 

where 

n n 
P. IT (T. - Aaij ) , T. ~ a,. , 
~ 

j=l 
~ ~ 

j=l ~J 

n n 
P IT (T - Aa.) , T ~ a. , 

j=l J j=l J 
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m m 
a. L w,a,. , L w. 1, aij > 0, 

J i=1 ~ ~J i=1 ~ 

T. - Aa .. ~ 0 and w. ~ O. 
~ ~J ~ 

There is equality if and only if the m vectors (ail' a i2 , ••• , a in), 
i = 1, 2, •.. , m, are parallel. 

Some results, similar to (3), were given by P. Sava, i.e. he proved 
in the case k 1 the following two inequalities: 

(5) 
n n 
L n-~ ~ n(n n-1's':'-x. x. s - x. - 1 ) IT s-x., 

i=1 
~ ~ i=1 ~ 

n x. n 
L ~ 

~ S (S L .;s::--x.) . 
i=1 

S - ,Is - x. i=l ~ 
~ 

(6) 

Remark. Here we note that from the fact that (1) is valid for every 
convex-fUnCtion defined on (0, +00) and from the well-known theorem of 
majorization (AI, pp. 164-165) it follows that 

< (n - k) (s - xl' 
;! 

-.. , 

. . . , s - X ) • 
n 

This result is a generalization of a result from VIII, 2.1.5), so using 
the same Schur-concave functions as in Examples VIII, 2.1. 14°-16°, we 
can obtain further generalizations of these results. 

J. E. Pe~arie, R. R. Janie, and M. S. Klamkin, 'Some cyclic Inequal­
ities'. To appear. 
- -M.- S. Klamkin, 'Extensions of Some Geometric Inequalities', Math. 

Mag. 49 (1976), 28-30. 
---p:- Sava, 'Asupra unor inegali~ti intr-un polygon', Gaz. Mat. 
(Bucharest) B 18 (1967), 56-57. 

11. Consider any (n + 1)-gon, coplanar or not, simple or not, with sides 
ai' i = 1, 2, ••. , n + 1. If f is a non-decreasing convex function for 

x > 0, then 

n 
f(! a ) ~! L f(a) 

n n+l n i=l i' 

with equality if and only if a 1 = a2 = ••• = an = an+1/n, i.e. the poly­
gon is degenerate. 

Remark. The case f(x) = xm( m > 1) is given by M. S. Klamkin, as a 
generalization of a case m = 2 and n = 3, which was given as a problem 
in Crux Math. 2 (1976), 6 (Problem 106). The same problem was also given 
in Mat. v ~kole as Problem 1478 by V. V. Malinin. 

V. V. Malinin, 'Problem 1478', Mat. v ~kole 1975, No.1, 87 and 
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1975, No.6, 84-85. 
V. Linis, 14. S. Klamkin, and F. G. B. Maskell, 'Problem 106', 

Crux Math. 2 (1976) 6, and 78-79. 

12. Let p (n - l)s be the perimeter of an n-gon with sides x" such 
+ + J 

that x, ~ s (1 ~ j ~ n). If f:(O, sl ~ Rand g:(O, p1 ~ R are monotonic 
J 

in the opposite sense and g is also strictly convex, then 

n n 
(1 ) r f(xi)g(xi ) ~ r f(xi)g«n - 1) (s - xi)) 

i=l i=l 

with equality if and only if xl = •.• = xn ' 

The inequality is reversed if f and g are monotone in the same sense 
and g is concave. 

Proof. Let f and g be monotone in the opposite sense. Without loss 
of generality we can suppose that xl ;;;, .•. ;;;, x n ' If 0 ~ Yl .;; ... .;; Yn < 
s, then Ceby~ev's inequality for monotone sequences gives 

or 

n 

n r 
i=l 

f(x, )g(y,) ;;;, 
~ ~ 

n 

r 
i=l 

f(x, ) 
~ 

(n - 1) 

n n 
r f(xi)g(Yi);;;' r 

i=l i=l 
f(x, ) 

~ 
q(y,) • 

J 

Using Jensen's inequality for convex function q we get 

n 
r 

i=l 
f(x, )q(y,) ;;;, 

~ ~ 

n 
r 

i=l 
f (x, ) g (r y I (n - 1)). 

~ jfi J 

If we put y, = (n - 1) (s 
J 

x,) , (j 
J 

1, ... , n), we have r " 
jfi "j 

is valid. 
2 

(n - l)x i , i.e. (1) 

Remark. For f (t) t , g(t) = lit, we get an inequality of 

B. E. Lungulescu. For 
V. VajiHtu. of 

n = 3, f(t) = t X , g(t) = t-y we get an inequality 

B. E. Lungulescu, 'Asupra unor poligoane', Gaz. Mat. (Bucharest) 
B 18 (1967), 352. 

V. Va.ja.itu, 'Asupra unei inegalita.ti intr-un triunghi', Gaz. Mat. 
(Bucharest) 90 (1985), 191-192. 

D. S. Mitr~novic and J. E. Pecaric, 'An Inequality for a Polygon', 
Zbornik Fak. za Pomorstvo, Kotor 11-12 (1985-1986),73-74. 

13. If a l , a 2 , .•• , an are the sides of an n-gon, then 
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~ L: a,a, ~ 
n - 1 i<j ~ J 

( n )2 
L: a, 

i=1 ~ 
a,a,. 
~ J 

The first equality sign is valid if and only if the polygon is equi­
lateral, and the second if and only if the polygon is degerate in which 
n - 2 of the sides are of length zero. 

M. S. Klamkin, 'Problem Q 686', Math. Mag. 57 (1984), 244. 

14. If a l , a 2 , ... , a are 
n 

the sides of a polygon, then for k = 1 , 2, 

... , n, 

~~ 
n __ 1 __ ~ (n 1)2 
L: -

S - ak S - a, (2n - 3) (S - ak ) , 
i=1 ~ 

iik 

where S = a 1 + a2 + ••• + an· 

M. S. Klamkin and G. Tsintsifas, 
16 and ~ (1981), 28-29. 

'Problem 506', Crux Math. 6 (1980), 
== 

15. If for all n-gons with sides a 1 , a 2 , .•• , an the following inequality 

is valid, then n 3. 
This result is due to W. Janous. 

16. Let A1A2 ••• An be a convex n-gon. We apply successively to each 

angle A, weights x ~ 0 and y ~ 0, such that L:xr = L:Yr = 1 (summations 
~ r r 

throughout are for r = 1, 2, ••• , n) to form the weighted sums 

B 
r 

C 
r 

XrAl + xr+1A2 + ••• + Xr +n_1An ,} 

= y A1 + Y lA2 + ••• + Y lA, r r r+ r+n- n 

1, 2, ... , n, 

where all subscripts are reduced modulo n. Then 

~ ( (n - 2)TI)-1L: Cr 
v n cos 2n cos 2 

with equality if and only if the polygon is equilangular. 
Remark. This is a generalization of a problem of J. Garfunkel given 

by M.~amkin. The original problem is the special case for which n = 
4, (xr ) = (1, 0, 0, 0), and (Yr) = (1/2, 1/2, 0, 0). 
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J. Garfunkel, E. C. Buissant des Amorie, and M. S. Klamkin, 'Problem 
665', Crux Math. 7 (1981),205 and ~ (1982), 221-222 and 280-281. 

17. On a circle with the radius 1 we mark the points A1 , A2 , ... , An 
counter-clockwise. If 

n> 3, n E N, 

then the polygon AIA2 ••• An is regular. 

This result is due to G. Mircea. 

18. Let p be the perimeter and let S be the sum of the lengths of the 
diagonals of an n-gon. If the polygon is convex, then 

n - 3 
S > --2- p. 

This is a result of T. Popoviciu. The same result is given by V. F. Lev. 
Popoviciu also conjectured the following results: 

n 2 _ 8 
S "--8-- P (if n is even), 

2 
<" n - 9 

S '" --8-- P (if n is odd). 

Note that at the 25th International Math. Olympiad (1984) the following 
was posed as a problem: 

For n ~ 4 there holds 

where [x] denotes the greatest integer not exceeding x. 
This is just the substance of Popoviciu's conjecture. 
T. Popoviciu, 'Problem 4357', CmZ. Mat. (Bucharest) 39 (1933-1934), 

258. 
V. F. Lev, 'Problem t1 846', Kvant 1984, No.7, 53. 

19. Let P be a convex n-gon with vertices A1 , ••• , An' perimeter Land 

area F. Let 20i be the measure of the interior angle at vertex Ai and 

set C = ~ cotan 8 i • Then 

L2 _ 4FC > 0 

and equality holds just when P has an inscribed circle. 
Remark. (M. S. Klamkin) The proposed inequality is an immediate con­

sequence of a theorem of S. Lhuilier (1750-1840) (see for example the 
book of L. A. Lyusternik, Convex Figures and Polyhedra, New York, 1963, 
pp. 118-119), which is itself a consequence of the Brunn-Minkowski 
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inequality. 
O. Bottema, Chapters on Elementary Geometry, The Hague, 1944, p. 43 

(Dutch) . 
G. P. Henderson, O. Bottema, and M. S. Klamkin, 'Problem 615', 
~~~ 'l:. (1981), 79 and..§. (1982), 57-58. 

20. Let F, L, r, R be area, perimeter, radii of incircle and circumcircle, 
respectively, of a convex n-gon. Then 

2n tan~ r ~ 2~ tan ~ F ~ L ~ 2n sin ~ R. 
n n n 

Equalities hold if and only if the n-gon is equilateral. 
Remark. This is an interpolation of GI 16.23. Note that as a special 

case we have a generalization of Chapple-Euler's inequality, i.e. 
R ~ rlcos (7f/n) • 

S. B. Ga~kov, 'Neravenstva dlja plo~cadi i perimetra vipuklogo 
mnogougol'nika', Kvant 1985, No. 10, 15-17. ---= 

21. Let a l , a 2 , ••. , an be the sides and r, R the radii of incircle and 

circumcircle, respectively, of a convex n-gon. Then 

with equality if and only if the polygon is equilateral. 
T. Kubota, 'Einige Ungleichheiten fu~ das ~reieck und das konvexe 

Polygon', TOhoku Math. J. 25 (1925), 122-126. 

22. Let F be area of an n-gon inscribed in a circle of radius R. Then 

Proof. (W. Janous) This is a simple consequence of 20, i.e. of 
GI 16---;;--' . 27f ~ 313 n - 2 • s~nce s~n ;- '" -2- --n-

Remark. For n = 3, this is the left-hand inequality from GI 7.9. 
s:-r:-~iajzus, 'Problem 898', Mat. v ~kole 1971, No.2, 74 and 1971, 

No.6, 76. 

23. For any convex n-gon, there are at least (n - 2) sides which are 
shorter than the longest diagonal and, furthermore, (n - 2) is best 
possible. 

M. S. Klamkin, 'Polygonal Inequalities', Ontario Math. Bulletin 10 
(1974), 18-21. -

24. (i) Let Ql' .•• , Qn+i be n + 1 points in the space, 0 the midpoint 

of Q1 Qn+l' and Ei E {-1, 1} (i 1, ••• , n, En+l = E1). Then 

(1) (cos ~) 
n 

n 
L 

i=l 

n 

L EiEi+l OQiOQi+l cos(QiOQi+l). 
i=l 
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For Ei = 1 (i = 1, ••• , n) we get a result of N. Ozeki. (The proof 

of (1) is similar to Ozeki's proof.) Note that (1) is a generalization 
of the well-known asymmetric inequality of J. Wolstenholme (see Chapter 
VI). The same is valid for the followinq consequence of (i): 

(ii) Let Xl' ••• , xn (xn+1 = xl) a~d 01 , ..• , On be real numbers 
n 

and let l: 
i=l 

(2) 

O. = (2m + l)rr (m E Z). Then 
~ 

(iii) Using the substitutions 0i ~ 0i + rr (i 
comes 

1, ... , n) (2) be-

(2' ) 

where 

(cos 2:.) 
n 

n 
l: O. 

i=l ~ 

n 
l: O. 

i=l ~ 

(2m + l)rr if n is even, 

2mrr if n is odd. 

(iv) Let n be odd. Using the substitutions O. ~ 20. (i 
get 

~ ~ we 

n 
2 

n 
(cos 2:.) l: x. ;;. - l: xi x i +1 cos 20. , 

n 
i=l 

~ 
i=l 

~ 

n 
2 n 

2 n 
(3) 2 l: xi x i +1 sin 0 ~ (cos 2:.) l: x. + l: xi x i +1 

i=l i n 
i=l 

~ 
i=l 

and 

n 
2 

n n 
2 (4) 2 l: xi x i +1 cos O. ;;. l: xi x i +1 - (cos 2:.) l: x .• 

i=l ~ i=l 
n 

i=l 
~ 

N. Ozeki, 'On P. Erdos' Inequality for the Triangle', J. 
Arts Sci. Chiba Univ. 2 (1957) , 247-250. 

= 

1, ... , 

College 

n) , 

25. Let A1 , ••• , An be the vertices of a convex n-gon and P an internal 

point. Let ~ = P~, r k the distance from P to the side Ak~+l' wk the 
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segment of the bisector of the angle ~PAk+1 = 20i from P to its inter­

section with the side ~Ak+1. It is known that (see GI 16.9) L. Fejes­

T6th has conjectured the following generalization of the well-known 
Erdos-Mordell inequality 

n 'fr n 
(1) ~ ~ ~ (sec n) ~ r k • 

k=l k=l 

One can find in GI 16.9 that inequality (1) for n = 4 was proved by 
A. Florian in 1958, and that in 1961, H. C. Lenhart proved (1) and the 
following generalization of GI 12.48: 

n 
(2) ~ R ~ (sec ~) 

k=l k n 

But, inequality (2) (and therefore (1)) was firstly proved in 1958 
by N. Ozeki, i.e. he proved the following generalization of (2): 

(A) Put a point P inside a qiveh polygon A1 A2 ••• AnAl' where the 

polygon is a star region to P. 

n A n 
(3) ~ R. ~ (sec ~) ~ 

i=l 
l. n 

i=l 

where sec ~ is the best value. 
n 

If A ~ 1, then 

A 
w .• 

l. 

In his proof, N. Ozeki used his result noted in 24 (i). Of course, 
it is possible to use inequality (2) from 24 (ii), i.e. the following 
special case of this result: 

1° Let Xl' ••• , xn (xn+1 = xl) be real numbers and 01' ••• , on non-

n 
negative numbers such that ~ 0i 

i=l 
'fr. Then 

(4) (cos ~) 
n 

n 

~ xi x i +1 cos 0i. 
i=l 

NOW, we shall show that using (4), i.e. (3), we can prove the fol­
lowing result: 

2° Let the conditions of (A) be fulfilled and let xl' ••• , xn be 
non-negative numbers. If A ~ 1, then 

(5) 
n 
~ 

i=l 

where R~ = ~1 cos 0 .. 
l. l. l.+ l. A/2 

Proof. By substitution xi ~ xiRi ' (4) becomes 
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n n 
2 Ie Ie 

(cos 2:.) L x.R. ~ L x.x·l(~) cos O. 
n ~ ~ i=l 

~ ~+ ~ ~+ ~ 
i=l 

Ie 
and since Ie ~ 1 , i.e. cos O. ~ cos °i' 

(5) follows. 

(6) 

i.e. 

Since 

w. 
~ 

2RiRi+l 

Ri + Ri + 1 

~ 

cos 0., 
~ 

we have the well-known result 

R* ~ w ~ r 
iii· 

So, the following results are also valid 

(7) 

and 

(8) 

n 
L 

i=l 

n 
L 

i=l 

2 Ie IT 
x.R. ~ (sec-) 
~ ~ n 

Remark. Inequality (5) for xi 
by H. Voqler. 

By using (6), (4) becomes 

n n 

x 
n 

2 
(9) 2(cos 2:.) L ~ L 

-1 
x. x i x i +1wi (Ri + 

n 
i=l 

~ 
i=l 

and in the 

(10) 

NOw, 

(11 ) 

which is a 

case xl 

2n cos 2:. ~ 
n 

x 
n 

1, 

using the arithmetic-geometric 

n n 
IT (w. + wi + 1 ) ,;;; 2n n IT 

IT cos 
i=l 

~ n 
i=l 

generalization of GI 12.52. 

means 

R. 
~ 

1 and Ie 

-1 
Ri + 1 ) , 

inequality, 

423 

1 was given 

we get 
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Using again the arithmetic-geometric means inequality, we get the 
following inequality of N. Ozeki: 

(12) 
n 
IT 

i=l 
R ;;. (sec ~)n 

i n 

n 

IT wi 
i=l 

which is a generalization of GI 12.51. It is evident that (12) is better 
than GI 16.8. 

Remark. The above results are generalizations of results from 
XI.5.---

N. Ozeki, 'On P. Erdos' Inequality for the Triangle', J. College 
Arts Sci. Chiba Univ. ~ (1957), 247-250. 

H. Vogler, 'Eine Bemerkunq zum Erd6s-Mordellschen Satz fur Polygone', 
ADz. Osterr. Akad. Iviss. Math.-naturwiss. Kl. 103, No. 1-14, (1966), 
241-251. 

D. S. Mitrinovic and J. E. Pe~aric, 'On the Erd6s-Mordell Inequality 
for a Polygon', J. College Arts Sci. Chiba Univ. B 1~ (1986),3-6. 

26. Let A1A2 ••• An be a convex polygon of area F and perimeter L, and 

M an internal point. Let a 1 , a 2 , .•• , an be the sides of the polygon and 

r 1 , r 2 , •.• , rn the distances from M to the sides of the n-gon. Then 

This is a result of D. Bu~neag. As a special case we get the fol­
lowing result of M. B~tinetu: 

If a polygon is circumscribed about a circle of radius r, then 

(L 2rn tan TI> 2TIr). 
n 

D. Bu~neag, 'Problem 10876', Gaz. Mat. (Bucharest) B 22, (1971), 
35. 

D. M. B~tinetu, '0 inegalitate lntre medii ponderate si aplicatii', 
Gaz. Mat. (Bucharest) 87 (1982), 250-252. 

27. Let rand R be the radii of incircle and circumcircle, respectively, 
of a convex n-gon A1A2 ••• An and P an internal point. Let Rk = PAk and 

let A(Rk ) be the arithmetric mean of all Rk • Then 

(a) A(R) ;;. .i. r(5 _ E.) 
k 9 R 

and A(~) ;;.} r ~8 ~ - 15 for n 3 ; 

(b) A(Rk ) ;;. 2r!tan ~ tan ~ 
2n n 

for n ;;. 3. 

J. Berkes, 'Aufgabe 620', Elem. Math. 25 (1970),39. 
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28. Let P be a point in the plane of a regular n-gon AOA1 ••• An_1 and 

Rk = PAk_1 (k = 1, ••• , n). Let f\ (Rk ) be the mean of order r of all Rk • 

Then the following results are valid: 

(1) 

with equality if and only if P coincides with one of the vertices of the 
polygon. 

(2) If 0 < r .e;;; 1, then 

with equality if and only if P coincides with one of the vertices of the 
polygon. 

(3) Let m be an integer (1 < m < n). Then 

with equality if and only if P is the circumcentre of the polygon. 
(4) Let m be an integer (m> n). Then 

with equality in the following cases: 
10 if n is even, P coincides with one of the vertices of the poly-

gon; 
2 0 if n is odd, P coincides with one of the midpoints of the arcs 

of circumcircle between two neighbouring vertices. 

(5) 

where 

A (r) 
n 

Rr ~ A (r) 
in' 

n-1 k'IT r (0 'co, ,,' · 
n-1 r 'IT 

L (sec 2n) 
k=O 

Equality occurs if and only if: 

if either n is even and r > 0 or n odd 
and r ~ 1; 

(2k + 1)'IT l r Icos if n is odd and 2n ' 
O<r<1. 

10 if either n is even and r > 0 or n is odd and r > 1, P coincides 
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with A~ (diametrically opposite point to Ao) ; 

2° If n is odd and 0 < r < 1, P coincides with one of the opposite 

vertices to Ao' i.e. P = A(n_l)/2 or P = A(n+l)/2; 

3° if n is odd and r = 1, P coincides with any point of the arc 
A A of circumcircle. 
n-l n+l -- --

2 2 

(6) M (Rk ) ~ C(r)M (Rk ), 
r n 00 

(7) 

where 

{~ cotan ;n ' if n is even; 

1 'IT n cosec 2n ' if n is odd. 

Independently of n it holds that 

M1 (R ) > ~ M (Rk ) 
k 'IT 00 

where the constant 2/'IT cannot be improved. 

(8) (n > m, mEN). 

T. Popoviciu, 'Quelques remarques sur un theor~me de M. D. Pompeiu', 
Bull. Soc. Roumaine des Sciences il (1941), 27-43. 

T. Popoviciu, 'Asupra poligoanelor regulate', pozitiva II, 3-4 
(1941), 3-8. --

29. Let Al ... An (n > 4) be a polygon and let P be an internal point 

such that the angles Ai PAi +1 (i = 1, •.. , n; An+1 = A1 ) are acute. If 

AiAi+l = ai' PAi Ri (i = 1, •.• , n), then 

R. N. Gologan, 'Problem 11533', Gaz. Mat. (Bucharest) B 23 (1972), 
292-293. 

30. F is the area of the polygon Al ••. An' P is an arbitrary point on 
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the polygon Al 

(1) 
n 
l: 

i=l 

A • Then, if n ~ 4, 
n 

R. ~ 212F. 
~ 

427 

A 
n 

Equality holds if A1PA2 is a right isosceles triangle and A3 = ••• = 
P. 
This is a result of N. Ozeki (see reference from 24). Note that (1) 

is also valid if P is an inner point of the polygon. If the polygon is 
circumscribable and inscribable, using GI 16.23 (i.e. 20), we get 

(2) 
n 

l: Ri ~ 2rlSn tan * 
i=l 

For a triangle the analogous results are GI 12.18 and 12.14. 

31. Let TI be a convex n-gon and let TIl be a new n-gon whose vertices are 

the midpoints of the sides of TI. If Land Ll are perimeters and F and Fl 

the areas of the polygons TI and TIl' respectively, then 

(n ~ 3) and (n ~ 4). 

N. B. Vasiljev, 'Problem M 115', Kvant 1972, No.8, 61-62. ---= 
32. Let TI be a convex polygon of area F and perimeter L and let a convex 
polygon TIl of area Fl and perimeter L1 lie in IT. Then 

A. Kelarev, 'Problem M 690', Kvant 1981, No.6, 31 and 1982, No.2, 
29-30. --- ===== 

33. Let a be the apothem of a regular n-gon (n ~ 3) inscribed in a 
n 

circle of radius R. Then 

(n + 1)an+1 - nan> R. 

If we replace R by a number R' > R, the inequality is not true for 
arbitrary n ~ 3. 

This is an extension of GI 16.20. 
'Problem 9297', Gaz. Mat. (Bucharest) B 19 (1968). 
M. G. Petkov, 'Problem 5', Mat.-Fiz. ~ja), 1960, No.4, 59. 

34. Given a circle of radius R. Let on be the perimeter of the regular 

n-gon inscribed in the given circle, and On the perimeter of the circum­
scribed regular n-gon. Then 
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(0 0 ) 1/2 > 2R7f. 
n n 

Proof. Let x E (0, 7f/2). We then have 

2 
x 

2 tan .:: tan "2 2 
sin x tan x 

2 x 2 
1 + tan 

2 
1 - tan 

CHAPTER XV 

> 4 
2 ~> 2 

tan x . 
~ 2 
2 

Therefore, if we take x = 7f/n (n > 3) it follows that 

7f 7f 1/2 7f , 7f 7f 1/2 7f 
(sin fi tan fi) > fi' 1..e.(2nR sin n • 2nR tan il) > 2nR n 

and the desired inequality is proved. 
Remark. The above inequality of M. Jovanovic is better than GI 

16.22, but it is weaker than the well-known inequality of Ch. Huygens 

(1629-1695), i.e. GI 16.21: ~ 0 + -31 0 > 27fR. 
3 n n 

Recently, E. Braune gave the following inequality: 

o 
n 

+ 0 
n 

7f 1/6 > 47fR/ (cos -) . 
n 

M. S. Jovanovic, 'Some Inequalities Involving Elements of a Tri­
angle and polygon', Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. 
Fiz. No. 357-380 (1971), 81-85. 

E. Braune, 'Pr-oblem 1137', Math. Mag. 56 (1983), 53-54. 

35. If L, F and L1 , F l' denote the perimeters and areas, respectively, of 

two polygons IT and ITl circumscribed about a given circle such that the 

greatest side of ITl is less than the smallest side of IT, then 

and 

Remark. This result is Klamkin's extension of a result of 
J. V. Uspensky (the part for perimeters is due to Uspensky). 

J. V. Uspensky, 'A Curious Case of Mathematical Induction in Geo­
metry', Amer. Math. Monthly 34 (1927),247-250. 

M. S. Klamkin, 'Inequalities for Inscribed and Circumscribed poly­
gons', Amer. Math. Monthly 87 (1980), 469-473. 

36. Let the complex numbers a o ' a 1 , ..• , a n _ 1 represent the vertices of 

a polygon IT. Then the following inequality of Weitzenb6ck is valid 

where ¢, , is the area of the triangle a a,a,. 
1.,J 0 1. J 
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B. H. Neumann proved the slightly more general inequality 

f~ . 
1,J 

where f .. 
1,J 

denotes the area of the triangle Oa.a .. 
1 J 

B. H. 
(1941) , 

Neumann, 'Some Remarks on Polygons', J. London Math. Soc. 16 
230-245. 

37. Let H denote the regular n-gon with unit side length, n ~ 4. If K 
is a convex n-gon inscribed in H with side lengths xi (i = 1, ... , n), 
then 

_n_(:...l_---".-c'-o"-s=-e_-.'-) .;;; 
2 

n 
l: 

i=l 

2 
x . .;;; n(l - cos e), 

1 

where e denotes the internal angle of H. 
M. Guan, E. T. H. Wang, W. Janous, and H. O. Kim, 'Problem E 3059', 

Amer. Math. Monthly 91 (1984),580. 

38. Let Al ... An be a convex n-gon of area F and M an internal point. 

If r k and Rk are in radius and circumradius of the triangle Ak MAk+1 , 

respectively, then 

(1) 

and 

(2 ) 

40: 

n 
l: 

i=l 

n 
l: 

i=l 

r i .;;; InF/3/3 

R. > 21F/3/3. 
1 

This result is due to Hr. Karanikolov. 
A conversion of (1) is given as Problem M 126, Kvant 1972, No. 10, 

If an n-gon is circumscribed about a circle of radius r and divided 
into n arbitrary triangles, then 

(3) 

(2) : 

n 
l: r i > r. 

i=l 

K. Kr'steva-Prevalska gave the following generalization of (1) and 

The largest circle lying in a polygon shall be denoted its incircle, 
and the smallest circle containing a polygon shall be denotes its 
circumcircle. 

Let a convex n-gon be divided into p arbitrary convex m-gons with 
inradii and circumradii r k , Rk (k = 1, ... , pl. Then 
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p ~------~ 

L r i ~ ~F/m tan; 
i=l 

and 
P 
L 

i=l 

CHAPTER XV 

sin 
2 'IT 

m 

Hr. Karanikolov, 'Njakoi zavisimosti za edin izp'knal n-'g'lnik', 
God. na VTUZ - Matematika, t. 1, kn. 3, 1964. 

K. Kr'steva-Prevalska, 'V'rhu njakoi neravenstva za izp'knal 
n-'g'lnik', God. na VTUZ - Matematika, t. 3, kn. 1, 1967, 123-125. 

39. Let Pl , P2 , ••• , Pn (n> 2) be arbitrary points in the plane. Then 

'Problem 3', Matematika (Sofija) 1983, No. 10,24 and 1984, No.5, 
39. 

40. Let A1A2 ••• An+1 be a polygonal line and Bi E AiAi+1' i= 1, •.• , n. 
Then 

F. S. P!rviinescu, 'Problem 0:273', Gaz. l1at. (Bucharest) 87 (1982), 
45. 

41. The plane polygon of n sides of which n - 1 sides are of given 
lengths a, b, c, ••• , has the maximum area Fm when the polygon is in-

scribed in the circle having the n-th side of unknown length as its 
diameter. Then the following inequalities are valid 

1 ... /2 2 2 ~ ~ 1 4 ~a/b + c + d + ••• ~ Fm ~ 4 La(b + c + d + ••• ). 

T. Hayashi, 'An Inequality in Polygon-Geometry', TOhoku Math. J. 23 
(1924), 90-93. 

" 42. If we denote the diameter, width, perimeter and area of a convex 
n-gon by d, w, p and F, respectively, then the following inequalities 
are valid: 

(1) 2n(tan ;n)w ~ p ~ 2n(sin ;n)d 

with equalities for regular n-qons, and 

(2) 
2 M n 'IT 'IT 2 w 11'3 ~ F ~ -(cos - tan -)d 

2 n 2n 

with the first equality only for equilateral triangles, and the second 
one for regular n-gons. 
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Remark. This is a result of K. Reinhardt from 1922 (see Kvant 1985, 
No. 10, 18-19). 

43. Let g(s) = (cotan ;)/(4S) and let zi = l/(g(i + 1) - g(i)), i = 3, 

4, ••• Let a convex polygon of at most six sides be decomposed into N 
parts of perimeters Pl' ••• , PN· If min Pi/max Pi ~ IZ5/Z~ ~ 0.7713, then 

the area F of the polygon satisfies the inequality 

N 
F < (/3 L 

i=l 

2 
p. )/24. 

1. 

L. Fejes T6th, 'Isoperimetric Problems for Tilings', Discrete Geo-
metrie, ~, Kolloq. Salzburg 1985, 101-110. 

44. Given a convex polygon P with m (m> 4) sides and perimeter L(p). 
We define Ti (P) to be the (possibly infinite) triangle outside P bounded 

by a side Li of P and the prolongations of two adjacent sides of P. Let 

G(P) = 1~~~ ti(p)/area (P), 

where ti(P) is the area of Ti(P). Then the following results are valid: 

2 -2 
G(P) area (P) < L (P) (2m) tan (2'lT/m) (m> 4), 

G(P) ,;;; 1S/5 (m = 5), 

G(P) ,;;; 1/6 (m = 6). 

M. Longinetti, 'An Isoperimetric Inequality for Convex Polygons 
and for Equichordal Convex Sets', Pubbl. dell'Instit. Anal. Glob. 
Appl. (Firenze) 18 (1984), 1-17. 

M. Lonqinetti,~na proprieta di massimo dei poligoni affinemente 
regolari', Ibid. 20 (1984), 1-11. 

M. Longinetti, TUna proprieta di massimo dei poligoni affinemente 
regolari', Rend. Circ. Mat. Palermo (2) 2i (1985),448-459. 

45. Let A1A2 ••• An be a polygon inscribed in a circle of centre 0, and 

let 0 be in the interior of the polygon. If the normals from 0 to the 
sides of the polygon meet the circle in B1 , B2 , Bn' respectively, 
then 

with equality for a regular polygon. 

A ), 
n 

'Problem 2799', Mat. v ~kole 1985, No.5, 60-61. 

46. Let Fi be the area of a convex polygon inscribed in a circle of 
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radius 1, and let F be the area of a circumscribable polygon whose 
c 

points of tangency to the circle are vertices of the first polygon. Then 

F. + F ~ 6, 
~ c 

with equality only for a square. 
L. Moisotte, 1850 exercises de mathematiques, Paris 1978, p. 95. 
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INEQUALITIES FOR A CIRCLE 

1. Let Ip - ql denote the Euclidean distances between p and q. 
K. R. Stolarsky proved the following two results: 

1 0 If Pl' P2' and P3 are points on the unit circle U, and 0 ,;;; " ,;;; 2, 

then there is apE U such that 

(1) 

and this is best possible. 
2 0 Let e 1 , •.• , en be the vertices of a regular n-gon (e i E U, 

1 ,;;; i';;; n). Let p E U, and for 0 ,;;; ,,< 2n let 

(2) 
n 
l: 

i=l " Ip - e, 1 • 

l 

If " is an even integer, then T,,(p) is constant. Othenlise, let m be the 
integer such that 

2m < ,,< 2(m + 1). 

If m is even (odd), then T" (p) is maximal (minimal) if and only if p 

bisects the arc between two consecutive ei's. Moreover, T,,(p) is minimal 

(maximal) if and only if p = e i for some i. 

K. B. Stolarsky, 'The Sum of the Distances to Certain Pointsets on 
the Unit Circle', Pacific J. Math. 59 (1975),241-251. 

2. Let Xl' •.• , Xn be points on the unit circle (hypersphere). Then 

+ 
x, 

l 

s 

Proof. Let 0' be the centre of the unit circle (hypersphere). If 

O+X (l' 1 12 -r -+ 2 = 1, 2, ••• , n), then X,X, (xJ' x,), and therefore 
i l J l 

n n 
+ 

2s l: l: (Xi 
i=l j=l 

2n 
n 
l: 

i=l 

+2 
x, - 2 

l 

n n 
l: l: 

i=l j=l 

+ + 
X,X, 

l J 
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2n 
n .... 2 .... .... 
l: xi - 2x • x, 

i=l 

CHAPTER XVI 

+ ~ • Hence s = n 2 _ '~12 ~ n2 , with equality if 
n.... .... 

.... .... .... 
where x = xl + x2 + 

.... .... 
and only if xl + x2 + ••• + x = o. 

n 
V. Prasolov, 'Problem M 742', Kvant 1982, No. 10, 3?. 

3. Let A, B, C, D be points on a circle of radius R. Then 

'Problem 2079', Mat. v§kole 1978, No.6, 57 and 1979, No.5, 65. 

4. P1 , P2 , ••• , Pn are fixed points inside a circle of radius rand 

point P moves on the circumference. Then 

and 

'Problem P.248', K6z. Mat. Lapok 50 (1975), 174. 

5. Let a radius be drawn in a semi-circle of diameter AB (IABI = 2R) and 
let circles be inscribed in each sector which touch AB in points M and N, 
respectively. Then 

IMNI" 8 - I2R 8 . 

K. v. Vetrov, 'Problem 1696', Mat. v §kole 1976, No.3, 78 and 1977, 
No.1, 85-86. 

6. Let the point C be given on the diameter AB of a semi-circle of radius 
r such that AC = a, and let M be a point on the semi-circle. If the 
parallels to AM, BM through C cut BM, AM in P, Q, respectively, then 

with equality if and only if 

CP (2r - a)2. 
CQ a 

Zeitschr. math. naturwiss. Unterr. 28 (1897), 344-345. 

7. Let F and L be the area and the length of an arc of the segment of 
a circle, respectively. Then 
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with equality if and only if the segment is a semi-circle. 
If. Dorrie, Zeitschr. math. naturwiss. Unterr. 69 (1938), 166-168. 

8. Given a circle c of circumference C and area S. Let Pn be the per­

imeter of the regular n-gon inscribed in c and Pn the perimeter of the 

circumscribed regular n-gon. In 1654, Ch. Huygens published the following 
inequalities: 

(1 ) 

(2) 

If Sn is the area of regular n-gon inscribed in c, then the first 

inequality in (1) is equivalent to 

(3) 

Note that Lin Hui proved the following inequalities (about 260 A.D.): 

(4) 

It is known (see for example GI 16.21) that instead of the second 
inequality in (1) the following inequality can be proved: 

(5) C<~p +!P. 
3 n 3 n 

Remark. In the proof of (5), 11. B. Balk and N. A. Paravjan used the 
following inequality 

< 2. tan A 3 Sln A + 3 A. 

For a result similar to (5) see also xV.34. M. B. Balk also gave a 
generalization of (2). 

NOw, we shall give some other results from the paper of Balk and 
Paravjan: 

(a) Let the isosceles triangle ABC be inscribed in the segment of 
chord AB. Further, let isosceles triangles ACM and CBN be inscribed in 
the segments of chords AC and BC. Then 

and 

If Fc is the area of the segment of chord AB, then 
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F 4 __ c_;;. 
FABC 3 

(b) If the tangents in the points A, Band C determine a new tri­
angle DEF (D is the point of intersection of tangents in A and B), then 

and 

M. B. Balk and N. A. Paravjan, 'Neravenstva Gjujgensa i ih 
primenenie' , Mat. v ~kole 1974, No.2, 70-73. 

H. B. Balk, 'Primenenie proizvodnoj k rijasneniju istinitosti 
neravenstv', Mat. v ~kole 1975, No.6, 47-53. 

9. J. V. Uspensky proved the following result: 
Two arcs AB and AC, neither exceeding a semi-circumference, being 

taken on the same circle and the latter being the greater of the two, 
the following inequality holds: 

(1 ) AB > arc AB 
AC arc AC 

2 
H. A. Simmons noted that (AB/AC) does not exceed arc AB/arc AC, and 

he noted that an inequality pn > q can be called STRONG if it is true for 
all pairs of values of p, q on the interval in which they are considered 

while the inequality pn+1 > q is not true for some choice of p, q on this 
interval, n being a positive integer. He proved several such inequalities. 
Here we shall give his results. 

(2) 

z 

y 

A 

o~~----_ 
X 

Let a semi-circle in the xy-plane be represented by equation 

r = 2a sin 0, o ~ 0 ~ n/2, 

and denote the coordinates of A and B, two points on the circumference, 
by (r1 , 8 1 ) and (r2 , 02)' respectively, where 0 < 01 < 8 2 ~ n/2, and 
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denote by a 1 , a 2 the lengths of the arcs OA and OB, respectively. Let k1 

and k2 denote the areas of the segments of OA and OB, respectively, of 

the circle. Let v 1 and v 2 denote the volumes of the segments of the 

sphere (obtained by rotating the semi-circle about the y-axis) which lie 
below the planes ZOA and ZOB, respectively, OZ being perpendicular to 
the xy-plane. Let sl and s2 denote the areas of the spherical portions 

of the former and latter segments, respectively. Then the following in­
equalities are valid: 

(3) 
3 

(r/r2) > k1/k2 , (4) 2 
(a 1/a2) > k1/k2 , 

(5) 
2 

(r/r2) > s/s2' (6) a/a2 > s/s2' 

(7) 4 
(r/r2 ) > v/v2 , (8) (a/a2) 

2 > v 1/v2 • 

All the above inequalities are strong. 
Proofs of (3) and (4). To prove (3) , we first observe that 

(r1/r2 )3 = sin3 8 1/sin3 8 2 , by (2), and that the areas k 1 , k2 have the 

values 

8 

= ..!. f 14a2 2 
8 d8 

2 
8 cos 8 1) , k1 sin a (8 - sin 

2 0 1 1 

2 
8 cos 8 2), k2 = a (82 - sin 

2 

We need to prove, then, that 

sin 
3 

8 8 8 8 - sin cos 
(9) 

1 > 1 1 1 
3 G sin 8 8 

, or 
8 - cos sin 

2 2 2 2 

sin 
3 

8 sin 
3 

8 1 > 2 
8 sin 8 1 cos 8· 8 2 - sin 8 cos 8 

1 1 2 2 

Since 0 < 8 1 < 8 ~ TI/2, the inequality (9) will be established if it is 
2 3 

shown that y = sin x/(x - sin x cos x) decreases as x increases from 0 
to TI/2, the value x = 0 itself being excluded. Differentiating y with 
respect to x and simplifying the result by means of the identity 

2 2 
sin x + cos x = 1, we find 

y' sin2 x(3x cos x - 3 sin x + sin3 x) 

(x - sin x cos x)2 
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In this equation, y' < 0 if 3x cos x - 3 sin x + sin3 x < 0, or if 

( 10) X <~ tan x + ~ sl'n x 3 3 x cos , o < x :;;;; rr/2. 

To prove (10), consider the curves 

y = x, y 
2 3 tan x + 3 sin x cos x. 

Each of these curves passes through the origin with slope 1, 

latter curve has, 

is greater than 1 

2 sec2 x 
3 

at every point, the slope 
2 
3 

2 1 
sec x + 3 cos 

throughout the interval 0 < x :;;;; rr/2; for 

cos 2x +---
3 

4 2 
_2_+_2_c'-o_s"---'x:.:."._---'-c-"o.:::;s_-'-x > 1 

3 cos2 x 

but the 

2x, which 

since (cos2 x - 1)2 > 0 on the interval 0 < x :;;;; rr/2. Consequently, on 
this interval the latter curve lies above the former. Hence (10) holds, 

y' < 0, and the function sin3 x/(x - sin x cos x) decreases, as was to 
4 

be proved. This proves (3). Take 8 1 = rr/6 and 8 2 = rr/3, then (r1/r2 ) < 
k 1/k2 , since 

sin4 rr/6 < (rr/6) - sin(rr/6) cos (rr/6) 
sin4 rr/3 (rr/3) sin (rr/3) cos (rr/3) , 

and, therefore, (3) is strong. 
Remark. For inequality (10) see also Remark in 8. 
To prove (4), we first observe that 

We need 

(11 ) 

2 
82 a 1 1 

2" 
82 a 2 2 

to prove, 

8 2 8 
.-l. > i 
82 8 2 

2 

8 -
1 

kl 
, 

k2 

then, 

- sin 

- sin 

8 8 8 - sin cos 1 1 1 
8 - sin 8 cos 8 

2 2 2 

that 

8 
1 

cos 8 
1 

8 8 
, or 

cos 
2 2 

cos 

To establish (11), we need only to show that y 

8 . 
2 

2 
x /(x - sin x cos x) 
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decreases as x increases from 0 to n/2, the value of x = 0 itself being 
excluded, since 0 < 8 1 < 8 2 ~ n/2. Differentiating y with respect to x 

and simplifying the result by means of the identity sin2 x + cos2 x = 1, 
we find 

2x cos x(x cos x - sin x) < 
y' , 2 0, 

(x - Sln x cos x) 

since x < tan x on the interval 0 < x ~ n/2. Hence (11) is true. This 
proves (4). That this inequality is strong follows from the following 
example: 3 

8 1 = n/6, 8 2 = n/3, then (a 1/a2 ) < kl/k2 since 

3 
(n/6) < (n/6) - sin(n/6) cos (n/6) 
(n/3)3 (n/3) - sin(n/3) cos(n/3) 

In his paper, H. A. Simmons also proved the following result: 
Let P and Q be two polygons inscribed in the same circle of radius 

a. Denote by Pl' P2' .•• , Pn the lengths of the sides of P in increasing 

order of magnitude and by u 1 ' u 2 ' •.• , un their respective intercepted 

arcs (each ~ na) on the circumference, which will be taken as the unit 
of arc. Denote by ql' q2' .•. , ~ the lengths of the sides of Q in de-

creasing order of magnitude, and by vi' v 2 ' ... , vm the lengths of their 

respective intercepted arcs, and suppose ql < Pl. Denote by ji (i = 1, 

2, •.• , n) the area of the segment of the circle which is bounded by the 
i-th side of P and its intercepted arc, and by kt (t = 1, 2, •.. , m) the 

area which is bounded by the t-th side of Q and its intercepted arc. If 
J = jl + j2 + ••• + jn and K ki + k2 + ••• + km, then 

(12) 

and 

(13) 

n n 
3 l: ji l: Pi 

J ~>i=l 
K m m 

3 
l: k, l: qi 

i=l 
1 

i=i 

n n 
2 

l: u, l: u, 
, 1 1 '1 1 

.'!.>~>~ 
K m 2 m 

l: v, l: v 
i=l 1 i=l i 

n 
2 

n 
l: Pi l: Pi 
>~> > i=l 

m 
2 

m 
l: qi l: qi 

i=l i=l 
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J. V. Uspensky, 'A Curious Case of Mathematical Induction in Geo­
metry', Amer. Math. Monthly 34 (1927), 247-250. 

H. A. Simmons, 'Strong and-Weak Inequalities Involving the Ratio 
of Two Chords or Two Arcs of a Circle; Chains of Inequalities', 
Amer. Math. Monthly ~ (1928), 122-130. 

10. Let C1 and C2 be two distinct concentric circles with centre 0 of 

radii R1 and R2 , respectively; assume R2 < R1. Let P, (P 10), be any 

point inside C2 and let the line L pass through OP. Construct a circle 

C4 of radius R4 , where OP + R4 > R2 > R2 - OP so that C4 cuts C2 • Let 

Q be one of the points of intersection of C4 and C2 • Let the line PQ 

intersect C1 at R. Construct the circle C3 with centre P passing through 
R. Then 

(i) 

(ii) 

(iii) 

OR < OP + PR 
OQ OP + PQ 

OR > OP + PR 
OQ OP + PQ 

OR OP + PR 
OQ OP + PQ 

if and only if PQ • PR < OP; 

if and only if PQ • PR > OP; 

if and only if Q and R are inverse points with 
respect to the circle centered at P and passing 
throuqh O. 

J. M. Sloss, 'A Four Circle Inequality', Math. Mag. 37 (1964), 
327-330. --

11. Conjectures: Let in the circle C(O, R) be inscribed three circles 
C(Ok' Rk ), 1 < k < 3, so that they touch the first circle from the in-

terior and one touches the other two from the exterior. Further, let the 
circle C(w, p) touch these three circles in the exterior. Then 

(1) -1/2 
R1 ' 

-1/2 
R2 ' 

-1/2 
R3 can be the sides of a triangle; 

(2) 1 
4(1 

+ R2 + R3)1/2 
~ 

4/3 
~ 

12/3 
+-

R P RIR2 R3 3 Rl + R2 + R3 ;7R1R2R3 

ReQark. The result given in (L) is an interpolating inequality of 
an inequality of V. Nikula. 

V. Nikula, 'Problem C:177', Gaz. ~1at. (Bucharest) 87 (1982), 46. 

12. Let on the diameter AB of a semi-circle of radius R be given the 
point C, and let D be a point on the semi-circle such that CD ~ AB. 
Further, let two circles of radii r 1 and r 2 be inscribed in figures ACD 

and CBD, i.e. they touch the diameter AB, the normal CD and the seQi­
circle. Then 



INEQUALITIES FOR A CIRCLE 441 

'Problem 1323', Mat. v §kole 1974, No.5, 84. 

13. Let a, b be two coplanar non-intersecting circles of radii ra and 

r and let the distance between their centres be d. Then the inversive 
b' 

distance (ab), between the circles is defined as 

(ab) has the property that it is invariant under the group of inversive 
transformations of the plane; further, if a, b, c are three circles 
belonging to the same non-intersecting co-axial system, then 

(ab) + (bc) = (ca). 

H. S. M. Coxeter gave an interesting 'non-triangle' inequality, 
namely that if a, b, c are three nested circles with ra < rb < rc which 
do not belong to the same co-axial system, then 

(ab) + (bc) < (ca). 

H. S. M. Coxeter, 'Inversive Geometry', Educ. Stud. in Math. ~ 
(1971), 310-321. 

R. Shail, 'An Electrostatic Proof of the Inversive Distance In­
equality', Math. Gaz. 56 (1972),328-329. 

14. Let Y1 and Y2 be two circular arcs through the points A and B, and 

let r 1 and r 2 be their radii. Then we have 

K. Mahler, 'On a Question in Elementary Geometry', Simon Stevin 28 
( 1951), 90-97. -

15. Let r be the radius of a circle which can be covered by three 
circular disks of given radii a, b, c. If these radii are equal to sides 
of an acute triangle with the circumradius R, then it holds r ~ R, and 
otherwise r ~ max(a, b, c) .. 

Let r be the radius of a circle which can be covered by four circles 
of given radii a, b, c, d. If these radii are equal to sides of a quadri­
lateral inscribed in a circle with the radius R, and if the centre of 
this circle lies inside the quadrilateral, then it holds r ~ R, and 
otherwise r ~ max(a, b, c, d). 

For five or more circles the problem is unsolved. 
J. Moln~r, 'Uber eine elementargeometrische Extremalaufgabe', Mat. 

Fiz. Lapok 49 (1942), 238-248 (Hungarian). 

16. Let two regular polygons of nand n + 1 sides be inscribed in a 
circle of radius 1. Then there exist two vertices of these polygons, for 
example A is the vertex of the first polygon and B of the second one, 
such that 
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arc AB < 2TI/n(n + 1). 

L. MOisotte, 1850 Exercises de r·1athematiques, Paris 1978, p. 95. 

17. Let Q be a semi-circle of unit radius, with diameter AAO' Consider 

a sequence of circles 0i' all interior to n, such that 01 is tangent to 

n and to AAO' °2 is tangent to n and to the chord AAl tangent to °1 , °3 

is tangent to rl and to the chord AA2 tanqent to °2 , etc. Of course, Ai+l 

~ Ai and 0i and 0i+l are on opposite sides of AAi for each i. Then 

r 1 + r 2 + r3 + ••• < 1. 

J. DOu, 'Problem 1057', Crux Math. 11 (1985), 189 and 12 (1986), 
288-289. -
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PARTICULAR INEQUALITIES IN PLANE GEOMETRY 

1. Some Isoperimetric Inequalities 

1.1. A classical isoperimetric inequality states that, for a simple 
closed curve C of length L in the plane, the area F enclosed by C 
satisfies 

(1) 

Since equality holds if C is a circle, it follows that the circle en­
closes a maximum area among all curves of the same length. It does not 
follow that the circle is the only curve enclosing the maximum area. That 
statement requires a separate proof. 

From 1921 to 1929, Bonnesen proved a series of inequalities of the 
form 

(2) 
2 

L - 47TF ~ B, 

where B is an expression having the following properties: 
1° B is non-negative; 
2° B can vanish only if C is a circle; 
3° B has geometric significance. 

BONNESEN'S TP.EORE~1. Let V be a plane domain bounded by a rectifiable 
Jordan curve C of leng.th L. Let F, p, R denote the area, inradius, and 
circumradius of V, respectively. Then if r satisfies p < r < R, the fol­
lowing inequalities are valid: 

(3) 
2 

-47TF > (L -
2 

L 27Tr) , 

(4) 
2 

- 47TF > (~. - 2 
L 7Tr) , 

r 

(5) 
2 

- 47TF > (L _ 2F)2 L 
r ' 

(6) L - 27Tr >!-
r 

7Tr, 

(7) 2F > F 
L - 7Tr 

r r 

(8) 

2 _ 2F)2 
(L - 27Tr) - (L 

r 
F 

- 7Tr 
r 

> 0 
2 

(F f- 7Tr ), 
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(9) 
2 

rL > F + 7Tr , 
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(10) 
L - ;(2 _ 47TF < r < L + ;(2 - 47TF 

27T 27T 
(L2 > 47TF). 

This is a main result from which various Bonnesen inequalities may 
be derived. 

Remark. Each domain has a unique circle of smallest radius which 
encloses it; that is the circumscribed circle of radius R. There may not 
be a unique inscribed circle - that is, a unique circle of maximum radius 
lying in 1) U C - but the maximum radius of all such circles if well­
defined, and it is the inradius P of V. 

The above text is written according to a nice review of R. Osserman. 
See also the 77 references in the paper of Osserman. 

R. Osserman, 'Bonnesen-style Isoperimetric Inequalities', Amer. 
Math. Monthly 86 (1979), 1-29. 

1.2. If L is the length of a convex polygon P, F its area, r the radius 
of the largest inscribed circle, and s the length of any chord through 
the centre of a largest inscribed circle, then 

This is a sharpened isoperimetric inequality for convex polygons. 
H. Hadwiger, 'Eine elementare Ableitung der isoperimetrischen 

Ungleichung fur Polygone', Comment. Math. Helv. 16 (1944),305-309. 

1.3. Let Fn (respectively fn) be the area of an n-gon with the maximal 

(respectively minimal) area inscribed in (respectively circumscribed 
about) a given convex figure. Then 

Fn_1 + F ~ 2F 
n+1 n 

(n ;;" 4), 

f + f ;;" 2f 
n-1 n+1 n 

(n ;;" 4). 

Remark. These inequalities play a central part in the problems of 
the densest packing and the thinnest covering with convex discs. 

C. H. Dowker, 'On Minimum Circumscribed Polygons', Bull. Amer. Math. 
Soc. 50 (1944), 120-122. 
--r: Fejes-T6th, 'Megjegyzesek Dowker sokszogteteleihaz', Mat. Lapok ~ 
(1955), 176-179. 

14. Let Pn (respectively Pn) be the perimeter of an n-gon with the maxi­

mal (respectively minimal) perimeter inscribed in (respectively circum­
scribed about) a given convex figure. Then 

Pn- 1 + P ~ 2P n+1 n 
(n ;;" 4) , 

(n ;;" 4). 
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L. Fejes-T6th, 'Megjegyzesek Dowker sokszogteteleihaz', Mat. Lapok 6 
(1955), 176-179. 

J. Molnar, 'Konvex tartomanyok befrt es korulirt poligonjair61', 
Mat. Lapok ~ (1955),210-218. 

1.5. Let Al , A2 , ..• , An be n (n ~ 3) given points. If an min ~ A.A.Ak 
l J 

for all i, j, k E {1, 2, n}, then 

a ~ n/n 
n 

with equality only if Al , A2 , •.. , An are the vertices of a regular n-
gon. 

H. T. Croft, 'Some Geometrical Thoughts II', Math. Gaz. 51 (1967), 
125-129. 

1.6. Let r E n+ and 4r < L < 2rn. There is one and only one (modulo a 
rotation) polygon Po with the perimeter L inscribed in a given circle 

with radius r such that Po has all sides equal except one and this one 

is not greater than any of them. If Fa is the area of this polygon and 

F the area of any convex figure K with the perimeter L contained in a 
circle of radius r, then 

with equality if and only if K = PO. 

S. J. Taylor, 'Some Simple Geometrical Extremal Problems', Math. 
Gaz. 37 (1953), 188-198. 

1.7. Let C be a closed rectifiable curve of length L, which bounds a 
+ 

figure K of area F and let r E R If K is the set of points whose 
r 

distances from K are not greater than r (Kr is generally called parallel 

domain of K at distance r) and if F 
r 

F 
r 

is the area of K , then 
r 

with equality if and only if C is a convex curve. 

+ 
1.8. Let C be a given rectifiable curve of length Land r E R If C 

r 
the set of points whose distances from C are not greater than r and if 
F is the area of C , then 

r r 

F 
r 

is 

Equality holds if and only if C is a smooth curve and r ~ min (r l , r 2/2), 
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where r l is the limit inferior of radii of circles through all triples 

of different points on C and r 2 is the distance of two end points of C. 

H. Hornich, 'Eine allgemeine Ungleichung fur Kurven', Monatsh. 
Math. 47 (1939), 432-438. 

1.9. Let F be the area of a rectangle with the minimal area, which con­
tains a given arc of a curve of length L. Then 

with equality if and only if the given arc is formed by two adjacent 
sides of a square. 

J. H. McKay, 'The William Lowell Putnam Hathematical Competition. 
Problem B-4', Amer. Math. Monthly 77 (1970),724 and 727. 

1.10. Inside a quadratic basin with the side length 2a + b there is a 
concentric and homothetic quadratic island with side of length b. By 
means of two boards of length x (the width can be neglected) one can 
cross from the bank to the island. Then 

2/2 
3 

a. 

S. Newman and H. Marston, 'Problem 605', Math. Mag. 39 (1966), 194. 

1.11. Let 0 < L < 4rrr and let ¢ be the unique solution of the equation 
L 

¢ + sin ¢ = 2r . If F is the area of a convex figure K of perimeter L, 

which is bounded by arcs and chords of a circle with radius r, then 

with equality if and only if K is a segment of a circle with radius r. 
S. J. Taylor, 'Some Simple Geometrical Extremal Problems', ~ath. 

Gaz. 37 (1953), 188-198. 

1.12. Let F be the area of a figure K of constant width d. Then 

Equality holds if and only if K is the triangle of Reuleaux (i.e. the 
common part of three equal circular discs with radius d and with centres 
in vertices of ari equilateral triangle of side length d). 

S. J. Taylor, 'Some Simple Geometrical Extremal problems', Math. 
Gaz. 37 (1953), 188-198. 

1.13. Let F be the area of a convex figure K of perimeter L and diameter 
not greater than d, where 2d ~ L ~ 3d. Then 
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with equality if and only if K is a triangle with side lengths d, d, 
L - 2d. 

S. J. Taylor, 'Some Simple Geometrical Extremal Problems', Math. 
Gaz. 37 (1953), 188-198. 
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1.14. Let K be a bounded, closed convex set in the Euclidean plane. If 
we denote the diameter, width, perimeter, area, inradius, and circum­
radius of K by d, w, p, A, r, and R, respectively, then the following 
inequalities are valid: 

(1) (w -
2 

2r)d < w /2 (I) , 

(2) (w - 2r)d :;;; 2wr/13 (E) , 

(3) (w -
2 

2r)R < w /4 (I) , 

(4) (w - 2r)R :;;; 2wr/3 (E) , 

(5) (w - 2r)p :;;; 2w2/13 (E) , 

(6) (w -
3 

2r)A < w /4 (I) , 

(7) (w -
2 

2r)A:;;; w r/13 (E) , 

where we use the following notations: 
(E) - equality is valid "hen K is an equilateral triangle, 
(I) - the upper bound is the limit as K approaches an 'infinite' 

isosceles triangle' of fixed base and unbounded altitude. 
The inequalities are the best possible. 
By Blaschke's Theorem (W. Blaschke, Kreis und Kugel, 2te Aufl., 

Berlin, 1956), every bounded convex figure of width w contains a circle 
of radius w/3. It follows that w ~ 3r; equality holds here if and only 
if the figure is an equilateral triangle. Therefore, the following 
results are also valid: 

(8) (w - 2r)d :;;; 2/3 
2 

r (E) , 

(9) (w - 2r)R :;;; 2r2 (E) , 

(10) (w - 2r)p :;;; 2/3 wr~ 6/3 r 
2 

(E) , 

(w - 2r)A :;;; /3 
2 

3,13 r 
3 

(11 ) wr :;;; (E) • 

P. R. Scott, 'A Family of Inequalities for Convex Sets', Bull. 
Austral. Hath. Soc. 20 (1979), 237-245. 
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1.15. If P is an inscribed n-gon of maximum area in a convex region K, 
then 

( ) '- n . 21T 
area P "" 21T Sl.n n area (K), 

and equality holds only if K is an ellipse. 
G. D. Chakerian and L. H. Lange, 'Geometric Extremum Problems', 

Math. Mag. 44 (1971), 57-69. 

1.16. Let E be an ellipse inscribed in a square of side a. Then 

per (E) :( a1T 

with equality if and only if E is a circle. 
'Problem A.4', Fiz. Mat. Spisanie (Sofija) 18 (51) (1975), 114-145. 

1.17. Let F be a compact planar set, not contained in a line. Let 
I {sup area of triangle ABC: {A, B, C} C F}, 
J = {inf area of triangle ABC: F C closed triangle ABC}. 

Then 

41 ~ J. 

Equa11ty occurs when F is a circle or when F comprises the vertices of a 
square. 

I. J. Schoenberg, 'Problem 6466', Amer. Math. Monthly 91 (1984), 
441 and 92 (1985), 742. 

2. Various Particular Inequalities 

2.1. Let Pi = (xi' Yi)' i = 1, 2, 3, xl < x 2 < x 3 ' be points in the 

Cartesian (x, y)-plane and let R denote the radius of the circumcircle 
of the triangle P 1P2P3 . Then 

unless both sides vanish. The constant 2 is the best. 
I. J. Schoenberg and W. J. Blundon, 'Problem 77-9', SIAM Review 19 

(1977), 329 and 20 (1978), 399-400. 

2.2. Let M, N, P be the midpoints of the sides BC, CA, AB of a trianqle, 
respectively. If A' E BM, B' E CN, C' ~ AP and BC > CA > AB, then 

LAA' < LAB. 
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~. Barcanescu, Gaz. Hat. (Bucharest) B 18 (1967), 546 and B 19 
(1968), 665-666. --

2.3. Let u, v, w be the distances of the feet of the angle-bisectors of 
the angles A, B, C to the remaining sides, respectively. Then 

L:u/h ;;;, 3/2. 
a 

E. A. Bokov, 'Problem 1589', Mat. v 1!ikole 1975, No.5, 65 and 1976, 
No.3, 79-80. 

2.4. Let ¢ be the angle between the side a and the median ~ of a tri­
angle. Then 

'- 212 - 3 cos <P cotan A ~ ~~~~~~~ 
sin <p 

E. G. Gotman, 'Problem 1472', Mat. v 1!ikole 1975, No.1, 86 and 1975, 
No.6, 82-83. 

2.5. Let ABC be a given triangle, neither equilateral nor isosceles, with 
base AC. Let D be the foot of angle-bisector wb and M the foot of the 
normal from C to BD. Then 

(a) The parallel to AB through Ii passes through the midpoints B' 
and A' of sides AC and BC, respectively. 

(b) If AA' ~ BD, then by joining A and M we get two parallelograms 
ABA'M and AA'CM, one of which is a rhomb; if d i (i = 1, ••• , 4) are the 

diagonals of these parallelograms and h is the distance between the 
centres of these parallelograms, then 

(c) If the above parallelograms are rhombs, and the angle ABC 60°, 
then they are equal and 

and ~+~>2. 
2d D 6 

where d and D are diagonals of one of the rhombs. 
I. Ionescu, 'Problem 8772', Gaz. Mat. (Bucharest) B 20 (1969), 

27-29. --

2.6. Take cevians AA', BB', CC' which concur in an interior point L of 
the medial triangle. Then 

A'C B'C A'C B'C 
1- - -I < 1 < - + -
A'B B'A A'B B'A 

This result is due to V. Cirtoaje. An equivalent result is given by 
E. Kraemer. 

V. Cirtoaje, 'Problem 11420', Gaz. Mat. (Bucharest) B 22 (1971), 
540. ---
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E. Kraemer and R. Urban, 'Problem 6', Rozhledy Mat. Fyz. 55 (1976-
1977), 30 and 56 (1977-1978), 82-87. 

2.7. Let AT 1 , BT2 , CT3 be the extended angle-bisectors to the circum­

circle of a triangle ABC. Perpendiculars T1H1 , T2H2 , T3H3 are drawn to 
sides AC, BA, CB, respectively. Then 

(1) LxT H :;;; RL yz 
1 1 x 

where x, y, z are non-negative numbers. 

Proof. From T1Hl = ATl sin ~ :;;; 2R sin ~ and two similar results, we 
get 

Using the well-known inequality (see VI.l.2. with n 0, p 
2 

1, x -> yz/x, 

etc. ) 

LX sin ~ :;;; ~ L yz 
2 2 x 

we get (1). 
Remark. For x = y = z = 1 we get a statement of J. Garfunkel. 
J. Garfunkel and C. W. Dodge, 'Problem 374', Pi Mu Epsilon J. 6 

(1976), 306 and ~ (1978), 557-558. 

2.8. Let ABC be a triangle with sides a, b, c in the usual order, and let 
la' lb' lc and l~, l~, l~ be two sets of concurrent cevians, with la' 

lb' lc intersectin9 a, b, c in L, M, N, respectively. If 

P, 1 n l' 
c a 

R, 

then, independently of the choice of concurrent cevians l~, l~, 
have 

1', we 
c 

(1) 
AP 
PL 

BQ 

QM 
CR 
RN 

abc 
BL • CM • ~~ ~ 8, 

with equality occurring just when la' lb' lc are the medians of the tri­
angle. 

Remark. The above result is given as Problem 790 in Crux Math., and 
extends Problems 588 and 685 from the same journal. 

R. H. Eddy and J. Dou, 'Problem 790', Crux Math. ~ (1982), 278 and 
~ (1983), 60-62. 

J. Garfunkel and R. H. Eddy, 'Problem 588', Crux Math. ~ (1980), 
317 and 2 (1981), 306-307. 

J. T. ~roe~~an and K. Satyanarayana, 'Problem 685', Crux Math. 7 
(1981), 275 and ~ (1982), 292-293. 

2.9. Let ABC be a triangle with area F, sides a, b, c, medians rna' ~, mc ' 
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and interior angle-bisectors wa ' wb ' wc. If 

w n m 
c a 

and if 0 denotes the area of triangle PQR, then 

OfF < 1/6. 
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R, 

Proof. Using barycentric coordinates and vectors with an or~g~n 
outside the plane of triangle ABC (assumed for now to be non-degenerate), 
the incenter I and centroid G of the triangle are given by 

Then 

i = (IaA) /O:a) 

+ 
P 

+ + + 
A + utI - Al 

and 

+ + + 
B + v(G - B), 

+ + 
and equating the coefficients of A and B on both sides gives v 
3c/(b + 2c). Thus 

-+ -+ -+ -+ 
P = (cA + bB + cC)/(b + 2c), 

and similarly, 

Q = (aA + as + CC)/(c + 2a) 

Now we find 

and 
+ 
R 

+ + + 
(aA + bB + bC)/(a + 2b). 

20 f(a, b, c) I~xe + eXA + Ax~1 

where 

f(a, b, c) • 2F, 

Ibc2 - 2abc 
f(a, b, c) = TI(b + 2c) 

Thus OfF = f(a, b, c) for non-degenerate triangles ABC. We will show 
that f(a, b, c) ~ 1/6 holds for all triangles, even for degenerate ones 
(for which we assume that OfF is defined by f(a, b, c)). 

The inequality f(a, b, c) ~ 1/6 is easily shown to be equivalent to 

2Ibc(a + b - c) + 21abc ~ 0, 

and this is clearly true since a + b - c ~ 0, etc. Equality holds just 
when abc = 0, that is, just when ABC is a degenerate triangle with one 
side of length zero. 

J. Tabov, S. Troyanski, and M. S. Klamkin, 'Problem 883', Crux Math. 
~ (1983),275 and 10 (1984),28-29. 
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2.10. Let r 1 , r 2 , r3 be the radii of circles which touch two of the 

extended sjdes of a triangle and its circumcircle. Then 

Ju. I. Gerasimov, 'Problem 420', Mat. v ~kole 1967, No.6, 77 and 
1968, No.4, 82. 

2.11. Let three circles of radii r 1 , r 2 , r3 be given in a triangle ABC, 

such that they touch two sides and its incircle. Then 

M. Stankovic and Z. M. Stojakovic, 'Problem 175', Mat. Vesnik 7 (22) 
(1970),277. 

2.12. Conjecture: let r be radius of the incircle of an arbitrary tri­
angle lying in the closed unit square. Then 

L. Funar, 'Problem 6477', Amer. Math. Monthly 81 (1984), 588. 

2.13. The Wallace point W of any four points A1 , A2 , A3 , A4 on a circle 

with centre 0 may be defined by the vector equation (Bottema and 
Groenman) : 

Let 0 be a cyclic quadrilateral the Wallace point of whose vertices 
lies inside O. Let a i (i = 1, 2, 3, 4) be the sides of 0, and let Gi be 

the midpoint of the side opposite to a i • Then 

where X ranges over all the points of the plane of 0, S is the area of 
0, with equality if X is the Wallace point. 

J. B. Tabov, 'Problem 1046', Crux Math. 11 (1985), 147. 

2.14. Let an equilateral triangle and a square be inscribed in a circle 
of radius r. If F is the area of their joint part and if 

F 
m 

2 2 
~ (9/2 + 2/6 - 6/3) ~ 1,20577r , 
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2 2 
FM = ~ (813 - 9) ~ 1,21410r , 

then 

The first equality is valid if and only if the square and the triangle 
have two parallel sides, and the second equality is valid if and only if 
they have one joint vertex. 

Remark. Note that (FM - F )/F ~ 0,00687 < 7 • 10-3• 
m M 

H. Demir and M. Goldberg, 'Problem 537', Math. Mag. 37 (1964), 
277-278. 

2.15. Let an equilateral triangle and a square be circumscribed about a 
circle of radius r. If F is area of their joint part and if 

then 

F 
m 

2 2 
r (416 + 2/2 - 9) ~ 3,62639r , 

2 
FM = ~ (18 - 413) ~ 3,69060r2 , 

The first equality is valid if and only if one vertex of the triangle and 
one vertex of the square lie on the same semi-line from the centre of 
the circle, and the second equality is valid if and only if the square 
and the triangle have a joint side. -2 

Remark. Note that (F - F )/F ~ 0,0174 < 2 • 10 • 
m M M 

2.16. If L(a, b) denotes the perimeter of the ellipse x2/a2 + y2/b2 1, 
and a ~ a' ~ b, then 

2 2 2 2 
L(a, b) - L(a', b) ~ 16(a - a' ). 

M. S. Klamkin, 'Problem 5754', Amer. Math. Monthly 78 (1971),202. 

2.17. Being given the ellipse (E): x2/a2 + y2/b2 = 1, a, b > 0 with the 
property that ~ab = 2 and n (n ~ 1) different points M. (x., Y.), i = 1, 

~ ~ ~ 

••• , n, of the boundary or interior, but different from the vertices of 
(E). Then 

(1) ( ~ 1 x. 1-1)( ~ 1 y. 1-1) ~ 
i=l ~ i=l 1 

2 
~n • 
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Equality in (1) occurs for n 
belong to the set 

1, 2, 3 or 4 if and only if the n points 

12 {M (--
1 2 

a, -

For n ~ 5, there never occurs equality in (1). 
This is a result of G. Mircea. 

a, - 12 b) 
2 ' 

2.18. Let triangle ABC be inscribed in an ellipse. Erect the normals 
from the centre of circumcircle to the sides of triangle. Let the normal 
to the side BC cut this side in Al and the ellipse in A2 and let A1A2 = 

t 1 . Similarly, we define t 2 , t3' Then 

V. Gh. Voda, 'Problem 0:27', Gaz. Mat. (Bucharest) 84 (1979), 168 
and 486-487. --

2.19. Let triangle ABC be inscribed in an ellipse (E), and let Al € BC, 

Bl (CA, C1 € AB. If A2 = AAl n (E), B2 = BBl n (E), C2 = CC 1 ~ (E), then 

AA 
l: 1 11 ;;, 9 TAA:I . 

1 2 

V. Marinescu, '0 extindere a problemei 12357', Gaz. Mat. (Bucharest) 
85 (1980),250-253. 

7..20. By a Jordan diamond ABCD we shall mean a configuration of two 
orthogonally intersecting line segments AC and BD, together with a 
rectifiable Jordan curve ABCD on which the endpoints of these segments 
lie. Then 

where L is the length of the Jordan curve ABCD. 
Remark. The proof of (1) follows as an immediate consequence of the 

first part of the following quadrilateral inequality 

2 2 1/2 
+ (p + q + 2pq cos 0) ;;, p + q ;;, s, 

where s, p, q denote the semi-perimeter and lengths of the diagonals, 
respectively, of a plane convex quadrilateral, and 0 is the angle between 
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the diagonals. 
M. S. Klamkin and E. C. Schlesinger, 'Diamond Inequalities', Math. 

Mag. 50 (1977),96-98. 

2.21. Let a 1 , b 1 and a 2 , b 2 be the half-axes (a1 > a 2 ) of two confocal 

ellipses and s the length of the segment between these ellipses on any 
half-line from a focus. Then 

'Aufgabe 2', Elem. Math. 21 (1966),42. 
= 

2.22. Let an arc p of any conic section with chord AB be given, and let 
C be the point on p where the tangent line is parallel to AB. If T is 
the area of triangle ABC and S is the area of the seqment bounded by the 
arc p and the chord AB, then 

T/S < 3/4 if P is on an ellipse, 

T/S 3/4 if P is on a parabola, 

T/S > 3/4 if P is on a branch of a hyperbola. 

Remark. The equality case is given by Archimedes. The above gener­
alization of this classic result was given by M. Golomb and H. Haruki. 
The new proofs were given by H. Haruki and O. Bottema. 

M. Golomb and H. Haruki, 'An Inequality for Elliptic and Hyperbolic 
Segments', Math. Mag. 46 (1973), 152-155. 

H. Haruki, 'An Application of Conformal Mapping to an Inequality 
for Elliptic and Hyperbolic Segments', Mathematicae Notae 27 (1979-
1980). 15-22. 

O. Bottema, 'Archimedes Revisited', Math. Mag. 57 (1984), 224-225. 

2.23. Let r be the radius of the incircle of an arbitrary triangle lying 
in a closed convex figure F of width w, and let R be the radius of the 
incircle of F. Then 

(1) 1/4 ~ (sup r)/w ~ 1/2. 

(2) Conjecture: 1/2 ~ sup r/R ~ 1. 

L. Funar, 'Problem 6478', Amer. Math. Monthly 91 (1984),588. 

2.24. Let p, ha' t, d, T, rand q be the perimeter, altitude to side a, 

thickness (minimal altitude), diameter (maximal side), area, inradius, 
and the perimeter of the orthic (pedal) triangle, respectively, of a 
triangle ABC. The following results are valid: 

(1) Let ABC be a triangle circumscribed about a closed curve r of 
length L, and suppose the notation is arranged so that A is a maximal 
angle. Then 
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Z sin A 
p ,;;; =--:--­

II Sin A 
<" L 

t '~2 Sin A ' 

L2 1 sin A 
T,;;;---- C' 

8 Sin2 A sin B sin 

CHAPTER XVII 

<" L sin A 
d '" 2 Sin A sin B sin C • 

where 

Sin x 
{Sin x, 

1, for TI/2 ,;;; x ,;;; TI. 

for 0 ,;;; x ,;;; TI /2 

(2) Let r be a closed curve of length Land A'B'C' a given triangle 
with angles A, Band C, the notation being arranged so that A is a 
maximal angle. Then there exists a triangle ABC similar to A'B'C' circum­
scribed about r so that all the following inequalities hold: 

L 0: sin A) 2 
P ,;;; 2TI IT sin A 

d ,;;; L L sin A 
2TI sin B sin C ' 

L Z sin A 
t ~ 2TI sin A 

(Z sin A) 2 
II sin A 

J. E. Wetzel, 'Triangular Covers for Closed Curves of Constant 
Length', Elem. Hath. 25 (1970),78-82. 

2.25. Let P be the perimeter of a convex quadrilateral of diameter d. 
Then 

P < (2 + /6 - l2)d 

with equality if and only if the given quadrilateral is of the form ABCD 
1 

with AB = AC = AD = BD = d, BC = CD = 2(/6 - l2)d. 

S. J. Taylor, 'Some Simple Geometrical Extremal Problems', r~ath. 

Gaz. 37 (1953), 188-198. 

2.26. Let 3d < L < (2 + /6 - l2)d. There is one and only one (modulo an 
isometry) convex quadrilateral Qo = ABCD of perimeter L such that AB 

AC = AD = BD = d. Let Fo be the area of Qo and F the area of any convex 

quadrilateral Q at perimeter L and the diameter not greater than d. Then 

F ;., F 
o 

with equality if and only if Q = Qo • 

S. J. Taylor, 'Some Simple Geometrical Extremal Problems', Gaz. 
Math. 12 (1953), 188-198. 

2.27. On the same line two lengths OA a and AB b are given (A between 
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o and B) and p is a line through 0 with ~ (p, AB) 
on p it holds 

U. For any point P 

b sin u 
~ APB ~ arc tan --~~--~--~~~---------

21'a2 + ab - (2a + b) cos u 

Equality holds if and only if P is the point of contact of p with 
a circle through A and B. 

F. Enriques and A. Nordio, 'Questione 93', Period. Mat. (4) ~ (1925), 
46, 123-127. 

Kohrs and Jaquet, 'Bemerkungen zur Hochwertaufgabe von Regiomontanus', 
zeitschr. math. naturwiss. Unterr. 68 (1937),53-54. 

C. J. Coe, 'Problems on Maxima and Minima', Amer. Math. I10nthly 49 
(1942),33-37. 

B. Brady and P. O. Thomas, 'Problem 363', Math. Mag. 2l (1959-1960), 
53-54. 
~. For U = TI/2 we have a problem of Regiomontanus: 
Niebel, 'Zur Behandlung von Hoch- und Tiefwertaufgaben' , Zeitschr. 

math. naturwiss. Unterr. 67 (1936), 191-192. 
R. Baldus, 'Elementare LOsung einiger einfacher Fragen fiber Maxima 

und Minima', Ibid. 71 (1940), 30-36, 51-60. 
H. Rauter, 'Zur EXEremwertaufgabe Regiomontans', Ibid. 72 (1941), 

162-164. 
J. H. Butchart and L. Moser, 'No calculus, please', Scripta Math. 

18 (1952), 221-236. 
J. A. Tierney, 'Elementary Techniques in !1axima and 14inima', Math. 

Teacher 46 (1953),484-486. 
C. S. trgilvy, 'Problem E 1128', Amer. Math. Monthly 62 (1955), 184. 
B. Djerasimovic, '0 elementarnim metodama odredivanja-ekstremnih 

vrednosti funkcija' , Nastava mat. fiz. g (1957),275-280. 

2.28. Two corridors of widths a and b form a right angle in a horizontal 
plane. Let L be the length of a horizontal ladder, which can he carried 
from one corridor to the second one. Then 

~ (2/3 b2/3) 3/2 
L '" a + • 

C. J. Coe, 'Problems on Maxima and !1inima', Amer. Math. Monthl v 49 
(1942),33-37. 

T. J. Fletcher, 'Easy Ways of Going Round the Bend', Math. Gaz. 57 
(1973), 16-22. 

2.29. On the same line two lengths AO = a and OB = b are given (0 between 
A and B). If c < min (a, b), then for any point P with OP ~ c it holds 

a 2 + b 2 ~ (a + b)/ab 

AP BP lab + c 2 

with equality if and only if P is a point such that OP = c and AP : BP = 
a : b. 

B. B. Misra and I. A. Oodes, 'Problem E 1018', Amer. Math. Monthly 
60 (1953),116-117. 
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2.30. At the ends A and B of the line segment AB = d the normals a and b 
are erected and C is a point on a such that AC = c. For any point X of 
the segment AB the line CX intersects b at the point D. Then 

area (ACX) + area (BDX) ~ cd (12 - 1) 

with equality if and only if AX = dl2/2. 
A. Agostini and G. Gobesso, 'Questione 84', Period. Mat. (4) 4 

(1924), 257,453-455. 

2.31. Three segments AB = a, BC = b and CD 
a line. Let P be any point such that ~ APB 

c are given successively on 
~ CPD = cp. Then 

tan dJ ~ / ac 
, (a + b + c)b 

Equality holds if and only if P has the coordinates 

x = a(a + b + c) 
a + c 

y = /abc(a + b + c) 
a + C 

with respect to the Cartesian coordinate system with the origin 
the half-line AB as the positive x-half-axis. In this case, the 
PAB and PCD have P as the pOint of contact. 

Beilis, 'Aufgabe 652', Zeitschr. math. naturwiss. Unterr. 
277-278. 

A and 
circles 

51 (1920), 

2.32. Let R be a regular n-gon with the incircle k and the circumcircle 
K. Let s be an n-gon circumscribed about k and S an n-gon inscribed in 
K. If s* is the intersectior s n K and S* the convex closure of s IJ k, 
then 

area (s*) ~ area (R), 

per (S*) ~ per (R). 

L. Fejes-T6th, 'Korbe es kor kore !rt sokszogekrol', Mat. Lapok 10 
(1959), 23-25. 

2.33. Let r be the inradius of a triangle and r 1 , r 2 , r3 the radii of 

its three Malfatti circles (inscribed circles which touch two sides and 
two other circles). Then 

1 3 + 13 
(3 + 13)l: -- ~ r ~ ---- l:r . 

r 1 9 1 

J. Garfunkel, 'Problem 1067', Crux 11ath. 11 (1985), 221. 
w. Janous, (private communication). 

2.34. Let n E N. There shall be given n segments, each of length ~ 1 and < 
1 ~ n n 

----«1 + v5) - (1 - IS) ). Then at least one triangle may be formed 
2nrs 
with three of these segments. 

This result is due to W. Janous. 
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2.35. Let T be a given triangle ABC, and let P be any point in the plane 
of T. It is known that there exists a triangle To' possibly degenerate, 

with sides a • PA, b • PB, and c • PC (Mobius-Neuberg's theorem). Let R 
be the circumradius of T . The locus of all the points P for which 0 

o 

(1 ) PA • PB • PC ~ RR 
o 

consists of the closed circular disk 0 with centre 0 and radius RI2. 
Equality holds in (1) when P = 0 and when OP = RI2, and the inequality 
is reversed when P lies outside o. 

G. Tsintsifas, 'Problem 872', Crux Math. 9 (1983), 24 and 10 (1984), 
18 and 10 (1984), 334-335. == -

2.36. The straiqht line L splits a convex figure into two parts the areas 
of which are in ratio 1 : t (t ~ 1). The parts are projected perpendicu­
larily on a line n orthogonal to L. The maximal ratio of the lengths of 
the two projections is !F(1t + ~). 

W. Janous, 'Problem 1145', Crux Math. 12 (1986), 107. 

2.37. To every closed convex curve there exists an inscribed n-gon of 
maximal area t and a circumscribed n-gon of minimal area T so that 

n n 

D. Lazar, 'Sur l'approximation des courbes convexes par des 
polygones', Acta Univ. Szeged. Sect. Sci. Math. 11 (1947),129-132. 

Comment by L. Fejes-T6th. This inequality is very important. The 
following analogues are also valid: 

There exists an inscribed n-gon of maximal perimeter Pn and a circum­
scribed n-gon of minimal perimeter Pn so that 

(a) 
_P_n_-_P_ . 2 'IT n ~ 2 S1.n _ 

P 2n· 
n 

L. Fejes-T6th, 'Uber die Approximation konvexer Kurven durch 
Polygonfolgen', Compositio Math. 6 (1939),456-467. 

== 

(b) t ~ E- sin 2'IT T 
n 2 'IT n ' 

where T is the area of the given curve. 
Eo Sas, 'Uber eine Extremaleigenschaft der Ellipsen', Compositio 

Math. ~ (1939), 468-471. 

(c) P ~~ tan ~ P P ~ ~ sin ~ P, 
n 'IT n' n 'IT n 

where P is the perimeter of the given curve. 
R. Schneider, 'Zwei Extremalaufgaben fur konvexe Bereiche', Acta 

~1ath. Sci. Hungar. E (1971), 379-383. 

2.38. Let N denote the set of the first n natural numbers. For k 1, 
•.• , n - 1, let S be a subset (sl' s2' ••• , sk) of N such that 1 ~ sl < 
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< sk ~ n. We call S a k-shuffle of N. The (n - k)-shuffle (t l , .•. , 

t ) is called the complementary shuffle of S with respect to N and is 
n-k 

called the complementary shuffle of S with respect to N and is denoted 
by S- if S U S- = N. If /p P / denotes the distance between points 
P and Pt ' define Sj ti 

Sj i 

k n-k 
d(S) II IT 

j=l i=l 
/p P /. 

s. t. 
J 1. 

Then the following results are valid: 
(1) Let P l ' ••• , Pn be n distinct points in the Euclidean plane and 

let P be some point in the same plane. Then, for k = 1, ... , n - 1, we 
have 

k 
( / PP / ••• / pp / ) 

tl t n_k 
l: ---.:.=---:;--;-:::-;--...:.:...:.:-- ;;. 1, 
S d(S) 

where the sum is extended over all k-shuffles S. 
(2) Let P l ' .•. , Pn denote n distinct points on a circle of unit 

radius. Then 

l:l/d(S) ;;. 1. 
S 

Equality is attained if and only if the points form a regular n-gon. 
G. Z. Chang, 'Planar Metric Inequalities Derived from the Vandermonde 

Determinant', Amer. Math. Monthly 92 (1985),495-499. 

2.39. Conjecture: let 01' 02' 03 be the centres of three Malfatti circles 

of the triangle M1M2M3 • Circle ° is externally tangent to these three 

circles and the sides of triangle G1G2G3 are each tangent to ° and one 
of the smaller circles. Then 

where P stands for perimeter. Equality is attained when 6010203 is 
equilateral. 

J. Garfunkel, 'Problem 1150*', Crux Math. 12 (1986), 108. 
= 

2.40. At any point Pta cos G, b sin G) of an ellipse of semi-axes a and 
b (a> b), draw a normal line and let Q be the other meeting point. Then 

in case of a ;;. /2 b. 

Equalities hold when sin G = b~a2 - b2/~4 + b 4 and G 
then 2b ~ PQ ~ 2a. 

180 0 • If a < /2b, 
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This result is due to H. Fukagawa. 

2 2 
x 

Let Pta cos 8, 8) of the ellipse +L 1, 2.41. b sin be any pOint """"2 = 
2 

a b 
and let A(a, 0) and B(O, b) be the ends of semi-axes. In case of 0 ~ 
0< 90°, the angle APB is maximum if 8 = 45°. In case of 90° < 0 ~ 360°, 
the angle APB is maximum if 8 = 315°. 

This result is due to H. Fukagawa and M. Kinosita. 

2.42. J. Acz~l, w. Gilbert and C. T. Ng established the following result: 
Given two lines L1 and L2 intersecting at A, a point D on the angle-bi-

sector of A and the line p through D perpendicular to AD intersecting L1 , 

L2 in B, C, respectively. Let q be any line through D intersecting L1 , 

L2 in E, F, respectively. Then if E'F' is the orthogonal projection of 

EF onto p, 

E'F' ~ BC. 

An interesting generalization in form of a functional inequality is 
given by M. S. Klamkin and A. Meir. They also considered some similar 
functional inequalities and some extensions to higher dimensions. 

J. Acz~l, W. Gilbert, and C. T. Ng, 'An Elementary Solution to 
Question 3 of the Twelfth Canadian Mathematics Olympiad', Can. Math. 
Soc. Notes 13 (1981), 16-17. 

M. S. KlaffiKin and A. Meir, 'Extensions of an Elementary Geometric 
Inequality', Aequations Mathematicae ~ (1983),197-207. 

2.43. M. Lascu communicated to us several very interesting inequalities 
involving symmedians sa' sb' sc: 

(1) 

(2 ) 

(3) 

(4) 

(5) 

(6) 

(7) 

Lm + 2 min (a, b, c) ~ LS + 2 max (a, b, c), 
a a 

3 ~ L sa ~ 913 ~ 
h 2 s' 

{E} 
a 

LW ~ LS ~ Lga , 
a a 

LS ~ 3 (R + r), 
a 

{E} 

{E} 

(tl. ) 
a 

{E} 
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(8) If A', B', C' denote the second points of intersection of the sym­
medians and the circumcircle of the triangle ABC, then 

(i) 6R ;) I:AA' ;) 8/3 E:. 
3 R' 

(ii) 
1 ;) 8/3 F 

I: AA' • BB' 3 R 

2.44. Let uv = 2a be any axis of an ellipse, A, B two given different 
points on the ellipse, A', B' the points symmetric to A, B with respect 
to the line UV and T any point of the ellipse different from A, B, A', 
B'. If M, N are the intersection points of the line UV with the axes of 
symmetry of segments AT, BT, then MN = const. and 

O';;MN~ la - rl, 

where r is the radius of curvature in the vertices U and V. The first 
equaLity holds if and only if B = A', and the second one if and only if 
{A, B} = {U, V}. 

E;,' Kraemer and A. Toufar, 'Problem 5', Rozhledy Mat.-Fyz. 58 (1979-
1980),35-37. 

2.45. Let C be a circle about 0 with radius R and let F be an ellipse 
contained in C with semi-minor axis b and foci F 1 , F 2 • Set d 1 = OF 1 , 

d 2 = OF 2 · 

(1) There exists a triangle inscribed in C and circumscribed about 
F, if and only if 

(2) A necessary and sufficient condition for the existence of a 
triangle which includes F and is included in C is 

2 2 2 2 22 
(R - d 1 ) (R - d 2 ) ;) 4b R . 

M. Goldberg and G. Zwas, 'On Inscribed Circumscribed Conics', Elem. 
Math. 31 (1976), 36-38. 
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INEQUALITIES FOR SHiPLEXES IN En (n;;:' 2) 

Inequalities for r, Pi~i~i (i = 1, 2, ••. , n + 1) in a Simplex 

Let V be the volume and r inradius of a given n-simplex A = AlA:; An+! 

in n-dimensional Euclidean space En (n;;:' 2). For any i E {1, 2, ... , n} 
let Fi be the (n-l)-dimensional content of (n-l)-simplex Ai = Al .. , 

Ai _ 1Ai +1 ••. An +1 , let hi = AiAi be the altitude of A from vertex Ai' 

i.e. the distance from Ai to the hyperplane a i = Al '" Ai _ 1Ai +1 .•. An +1 , 

and let Pi be the radius of i-th escribed hypersphere of A. Let 

(1) F 

n+l 

L: Fi 
i=l 

be the 'total area' of A. For every i E {1, 2, •.. , n + 1} we have 

(2) 

Equalities 

h. 
1. 

nV 

imply by (1) 

(3) r 

(4) P. 
1. 

nV 
F. 

1. 

n+l 
L: 

i=l 

nV 
F 

nV 
F -

(i 

F.r; 
1. 

2F. 
1. 

1,2, ... , n+ 1). 

nV 

(i 1, 

n+l 

L: Fli 
j=l 
j~i 

2, ... , 

- F.P. 
1. 1. 

n + 1) . 

(i 1, 2, •.. , n + 1) 

From (1), (2) and (3), and from (1), (3) and (4) respectively, we obtain 

(5) 

(6) 
n + 1 
~r. 
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In every inequality in this section the equality sign appears iff A 
is an equifacial simplex, i.e.iff F = F = ••• = F 1 or equivalently 

1 2 n+ 
hI h2 = ••• = hn+I · 

1.1. IfmE (-2,0) U 
+ R , then 

and 

F + 

1.2. 

M[k](F + mF.) ~ n + m + 1 F 
n+1 l. n + 

(k E (1, +«>]) 

for every k E [_00, 1) we have the opposite inequality. 
Proof. For every i E {1, 2, ••• , n + 1} we have F> 2Fi and so 
~O. Now, 

l. 

GI 1.15, 1.20 (n = 2, m 

n + m + 
n + 

1 
-2, k E {-1, 2}). 

F. 

M[k]( Fi ) ~ 1 
n+1 F + mF. ~ n + m + 1 

+ (k E [_00, 1] I mER ). 
l. 

The opposite inequality is valid for k E [1, +«>], mE [-2, 0). 
Proof. By 1.1 for every m E [-2, +«» 

n + m + 1 
Hn+1 (F + mFi ) ~ n + 1 F. 

Therefore, we have in our two cases 

1 F = - -m m 

n+m+ 1· 

GI 1.16 (n = 2, m = -1, k = 1). 

m 

F 
m 

F 
m 

n + 
(n + m + 1) F 

Remark. Inequality 1.2 (with the sign~) is valid also if k E [_00, 
-1], mE [-2,0). Indeed, from -k ~ 1 we obtain 

M[k]( Fi ) _ ~ 
n+ 1 F + mF. - -r--(-=F=-+-m-F-l.'-) ---(-=F:"-+-m-F-l.'-) 

l. M -k] 
n+1 F. An+1 F. 

l. l. 
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___ 1 __ --::--- .;;; _____ ---,_ 

• A (!....) m + F • H (!....) 
n+1 F. n+1 F. m + F 

n+m+1· 

1 1 

1. 3. M[k](~) < _2_ (k E [_00, 1]). 
- n+1 F - F. n + 1 

1 

Proof. For every i E {1, 2, ••. , n + 1} we have F> 2Fi , from which 
it follows 

F. 2F. __ 1_< __ 1 
F - F. F 

1 

Therefore, 

1.4. 

M[k](~) .;;; A ( Fi \ < A (2Fi) 
-n+1 F - F. n+1~) n+1 F 

1 1 

2 
n+1 

GI 1.16 (n = 2, k = 1). 

[k](F + PFi \ ~ n + p + 
M } ~, ""-~"---7 

n+1 F + mF. n + m + 
1 

(k E [_00, 1]; 0 < m < p 
or -2 .;;; p < m < 0). 

The opposite inequality is valid if k E [1, +CO]; -2 .;;; p < m, m> 0 or 
-2 .;;; m < p, m < O. 

Proof. If k E [_00, 1] respectively k E [1, +CO], then 

[k]( + PFi ) ( + PF.) 
Mn+1 F + mF. ~ An+1 F+mF~· 

1 1 

On the other hand, by 1.2 for m > 0 respectively m < o we have 

An+1(F 
F. ) 1 ~ 
+ mF. ~ n + m + 1 

1 

Therefore, for 0 < m < p or p < m < 0 respectively for m > 0, m > p or 
m < 0, m < p we get 

( ) '( Fi )~ p-m 
p - m An+l F + mF. ~ n + m + 1 

1 

NOW, 1.4 is a consequence of the ,equality 

(7) (
F + PF.) 

An+l F + mF ~ 
1 
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GI 1.17 (n = 2, k = -1, m = -1, P 2) • 

1.5. M[kJ(F + PFi ) < n + 21' + 3 
n+l F - F, n + 1 J. 

(k E [_00, 1], p > -1). 

The opposite inequality is valid if k E [1, +00], p < -1. 
Proof. For k E [_00, 1] respectively k E [1, +00] we have 

and by 1.3 

Therefore, for p > -1 respectively p < -1 it follows 

NOw, inequality 1.5 is a consequence of the equality (7) (with m -1). 
GI1.17(n=2,k 1,p=2). 

1.6. (k E (-1, +00] respectively k E [_00, -1». 

Proof. Follows from (6). 
M. Stankovic [106] (k = 0); V. Th~bault [119] (n = 3, k = 0); 

F. Leuenberger [67] (n = 3, k = 1); G. Kalajdhc [43] (n = 3, k = 1); 
S. Horak [40] (n = 3, k = 1); GI 5.41 (n = 2, k = 1). 

1. 7. 

(8) 

(9) 

Proof. First we have 

F 

r 
(k E [-00, 1]). 

n+1 2 nh{n+l )2 F2 
IF~ IFJ.' ----

i n + 1 J.'=l - n + 1 ' i=l 

n+1 
IF, (F - 2F,) 

i=1 J. J. 

n+l 
F2 - 2 L F~"; 

i=l J. 

2 F2 n - 1 -2 
";F -2 o ---=---F 

n + 1 n + 1 

By (4), (9) and (3) we obtain successively 
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[k](i\ (' (F - 2Fi )\ n+1 

M -; ~ A 1. ; + l)nV 
l: F , (F 2F, ) ~ 

n+l p, n+1 nV (n 
i=l 

1. 1. 
l. 

(n - 1 )F 
2 

~ 
n - 1 F 

2 1)2 
-

(n + 1) nV (n + 
r 

2 the right 
1 2s 

which is a Remark. For n = side of 1.7 is '9 , 
r 

better 
1 

result than '8 • ~ in GI 5.47 
1 

(for k = 2') • 

1.8. 

1. 9. 

(10) 

1.10. 

r 

[k](P i - r) 2 M ------ ~ ----­, n+l r n - 1 
(k E [_00, 1]). 

Proof. Follows from 1.2, because by (3) and (4) we have equalities 

Pi - r 2F, 
1. 

------ = 
r F - 2F, 

(i 1,2, ... , n+ 1). 
1. 

M. Stankovic [lOS] (n 3, k -1). 

(k E [1, +00] respectively k E [_00, -1]). 

Proof. Follows from 1.2 (see also Remark), because by (3) and (4) 

(i 1,2, .•• , n+ 1). ------ = ------
Pi + r F - Fi 

G. Piiun [77] (n 3, k = -1). 

M[k](P i - r) < _2_ 
n+l Pi + r n + 1 

(k f. [_00, 1]). 

Proof. Follows from 1.3 according to (10). 
Remark. Inequality 1.10 is interesting only for k E (-1, 1], because 

for k~ [_00, -1] the inequality 1.9 is better. 

1.11. M[k] (h ) >.; (n + 1) r 
n+l i ~ 

(k E (-1, +CO] respectively k f. [_00, -1». 

Proof. Follows immediately from (5). 
v:-Volenec [139]; [151] (n = 3, k = 4); [156] (n = 3, k 

6.8, 6. 10 (n = 2, k = 1); GI 6. 10, 6. 16 (n = 2, k = 3). 

1.12. M[ k] ( __ -=-) ~ ___ ---:-:-_ 
n+l h. 2r ~ (n l)r 

1. 

(k E [1, +CO] respectively 
k E [-00, -1]). 

1); GI 
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1.13. 

(11 ) 

CHAPTER XVI II 

Proof. Follows from 1.2, because by (2) and (3) we have 

h. - 2r 
~ 

r 

F. 
~ 

F - 2Fi 

GI 6.21 (n = 2, k = 1). 

(i 1, 2, ••• , n + 1). 

(k € [1, ~] respectively k E [_00, -1]), 

Proof. By (2) and (3) we have 

h. +r F+F. 
-~-- = ---~ 
hi - r F - F i 

(i 1,2, ••• , n+ 1). 

Therefore, for k f. [1, +00] inequality 1.13 follows by 1.4 with p 1, 
m = -1. On the other hand, because of equalities 

h -r F-F 
_i __ = ___ i 
h. + r F + F. 

(i 1, 2, .•• , n + 1) 
~ ~ 

by 1.4 (with P 
-k € [1, ~] 

-1, m = 1) it follows for k € [_00, -1], i.e. for 

M[ _k](h i - r) ;;;. _n_ 
n+l h. + r n + 2 

~ 

Therefore, 

1.14. 

M[k](h i + r) 
n+l h. - r 

~ 

[M[-k](~)]-l n+l h. + r 
~ 

GI 6.22 (n = 2, k 1). 

[k](h i + r) < n + 5 
Mn+ 1 ~ -;:;-:tT 

~ 

(k ( [_00, 1]). 

Proof. Follows from 1.5 by (11). 
Remark. Inequality 1.14 is interesting only for k € (-1, 1], because 

for k € [_00, -1] it is weaker than 1.13. 

1.15. (k € [1, ~] respectively k E [_00, -1]). 

Proof. Follows from 1.2, because by (2) and (4) we have 
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Pi = __ F_i::-_ 
hi F - 2Fi 

(i 1,2, .•• , n+ 1). 

V. Volenec [138] (k = -1); G. KalajdHi: [43] (n 
S. Horak [37] (n = 3, k -1). 

3, k 

1.16. 

1.17. 

n - 1 

(n + 1) 2 2" 
r 

(k E [_00, 1]). 

Proof. By (2), (3), (4) and (9) it follows successively 

n+l F. (F - 2F.) 
M[k] (_1 _) .:;;; 

n+l P .h. 
= __ Z l. l. .:;;; 

n + 1 i=l r2F2 l. l. 

.:;;; -----=---=­
(n + 1)r2F2 

n - 1 2 
---F 
n + 1 

n - 1 

(n + 1) 2 

1 
2" 
r 

-1) ; 

Proof. Follows from 1.4 and 1.5 (p -3, m -1), because by (2) 
and (-4-)--

1.18. 

GI 

h. - P. F - 3F. 
l. l. l. (i 

h. + Pi F - F. 
l. l. 

6.24 (n 2) . 

M[k](~).:;;; ___ --;:-
n+l n+l 2 

n(n + 1) 
Z h. 

j=l J 

j# 

1, 2, ... , n + 1) • 

F 

r 
(k E [_00, 1]). 

Proof. By (2), (8) and (3) we obtain 

':;;;A (~) n+l n+l 
Z h. 

j=l J 
j ;il 

n+l( F. \ -.,._-..,...,- Z l. 

n(n + l)V i=l ~J 
Z.!.... 

j=l Fj 
j# 

n~l [Fn i • 
-n-;"(-n-=-+--:-"l ~) v:C" i = 1 

• Hn (F1 , ••• , Fi _1 , Fi +1 , •.• , Fn+1)] .:;;; 

469 



470 CHAPTER XVIII 

n+1 

,;;; 2 L: [F i • An (F l' ••. , F i-1' F i+1' .•• , F n+l)] 
n (n + l)V i=l 

n+1 

3 L: F, (F F, ) 
n (n + 1 )V i=l 

1 1 

-". ____ (F2 
3 

n (n + l)V 

n+1 
L: F~) ~ 

i=l 1 

,;;; 2 F2 

3 
(F ---) 

n (n + l)V n + 1 
F . -

n(n + 1)2 r 

Symmetric means of xl' x 2 ' xn+l E R+ can be defined by 

S[k) (x,) 
en! 

n+1 (~ x, ) f/k L: (k f {i, 
n+1 1 1 ) i 1 ,···,ik =1 j=l lj n + 

k 
i 1<·· .<ik 

(12) (k f {-1, -2, ••• , -in + 1)}). 

Obviously, 

s[n+1](X,) 
n+1 1 

s[-n-1) (x,) 
n+1 1 

According to AI 2.15.), (Theorem 4) it holds: 

S[-l] ,;;; s[-2] ~ ~ s[-n-1] 
Hn+1 = n+1 n+1 "' ••• ', n+1 Gn+ 1 

with equalities iff xl = x 2 

NOw, if H l(x,»: a, then 
n+ 1 

S[k) (x,) ~ a 
n+1 1 

and if A l(x,)';;; a, then 
n+ 1 

(k f: {±1, ±2, •.• , ±(n + 1)}). 

(kE {±1, ±2, ••• , ±(n+ 1)}). 

?, 
1}) , 

Applying the results from 1.1 - 1.8, 1.10, 1.11, 1.14, 1.16, 1.18 we 
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obtain the following inequalities 1.19-1.31. 

1.19. 

1.20. 

1.21. 

1.22. 

1.23. 

1.24. 

1.25. 

1.26. 

1.27. 

1.28. 

1.29. 

1.30. 

S[k] (F + mF ) < n + m + 1 F 
n+l i n + 1 

(k E {-l, ±2, ••• , ±(n + l)}; 
m ~ -2). 

S[kJ( Fi ) ~ _---= __ 
n+l F + mF. n + m + 1 

~ 

(k E {±l, ±2, ••• , ±(n + l)}; 
m> 0). 

S[k] i < 2 ( F) 
n+l F - F. n + 1 

(k E {±1, ±2, ••• , ±(n + l)}). 
~ 

S[k](F + PFi ) ~ n + P + 1 
n+l F + mF. 'n + m + 1 

~ 

(k E {± l, ±2, ••• , ± (n + l)}; 
o < m < P or -2 < p < m < 0) . 

[k](F + PFi ) < n + 2p + 3 
Sn+l F - Fi n + 1 

(k E {±1, ±2, ••• , ± (n + l)}; 
p> -1). 

S[k] (P.) ~ ~ r 
n+l ~ n - 1 

[k](P i - r) 2 
S --- <--n+l r n - 1 

[k](P i - r) 2 
S --- <--n+l P. + r n + 1 

~ 

S[k]l(h.) ~ (n + l)r 
n+ ~ 

S[kJ( 1 ) ~ n - 1 
n+l Pihi ~ (n + 1)2 

(k E {i, ±2, ••• , ±(n + 1)}). 

F 

r 
(k E {±1, ±2, .•• , ±(n + 1)}). 

(k E {tl, ±2, ••• , ±(n + 1)}). 

(k E {i, ±2, ••• , ±(n + l)}). 

(k E {i, ±2, ••• , ±(n + 1)}). 

(k E {1, ±2, ••• , ± (n + l)}). 

1 
2' 
r 

(k E {±1, ±2, ... , ± (n + l)}). 
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1.31. 
F 

r 
(k E {±l, ±2, ••• , ±(n + 1)}). 
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NOw, let xl' x 2 ' .•. , xn+l E R+, k E {±1, ±2, .•. , ±(n + 1)}, a E R. 

If k > 0 and Gn+1 (xi) ~ g, a > 0 or Gn +1 (xi) ( g, a < 0, then we obtain 

and the opposite inequalities hold if k < 0 and G l(x.) ~ g, a < 0 or 
n+ 1. 

Gn +1 (xi) (q, a> O. But, by (12), these two statements are mutually 

equivalent. Applying these results on 1.19-1.31 we obtain in some cases 
more general inequalities 1.32-1.44. 

1.32. 

1.33. 

1.34. 

1.35. 

1.36. 

1.37. 

1.38. 

1. 39. 

1.40. 

1.41. 

s[kl «F mF. )a) ~ (n + m + 
+ 

1 n+1 1. n + 

s[kl(( Fi \a\ ~ 
n+l F + mF.} } 

(n + m + 1. 

s[kl((~)a) > 
n+1 F - F. 

1. 

(_2_) a 
n + 1 

1 F)a (k E {2, ••• , n + 1}, 
m ~ -2, a < 0). 

(k E {1, 2, n + 1}, ... , 
1) a m> 0, a<O). 

(k E {1, 2, ..• , n + 1}, a < 0) . 

S[kl((F + PFi)a) ~ 
n+l F + mF i ' 

(n+;>+l)a. 
n + Q + 1 

(k E {1, 2, ••• , n + 1}, 
a < 0; 0 < m < p or 

S[kl((F + PFi)a) > 
n+l F - F. 

1. 

-2 ( P < m < 0). 

(k E {1, 2, ..• , n + 1}, 
P > -1, a < 0) . 

(kE {1, 2, ••• , n+ 1}, a<O). 

S [kl((Fi)a) >- [ n - 1 • !:r]a 1 - 2 (kE{1,2, ••• ,n+l},a<0). 
n+ Pi - (n + 1) 

sn[k+11((_Pir- r)a) < (n _2 1)a 

S[kl((~)a) > 
n+l P. + r 

1. 

(_2_) a 
n + 1 

(k E {1, 2, ••• , n + 1}, a < 0) . 

(kE {1, 2, ••• , n + 1}, a<O). 

s[k11(h~) ~ [(n + l)rl a 
n+ 1. 

(k E {1, 2, ••• , n + 1}, a > 0). 

v. volenec [139). 
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1.42. S[kl((hi + r\a) > (~)a 
n+l h. - r) n + 1 

(kE h, 2, ••• , n+ 1}, a<O). 

1.43. 

1.44. 

~ 

(k E {1, 2, ••• , n + 1}, 
a < 0). 

(k E {1, 2, ••• , n + 1}, 
a < 0). 

Finally, we give only three of many further possible generalizations. 

1.45. For every convex function f R+ -+ R we have 

A l(f(F + mF.)) ~ f(A l(F + mF.)) = fen + m + 1) F). 
n+ ~ "" n+ ~ n + 1 

and the opposite inequality is valid for every concave function f. 
Proof. By (1) we obtain 

fen + m + 1 
n + 1 F). 

+ 1.46. For every convex respectively concave function f : R -+ R we have 

Proof. By (6) it follows 

f(~ • .!.). 
n + 1 r 

1.47. For every convex respectively concave function f + R -+ R we have 

A (f(~)) ~ f( 1 1)r). 
n+l h. "" (n + 

~ 

Proof. We work similarly as for 1.46, but according to (5). 

2. Inequalities for the Stmplex and a Point 

Let A = AIA2 ••• An+l be the given simplex in En (n ~ 2), P any point 

inside A (when P is any point in En, then it will be emphasized separate­
ly). For every i E {1, 2, ••• , n + 1} let Bi be the intersection of the 
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line AiP with the hyperplane a i = A1 ..• Ai _1Ai +1 ••• An+1, further let 

Ri = AiP and let r i and hi he the distances ,?f the points P and Ai to 

the hyperplane a i . Obviously, 

(1 ) (i=1,2, ... , n + 1), 

(2) r~ = PB. ;;. r. 1. 1. 1. (i = 1, 2, •.• , n + 1) 

with equalities iff AiBi 1. a i . Therefore, all equalities in (1) and (2) 

hold iff A is an orthocentric simplex and P is its orthocentre H, what 
will be designed by {A , P = H}. From similar triangles we obtain 

1 . . 0 equa l.t1.es 

(3) (i 1, 2, ••• , n + 1), 

where A1, A2 , ••• , An+l are the barycentric coordinates of P in A. We 
have 

n+1 
(4) L A. 1, 

i=l J. 

n+l 
(5) L (1 - \) n, 

i=l 

n+l 
(6) P L A.A. , 

i=l 
1.-1. 

and by applying of A-G-inequality for means from (4) it follows 

(7) 
n+1 

IT 
i=1 

A. ~ ----"""7" 
1. (n + 1)n+1 

{p G}. 

The siqn {p = G} beyond an inequality means that the equality sign holds 
iff P = G and {~} means that equality holds iff A is a regular simplex. 

Let 0, I be centres and R, r radii of circumscribed and inscribed hyper­
spheres and G the centroid of A. For every i, j E {1, 2, ••• , n + 1} 
(i < j) let a .. = A.A. and for every i E {1, 2, ••• , n + 1} let F. be 

1.) 1. ) 1. 
the (n - 1)-dimensional content of (n - 1)-simplex Ai = Al Ai _1Ai +1 

•.• An+1 • !1oreover, let V be the n-dimensional content and m1, m2 , ••• , 

mn+l the lengths of medians of A. 

2.1. If f : R+ ~ R is a convex function, then for every k E {1, 2, ••• , 
n + 1} 
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n+l 
l: 

i 1 ,···,ik =1 

i 1<·· .<ik 

( 
k 

f l: 
j=l 

PBi. ) 
___ J_ >-
l'., B, . 
~, ~, 

J J 
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(n+l) f (_k_) 
k n + 1 

{p 

and if f is a concave function, then we have the opposite inequality. 
Proof. By (3) and (4) we have successively 

n+l 
( k (n+l) f 

[ (n!l) 

n+l ( k 

\,)] l: f l: A ) ~ l: ~ l: 
ii' .•. , i k =l j=l 

i '>; k 
i 1,···,ik =1 j 

k 
'j=l J' 

i 1<·· .<ik i{ ..• <ik 

n+l 
(n+l)f(_k_ l: A,) 

k n + 1 j=l ~ 
(n+l) f(_k_). 

k n + 1 

v. Volenec [139] (f(x) = In x); M. S. Klamkin and G. A. Tsintsifas 

(private communication) (f(x) = xa, a E (-00, 0) u (1, +(0), k = 1; 

fix) = (1 - x)-a,a E (-00, -1) u (0, +(0), k = 1). 
Remark. According to (3) we can write an equivalent inequality 

2.1 ' 
n+l 

l: 
ii' .•• , i k =1 

i 1<· •• <ik 

k f( l: 
j =1 

rij) 
h, ~ 
~, 

J 

(n+l) f(_k_) 
k n + 1 

{P G}. 

2.2. If f : R+ ~ R is a non-increasing function such that f(exp) 
is a convex function, thenfor every k E {1, 2, ..• , n + 1} 

n+l 
l: 

ii' ... , i k =1 

i 1<·· .<ik 

PB, 
k ~, f( IT _J);;;. 

'-1 A, B, 
J- ~j ~j 

{p G} 

R ~ R 

and if f is a non-decreasing and f(exp) a concave function, then we have 
the opposite inequality. 

Proof. According to (3) and (7) working as in 2.1 we obtain 

n+1 
l: 

i l' ••• , i k = 1 

i 1<·· .<ik 

f( ~ A, ) 
j=l ~j 
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2.3. 

n + 1 ( ( k n+1 
~ ( k )f exp ~ i:1 In 

D. M. Batinetu [7] (n = 3). 
Remark. The same as in 2.1. 

n+1 k PB, 

I: IT (d.) 
i 1,···,ik=1 j=1 ~, ~, 

J J 
i 1<·· .<ik 

a 

" 

CHAPTER XVIII 

(n + 1)f( ) 
k (n + 1)k • 

(n+1) 
1)ka 

(k E {1, 2, . .. , 
k (n l}, + n + 

o < a " 1) 
{p = G}. 

Proof. According to inequalities for means (AI 2.15.1, Thp.orem 4 
and 2.14.2, Theorem 1) from (4) it follows 

n+1 k (n+1 )k 
I: IT Aa " (n+1) __ 1_ I: A~ " 

, '1 J' =1 iJ' k n + 1 i=1 
~1'···'~k= 

'< <" ~1 ••• '~k 

" (n+1) ( __ 1_ n~1 A,)ka 
k n + 1 i=1 ~ 

(n+1) 
k (n + 1) ka • 

M. S. Klamkin and G. A. Tsintsifas (private communication) (k = 1). 
Remark. Similar as in 2.1. 

2.4. If f : R+ ~ R is a non-decreasing function such that f(exp) 
is a convex function, then 

R~R 

n+1 
I: 

i 1,···,ik=1 

i1 < ••• <ik 

k f( IT 
j=1 

A, B, 

~j ~J') 1 k ?> (n+k )f((n+ 1» 
PB, 

~j 

(k E {1, 2, ••• , 
n + 1}) {p = G} 

and if f is a non-increasing and f(exp) a concave function, then we have 
the opposite inequality. 

Proof. According to (3) 

(i 1, 2, ••• , n + 1) 

and by (7) analogously as in 2.2 we obtain 
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n+1 
E 

i 1 ,···,ik=1 

i 1<·· .<ik 

d~ -f-)~ 
L'j=1 i. ' 

J 
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v. Volenec [139] (f(x) = xa, a> 0); H. Gabai [25] (f(x) = x, 
k n + 1). 

Remark 1. Because of (3) we can write an equivalent inequality 

2.4' 
n+1 

L 
i 1,··· ,ik =1 

i 1<·· .<ik 

z. Zivanovi6 [149] (f(x) 
n = 2, k E h, 3}). 

Remark 2. Because of A,P 
we have 

A,B, 
~= 
PB, 

~ 

A,P 
+ -~-~ 

BP, 
~ 

~ 

(k E {1, 2, 
n + 1}) {p = G}. 

x, k = 1); GI 12.11, 12.12 (f(x) = x, 

Ri and (2) for any i E {1, 2, ••• , n + 1} 

R, 
+-2:. 

r, 
~ 

and 2.4 implies the inequality 

2.4' , 
n+1 
r 

i 1,···,ik =1 

i 1<·· .<ik 

2.5. With the same conditions as in 2.1 we have 

n+1 
E 

i 1,· •• , i k =1 

i 1<·· .<ik 

Proof. By (3) 

( 
k 

f r 
j=1 

(n+1)f(~) 
k n + 1 

{p 

(k E {1, 2, 
••• , n + 1}) 

{AR, P = O}. 

G}. 
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A,P 
~ 

A,B, 
~ ~ 

1 - \ 

CHAPTER XVIII 

(i 1,2, ••• ,n+l), 

and analogously as in 2.1 it follows by (5) 

2.5' 

v. Volenec [139] (f(x) = In x) . 
+ Remark 1. If f : R ~ R is a convex non-decreasing function, then 

n+l 
~ 

i 1 ,··· ,ik =1 

il < •.• <ik 

k R, 

f( ~ J) ~ (n+l) f(~) 
, 1 h, k n + 1 
J= ~, 

J 

(k € {1, 2, ••• , 
n + 1}) {A , P = oJ. 

R 

This follows from 2.5 because of AiP = Ri and (1). According to (5) the 

inequality 2.5 holds also (as an equality) for k = n + 1 and therefore 
2.5' holds also for k = n + 1 with {Ao' P = H}. 

G. KalajdHc [43] (f(x) = x, n = 3, k € {1, n + 1}), s. Horak [40] 
(f(x) = x, n = 3, k E {1, n + 1}). 

Remark 2. With the same conditions as in 2.5' we have 

2.5' , 
n+l 
~ 

i 1,···,ik=1 

i 1<·· .<ik 

f( ~ Rij ) 
j=lR, +r, 

~j ~j 

(k € {1, 2, ••• , 
n + 1}) 

{AR , P = o}. 

which is a consequence of 2.5 because 'of AiP = Ri and (2), i.e. of 
A,B, ~ R, + r,. 
~ ~ ~ ~ 

J. Berkes [8] (f(x) = x, n = 3, any k € {1, 2, ••• , n + 1} gives 
the same result!), GI 12.36 (f(x) x, n 2). 

2.6. With the same conditions as in 2.2 we have 

n+l 
~ 

i 1,···,ik=1 

i 1<·· .<ik 

k A, P 

f( IT ~) ~ (n+l) f ( (_n_) k) 
'-1 A, B, ~ k n + 1 
J- ~,~, 

J J 

(k € {1, 2, ••• , 
n + 1}) {p = G}. 

Proof. On the basis of the A-G-inequality for means, from (5) we get 
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n+1 
IT 

i=l 

A,) (; ( __ n_)n+1 
(1 - 1 n + 1 

and analogously as in 2.2 it follows 

n+1 
I 

i 1 , ••• , i k =1 

i1 < •.. <ik 

f( ~ (1 - A, ) \} 
j=l 1j 

D. M. B~tinetu [7] (n = 3). 

2.7. With the same conditions as in 2.3 we have 

Proof. Analogously as in 2.3 from (5) it follows 

479 

(kE {1, 2, ••• , 
n + 1}, 0 < a (; 
1) {p = G}. 

n+1 
I 

i 1 ,···,ik =1 

k 
IT 

j=l 

(1_A,)a 
1, 

J 

::::. (n+1) ( __ 1_ n+1 )ka 
"" I (1 - A1,) 

k n + 1 i=l 

i1 < ••. <ik 

2.8. With the same conditions as in 2.4 we have 

n+1 
I 

i 1,···,ik =1 

i 1<·· .<ik 

Proof. Since 

( 
k 

f IT 
j=l 

Ai,Bi ,) 
__ J __ J ~ 

A, P '" 
1, 

J 

(i 1,2, •.• ,n+1), 

{p 
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from (5) on the basis of the A-G-inequality for means we obtain 

n+1 1 n+1 1 n+1 
II 1 _ A

1
. = II n(1 _ A.) L 

i=l i=l 1 j=l 
(1 - A.) ~ 

J 

n+1 [ 
~ II n(~ ~ ~i) 

i=l 

Therefore, it follows analogously as in 2.2 

v. Volenec [139] (f (x) = xa, a > 0); Z. Zivanovic [149] (f (x) = x, 
k = 1); F. Abeles [1] (f(x) = x, k = n + 1); G. Georqescu [27] (f(x) = x, 
n = 3, k = 1); M. Stan [103] (f(x) = x, n 3, k = 1); I. A. Ku~nir [62] 
(f(x) = x, n = 3, k = 1, P = 0); GI 12.40 = 9.14 (f(x) = x, n = 2, 
k = 1). 

2.9. With the same conditions as in 2.4 we have 

n+1 
2: 

i 1 ,··· ,ik =1 

i 1<·· .<ik 

Proof. NOW, 

- A 
i (i 1, 2, ••• , n + 1) 

(k E {1, 2, ••• , n + 1}) 
{p = G}. 

and according to the A-G-inequality for means it follows by (4) 
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n+l 1 - A n+l 
i 

IT ---x-- = IT 
i=l i i=l 

(
1 n+l 
- l: 
\ j=l 

j#i 

) 
n+l 

A. ~ IT 
J i=l 

Therefore, analogously as in 2.2 we get 

n+l 
l: 

it' ... , i k =1 

il < ..• <ik 

k 1 - A. 
( 1..) 

f IT J 

j=l \. 
J 

n+l 
n 

v. Volenec [13g] (f (x) = a 
x , a> 0); J. Schopp [95] (f(x) = x); 
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A. Oppenheim [76] (f(x) = xa, a> 0, k = 1); J. Schopp [91] (f(x) = x, 
k = n + 1); O. Reutter [A6] (f(x) = x, k = 1); H. Gabai [25] (f(x) = x, 
k E {1, n + 1}); V. L. Rabinovic and I. M. Jaglom [84] (f(x) = x, 
k = n + 1); G. A. Tsintsifas (private communication) (f(x) = x, k E {1, 

2, n + 1}); D. M. BiItine1;.u [7] (f (x) = xa, a > 0, n = 3); D. M. Stan 

[104] (f(x) xa, a> 0, n = 3, k = 1); G. P. Bevz [11] (f(x) = xa, 
a> 0, n = 3, k = 1); V. Thebault [120] (f(x) = x, n = 3, k E {I, 4}), 
[123] (f(x) = x, n = 3, k E {1, 4}); M. Stankovic [105] (f(x) = x, n = 3, 
k E {i, 4}); D. o. Skljarskij, N. N. cencov, and 1. 11. Jaglom [101, p. 
308-309] (f(x) = x, n = 3, k = 4); M. Erdmann [19] (f(x) = x, n = 3, 
k = 1); GI 12.38, 12.47, 12.39 (f(x) = x, n = 2, k E {I, 2, 3}); 
J. T. Groenman [33] (f(x) = x, n = 2, k E {1, 3}, P = 0). 

Remark. According to A.P Ri and (2) it follows from 2.9 (with the 
same conditions): 1. 

2.9' 
n+l 

l: 
iI' ••• , i k =1 

i 1<·· .<ik 

(k E {I, 2, ..• , n + 1}) 
{AR , P = A}. 

V. Volenec [139] (f(x) = xa, a> 0); J. Schopp [95] (f(x) = x); 

A. Oppenheim [76] (f(x) = xa, a> 0, k = 1); J. Schopp [91] (f(x) = x, 
k = n + 1), [92] (f(x) = x, k E {I, n + 1}, P = I); O. Reutter [86] 
(f(x) = x, k = 1); J. Berkes [8] (f(x) = x, n = 3, k = 4); V. Thebault 
[123] (f(x) = x, n = 3, k E {I, 4}), [124] (f(x) = x, n = 3, k = 1, 
P = I); M. Stankovic [105] (f(x) = x, n = 3, k = 4); D. o. Skljarskij, 
N. N. cencov, and 1. M. Jaglom [101, p. 59, 307-310] (f(x) = x, n 3, 
k 4; f(x) x, n = 3, k 1, PI); GI 12.25,12.1 (f(x) = x, n = 2, 
k = 3; f(x) = x, n = 2, k = 1, P = I). 

2.10. l'iith the same conditions as in 2.2 we have 
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n+1 
L 

i 1,···,ik =1 

( 
k PB i .) 

f II --2. 
j=1 Ai.P 

J 

(k E {1, 2, ••• , n + 1}) 
{p = G}. 

i 1<· •• <ik 

Proof. Since 

PB. A. 
~ ~ 

A,P = T--=-T 
. i 

(i 1, 2, ••• , n + 1) 

and according to results from the proof of 2.9, we have 

n+1 A. 1 

II T-!r-- ~ n+1 ' 
i=1 i n 

so analogously as in 2.2 we get 

n+1 
L 

i 1,···,ik =1 

i 1<·· .<ik 

k f( II 
j=1 

A. 
~j '\;;,. 

- A. } ~ 
~. 

J 

n+1 A. _1_ 
(n+1)f(( II -------~ r+1) ~ 

k 1 - A ~ 
i=1 i 

a 
x , 

M. S. Klamkin and G. A. Tsintsifas (private co~unication) 
a> 0, k = 1). 

2.11. 

Proof. From 2.8 with f(x) 

n+1 A.B. (n + 1)2 
L 2..2:. ~ 

i=1 A.P n 
~ 

and so it follows successively 

n+1 
L 

i=1 

(a ~ 1) {p G}. 

x and k 1 we obtain 

2 1) ~ (n : 1) _ (n + 1) n + 1 =---n 

(f(x) 
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~ (n + 1) ( __ 1_ • ~)a 
n + 1 n 

n + 1 
a 

n 

A. O",penheim [76]; V. Volenec [139] (a = 1); M. S. Klamkin [55] 
(a = 1. P = 0); G. Tsintsifas and S. Rabinowitz [132] (a = 1, n = 2, 
P = 0) , 

2.12. 
n+l 

I 
i=l 

2 
E, 
~ 

n+l 
A,P ~ 2 I 
~ 

i, j=l 
i<j 

E, E ,IPB, 
~ J ~ 

PB, 
J 

with equality iff all numbers (E,/A,)/pB, (i = 1, 2, .. " n + 1) a~e 
equal. ~ ~ ~ 

Proof. As in 2.9, because of (4) it follows 

and hence 

n+l 
I 

i=l 

2 
E, • A P 
~ i 

n+l 
I 

n+l A, 
J 

I T PB" 
j=l i ~ 
j# 

2 
F., . (j 

i ,j=l 
A, ~ 
~ 

i<j 

A, 
2 ~ 

PB, +- E, . 
~ A, J 

J 

2n+l ( Ii: Ii:' ) 
~ I ItE.lPB/-!-E,1PB. 

i, j =1 i ~ j J J 

i<j 

2 
n+l 

I 
i,j=l 
i<j 

E,E,/pB, 
~ J ~ 

• PB 
j' 

PBJ ~ 

A. Oppenheim [76]; G. A. Tsintsifas 1967 (private communication) 
(E 1 = E2 = ..• = En+l = 1); GI 12.43 (n = 2, El = E2 = E3 = 1). 

Remark. According to AiP Ri and (2) it follows from 2.12: 

2.12' 
n+l 

2 
n+l 

I E,R, ;>- 2 I E,E,IPB, . PB, 
i=l 

~ ~ 
i,j=l 

~ J ~ J 

i<j 
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with equality iff A is an orthocentric simplex, pits orthocentre and all 
numbers (E./A,) v'PB, (i = 1, 2, ..• , n + 1) are equal. 

~ ~ ~ 

A. Oppenheim [76]; G. KalajdHc [43] (n = 3, E j = 1); G. KalajdHc 

and S. Sreckovic [44] (n = 3, Ei = 1); D. O. Skljarskij, N. N. Cencov 
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and 1. M. Jaglom [101, p. 59,306-307] (n 
1 

12.34 (n = 2, E. E {~, =--==1. 
~ ~ R.vr. 

~ ~ 

n+l 
E~ (n 

n+l 
2.13. I . A.B. - AiP) ;;. 2 I 

~ ~ ~ 
E.E./A.P 
~ J ~ 

;r:-), GI 12.31, 
~ 

. A.P (E 1 ' E2 , 
J 

... , 
+ i=l i,j=l 

i<j 
E 

n+l E R ) 

with equalit) iff all numbers E.lA.P/«(1 - A.) (i = 1,2, .. ., n + 1) are 
equal. ~ ~ ~ 

Proof. Because of (4) and (6) the point with radius vector 

--- (P - A.A.) 1 - A ~-~ 
i 

n+l 

~I 
j=l 

I \ jh 
j=l 
jf-i 

A.A. 
J-J 

is simultaneously centroid of the points P, Ai with masses 1, -Ai and 

centroid of the points A1 , •.. , Ai _1 , Ai +1 , ••• , An+l with masses A1 , 

••• , A. l' A. l' .•• , A 1. Therefore, this point is the intersection 
L- ~+ n+ 

Bi of line AiP with hyperplane a i . Further, it follows successively 

n+l 
l (1 

n+l 
I - A. )B. I (p - A.A. ) 

i=l n ~ -~ n i=l ~-~ 

[ (n 
n+l 

+ 1 ) .!: - I A.A. ] = .!:, n 
i=l ~-~ 

and P is the centroid of points B1 , B2 , ••• , Bn+l with masses 

(8) 1.(1 - AI)' -n1 (1 - A2), ••. , l(1 - A ) • n n n+l 

According to (5), the numbers (8) are barycentric coordinates of P in 
the simplex B = BIB2 ..• Bn+1 • When going from the pair (A, P) to the 

pair (R, P), it is necessary for every i E {1, 2, .•• , n + 1} to make 
the substitution 

A ..... 1.(1 ') ~ n - I\i • 

Therefore, the ratio 

A,P 1 - A 
L i 

PBi =~ 
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must be substituted by 

n - + A 
i 

1 - >­ i 

n • AiBi - AiP 

AiP 

i.e. we must make the substitutions 

PB i 

A,B, 
~ ~ 
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(9) (i=1,2, ••• ,n+l). 

Applying these substitutions, from 2.12 it follows 2.13. 
A. Oppenheim [76]1 G. A. Tsintsifas 1967 (private communication) 

(E 1 = E2 = ••• = En+l = 1)1 GI 12.46 (n = 2, El = E2 = E3 = 1). 

n+l k 
2.14. IT E 

i 1 , ••• ,ik=1 j=l 

i 1<·· .<ik 

n+l 
( kn2 )( k ) E;;\ __ 

n + 1 
(k E {1, 2, ••• , 
n + 1}) {p = G}. 

Proof. From 2.5 with f(x) = In x it follows the inequality 

n+l k 
IT E 

i t , ••• ,ik=l j=l 

i 1<·· .<ik 

from which it follows 2.14 by (9). At the same time we must make also 
the substitutions 

(10) 

because A,B, 
n • A B ~ l. 

i i' 

2.15. 
n+l k 

E IT 
i 1 , ••• ,ik=1 j=l 

i 1<·· .<ik 

(i=1,2, ••• ,n+l), 

(k E h, 2, 
• •• ,n+l), 
o < a E;; 1) 

{p = G}. 

Proof. Follows from 2.7 by the substitutions (9) and (10). 
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2.16. 

(9) • 

2.17. 

A, B, 
l, l, 

_J __ J _ 
A, P 
l, 

J 

a 

1) ?- (n:1)nka 

CHAPTER XVIII 

(k E {1, 2, .•. , 
n+ 1}, a>O) 

{p = G}. 

Proof. We must put f(x) = x in 2.9 and then apply the substitutions 

A. Oppenheim [76] (k = 1). 

n+l 
,L: 
i=l 

n+l 
2 

A,P ?- 2 
l 

L: (PBi • PB j ) + 
i, j=l 
i<j 

n+1 
+ n(n2 - 1) IT 

i=l 

2 
n+1 

PB, 
l 

Proof. As in 2.9 we have 

n+1 A, 
L: t PBi , 

j=l l 

j;ii 

mn+1 , P 

and it follows 

n+1 
L: A,p 2 

i=l l 

n+1 (n+1 Aj )2 
L: L: -- PB = 

i=l j=l Ai i 

n+1 A2 A2 
(' 2 ' 2\ 

L: J PB + .-J.. PB 
i, j=l \A~ i A~ j) 

i<j 
l l 

n+1 
+ 2 L: 

i=l 

( n~l 

\j ,k=l 
j,k;ii 
j<k 

?- 2 
n+1 2 n+1 

L: (PB i • PB j )+ n(n - 1) IT 

2 
n+1 

PB, • 
l 

i,j=l i=l 
i<j 

Equality occurs iff for every i, j, k E {1, 2, ... , n + 1} (i f j f k f i). 

(11 ) 
A,\ 2 
_J_ PB 

A2 i 
i 

= a const. , 

and for every i, j E {1, 2, .•• , n + 1} (i < j) 
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A. A. 
J 1 
~ PBi = X- PB., 

1 j J 

i.e. for every i E {1, 2, ••• , n + 1} 

(12) const. 

follows A~A.Ak = aS2 , what toqether with 
1 J 
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But, from (11) and (12) it 

A.A~Ak = aS2 implies A. 
1 J 1 

A .. Therefore, P = G, and from (12) it follows 
J 

PB. = const., i.e. A.B. 
1 1 1 

(n + l)PB. = const. 
1 

G. A. Tsintsifas 1967 (private communication); GI 12.44 (n 2). 

n+l 
2.18. L: (A.P . A.P) 

i, j=l 1 J 

i<j 

n+l 
;;. L: (PB. . PB. ) + 

i,j=l 1 J 

i<j 

1 2 n+l 
+ '2 n (n - 1) (n + 1) IT 

i=l 

2 
n+l 

PB. 
1 

Proof. As in 2.9 we have 

and so it 

1 - A 
i 

A.P = --A-- PB1·, 
1 i 

follows by (4) and 

n+l 
L: A.P . A.P 

i, j=l 1 J 

i<j 

;;. 

(7) 

n+l 
L: 

i, j=l 
i<j 

n+l 
L: 

i, j =1 
i<j 

n+l 
L: 

i,j=l 
i<j 

n+l 
L: 

i, j=l 
i<j 

[(1 
- A .) (1 - A.) 

1 J PB. . 
A.A. 1 

1 J 

F(l - A. - A. 

l)PBi 
1 J + . 

L\ A.A. 
1 J 

[PB. • PB. ( n~l 
Ak) + 

1 J 
A.A. \ k=l 1 J 

k,ti,j 

rPBi 
. PB. ( n+l 

J (n -l A.A. 1\ IT 
1 J k=l 

k,ti,j 

{m. = const., 
1 

P = G}. 

PB. ] 
J. 

PB j ] 

PB 1 PB. . ;;, 
1 jJ 

1 
n-l\ 

\ ) + 
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+ 

> 

n+1 1 
(n - 1) (IT A~-1\) 

k=1 

n+1 
L PB, . PB, > 

i,j=1 
1. J 

i<j 

1 

n+1 
L 

i,j=1 
i<j 

(n - C+1 1) II 
n-1\ 

\ } 
n(n + 1 ) 

2 

PB, • PB, 
_1. ____ J + 

n n 
-;;-~f n-1 

Ai Aj 

n+1 2 
n+1 

IT PB, 
i=1 1. 

2n 
i=1 n+l 

:A (n+1) (n-1) 
IT 

i=1 

n+1 n+1 
+ I: PB, . PB, I: PB, . 

i,j=1 
1. J i,j=1 1. 

i<j i<j 

n+1 2 
n+1 

IT PB, 
n+1 

1 2 i=1 1. 

- 1 ) > L + 2' n(n 
n+1 i, j=1 

A~+l IT i<j 
1. i=1 

2 
1 2 n+l n+l 

+ 2' n(n - 1) (n + 1) IT PBi 
i=1 

Equalities hold iff Ai = const. and PBi = const. 

1. 

PB, + 
J 

PB, . PB, + 
1. J 

+ 

G. A. Tsintsifas 1967 (private communication); GI 12.45 (n 2). 

/,.19. ( n+1 a)(n+l 
I: A,P I: 

i=1 1. i=l 
1 ) 2 a -- > (n + 1) n 

PBa 
i 

+ (a E R ) {m1 = m2 

mn +1 , P = G}. 

Proof. According to Cauchy's inequality we have 

( n+1 )(n+1 
I: A,pa L 

i=1 1. i=l 

Equality occurs iff AiP • PBi const. From 2.9 setting f(x) 1, 
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we get 

n+1 
L 

i=l 

a 

(n + 1)n2 

with equality only for P = G, i.e. for AiP/PBi = n. Both equalities 

appear iff P = G and AiP = const., i.e. nmi = (n + l)Ai P = const. 

v. L. Rabinovi~ and I. M. Jaglom [84]; D. o. Skljarskij, 
N. N. ~encov, and 1. M. Jaglom [101, p. 312] (n = 3, a € {I, 2}). 

2.19' 

Remark. Because of Ri A.P and (2) from 2.19 it follows 
~ 

+ 
(a E R ) {AR , P O}. 

v. L. Rabinovi~ and I. M. Jaglom [84]; D. o. ~kljarskij, 
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N. N. ~encov, and 1. M. Jaglom [101, p. 62, 310-312] (n = 3, a E {I, 2}). 

2.20. Let k> O. For any i E {1, 2, .•. , n + 1} let C. be the point of 
~ 

segment PBi such that PCi CiBi = k. Then 

n+1 A.C. 
L ~ ~ (n + l)[(n + l)k + n] 

i=l CiBi 

Proof. As 

A.P + PC. 
~ ~ 

C.B. 
~ ~ 

so by 2.9 (with f(x) = x, k 1) it follows 

{p 

~ (k + l)n(n + 1) + (n + l)k 

J. Weinstein and I. D~ncil~ [141] (n 3). 

A.P 
(k + 1) -~- + k, 

PB. 
~ 

(n + l)[(n + l)k + n]. 

2.21. With the same conditions as in 2.20 we have 

n+1 C.B. 
L ~ ~ n + 1 

i=l AiCi (n + l)k + n 
{p 

Proof. As by (3) 



490 CHAPTER XVIII 

PB. 
l 

C.B. C.B. A.B. A. k + l l l l l l l 
1, A A. 

-
A.C. A.B. - C.B. PB. PB. k + 1 - k + -

l l l l l l l l i l -----
C.B. A.B. 

l l l l 

so by (4) follows 

n+l C.B. n+l 
L l l (k + 1) L (n + 1) k A. -A.B. + -i=l l l i=l l 

k + n+l n+l 

1) (k + L (k + 1 - A. ) L 1 A. (n + 1 ) - 1 l k + -
i=l i=l l 

(n 1) ~ k + 1 
1 (n 1) 2 (n 1) + 

1) 
+ - + 

(n + 1) (k + -

n + 1 
(n + 1) k + n 

J. Weinstein and I. Dancila [141] (n 3). 

2.22. For any points P and Q 

n+1 
A. A .a~ . 

n+1 
2 L ~ L A. . QA . 

i, j=l 
l J lJ i=l 

l l 

i<j 

Proof. Let Q be the origin. Because of (6) and (4) it follows 

2 C~: t n+l 
A~ 2 

n+l 
0 ~ QP = A.A. = L . QAi + 2 L A.A.A. . A. 

l-l 
i=l 

l 
i, j=l 

l J-l -J 

i<j 

n+1 
A~ 2 

n+1 
A A 2 2 a~. ) L . QAi + L i j(QAi + QA. 

i=l 
l 

i,j=l J lJ 

i<j 

n+1 
A2 2 

n+1 

QA~ 
n+l 

2 L . QAi + L A.A. . - L A A .a .. 
i=l i i,j=l l J i,j=l i J lJ 

i;ij i<j 

(n~l \C+1 2\ 
n+l 2 

A) L A. . QAi } - L A. A.a .. 
\i=l l i=l l 

i, j=l 
l J lJ 

i<j 
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n+1 
L: 

i=1 

2 n+1 
Ai • QAi - L: 

i,j=1 
i<j 

A.A.a~ .• 
~ J ~J 
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G. A. Tsintsifas 1967 (private communication); M. S. Klamkin [48] 
IQ = 0); v. Devide [16] (P = G,(Q = 0); A. Simeonov [100] (n = 3, P = I); 
c. Balu~a [5] (n = 3, A regular tetrahedron, P = 0); GI 14.1 (n = 2, 
Q = 0). 

2.23. If P and Q are any points, then 

n+1 
PA~ ~ 

n+1 2 
L: A. . L: A. . QAi {Q P}. 

i=1 
~ ~ i=1 

~ 

Proof. If Q is the origin, then from (6) and from the equality 

it follows 

n+1 
L: 

i=1 

->- ..... 
A.PA. = 0 
~ ~ 

n+1 
L: [A.P 

i=l ~-

. 

n+1 
A. (QA~ L: 
~ ~ 

i=l 

FA.) ] 
n+l 

-+ 
L: A. (A. -

-+ 
(A. + PA.) (A. + PA.) 
-~ ~ i=l ~ -~ ~ -~ ~ 

2 - PA.) • 
~ 

G. A. Tsintsifas 1967 (private communication); E. Egervary [17] 
(n E {2, 3}); R. Est~ve [20] (n = 3); D. o. Skljarskij, N. N. ~encov, 
and 1. M. Jaglor.l [101, p. 37, 221-224, 225-228] (n E {2, 3}, P = 0); 
c. Balu~a [5] (n = 3, A regular tetrahedron, P = 0) . 

2.24. Let A1 , A2 , ••• , An+l E R, A = A1 + A2 + ••• + An+l f O. For any 

point Q we have 

n+1 2 1 
L: Ai· QA ~--

i=l i A2 

r n~l 
li,j=l 

i<j 

A.A.(A. + A.)a~. + 
~ J ~ J 1.J 
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with equality iff Q is the point with barycentric coordinates 

(13) 
An+1 

, ... , -A-

in the simplex A. 
Proof. Let P be the point with barycentric coordinates (13) in the 

simplex A, and let Q be the origin. Then 

1 n+1 
P ="' L A.A., 
- 1\ j=l J-J 

and according to 2.23 it follows successively 

n+1 2 n+1 2 
L Ai' QA~ ~ L Ai' PA 

i=l ~ i=l i 

n+1 
L A. (A. - p/ 

i=l ~ -~ -

1 n+1 
- L 
A2 i=l 

(
n+1 

A. L 
~ j=l 

A .• ;;:;..)2 = 
J ~ J, 

j# 

n+1 
(+1 2 n+1 

L A. L A L . A.A. + 
A2 i=l ~ j=l j ~ J j ,k=l 

j# j,k# 
j<k 

AA) 1 rn~l n+1 
2 2 . 

= A2 li=l 
L \\aij + 

j=l 
j# 

2\Ak 

n+1 n+1 
2 + 2 

- a~k) ] + L L A.A.\(a .. 
i=l j ,k=l ~ J ~J 

a ik 

j,k# 
j<k 

1 
=):2 

--+ . A.A. 
~ J 

. 
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2.25. 
n+1 

L: 
i=l 

A.R. ,,;;; R 
~ ~ 

{p 

Proof. From 2.23 (with Q 

n+1 2 2 
L: A R ,,;;; R , 

i=l i i 

O}. 

0) it follows by (4) 

and applying Cauchy's inequality, we get 

2.26. 

2 (n+1 )(n+1 2) 
R ~ L: A. L: A.R. (

n+1 )2 
~ L: A.R. 

i=l ~ i=l ~ ~ i=l ~ ~ 

G. A. Tsintsifas (private communication). 

n+1 
I GA.";;; (n + 1)~2 _ OG2 

~ 
i=l 

Proof. According to a result from the proof of 2.23 we have with 
P G, Q = 0 

n+1 
2 

OG L: OA~ = n+1 ~ 
i=l 

n+1 2 
- ---1 L GA" 

n + i=l ~ 

and hence because of OA. 
~ 

n+1 2 
--- L: GA. 
n + 1 i=l ~ 

Therefore, it follows 

R (i 

G. KalajdHc [43] (n = 3). 

1,2, ... ,n+1) 

/R2 _ 2 IF OG. 

493 

2.27. 
n+l 

L: 
i, j=l 
i<j 

AAa ,,;;;/ n R 
i j ij 2 (n + 1) 

G}. 

Proof. From 2.22 with Q 

n+l 
L: 

i, j=l 
i<j 

o it follows by (4) 

{p O} • 
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By applying Cauchy's inequality we obtain 

( 
n+l 

~ L 
i,j=1 
i<j 

( 
n+l 

~ L 
i,j=1 
i<j 

)( 
n+l 

A.A. L 
~ J i,j=1 

i<j 

A. A.a .. )2 
~ J ~J 

A.A.a~.) ~ 
~ J ~J 

But, from (4) by an inequality for symmetric means (AI 2.15.1, Theorem 
4) we get 

n+l 
(n+l/_l_ 

n+l \2 
L A.A. ~ L 

n {p G}. 
i,j=1 ~ J 2 \n + 1 i=1 

Ai} 2(n + 1) 

i<j 

Therefore, it follows 

2 ( n+l 
A.A.a . . t n 

~ 

i,~=1 
{p a}. 

2(n + 1 ) R G 
~ J ~J 

i<j 

But, {p = G = o} is equivalent to {m1 = m2 = ... m n+l' P G}. 

G.A. Tsintsifas (private communication) . 

n+l R. n+l R. n(n 1) 
2.28. L 

~ 
~ L 

~ 
~ 

+ 
(0 ~ x ~ 1 ) 

i=1 
xR. + r. XR. + r~ nx + 1 

~ ~ i=1 ~ ~ 

with {AR, P = O} for x € [0, 1) and {Ao' P = H} for x = 1. 
1 

O. Reutter [86J; F. Leuenberger [68J (n = 3, x € {O, '3 ' 1}); 
GI 12.38, 12.36 (n = 2, x € {O, 1}). 

2.29. 
n+l 

L 
i=1 

F.R. ~ n 
~ ~ 

n+l 
L 

i=1 
F.r. 
~ ~ 

{Ao' P = H}. 

Proof. As we have the equalities Fihi nV (i 1, 2, ••• , n + 1), 

(14) 
n+l 

L 
i=1 

F.r. 
~ ~ 

nV, 

from the inequalities 

R, + r ~ h. 
~ i ~ 

(i 1, 2, ••• , n + 1) {A.B . .L a.} 
~ ~ ~ 
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follows successively 

n+1 
L 

i=l 
F R ~ 

i i 

n+l 
L 

i=l 

2 

F,h, -
~ ~ 

n+1 

n+l 
L 

i=l 
F,r, 
~ ~ 

n V = n L Firi • 
i=l 

{n + l)nV - nV 

J. Schopp [94], V. TMbault [121] (n = 3), [122] (n = 3), 
D. o. Skljarskij, N. N. cencov, and I. M. Jaglom [101, p. 59, 306] 
(n 3), [153] (n = 3), J. B. Tabov [115] (n = 3); GI 12.19 (n = 2). 
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Remark 1. In the case of the special simplex A with F1 = F2 = •.. 
Fn+l we obtain an analogous of the Erdos-Mordell inequality (GI 12.13) 

in the form 

n+l n+l 
2.29' L R, ~ n L r, {Ao' P H}. 

i=l ~ i=l ~ 

Remark 2. with 

F nV 
Fn+l = ~ = (n + 1)r 

it follows by (14) 

n+l 
L r, {n + l)r 

i=l 
~ 

and in the case of a regular simplex A with nr 

2.29' , 
n+l 

L 
i=l 

R ~ {n + l)R 
i 

{AR , P = a}. 

E. A. Morozova and I. S. Petrakov [75] {n 
(n 3). 

2.30. {p G}. 

R we get from 2.29 

3); D. M. B~tinetu [6] 

Proof. It follows from (14) by applying the A-G-inequality for 
means. 

D. o. Skljarskij, N. N. Cencov, and I. M. Jaglom [101, p. 50, 281, 
282-283] {n E {2, 3}); GI 12.29 (n = 2). 

2.31. {p I}. 
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2.32. 

CHAPTER XVIII 

Proof. We have by (14) 

n+1 F. {n+l 
)(+1 Fi) L 

~ 
F.r. l: nV l: = 

i=l 
r. \i=l ~ ~ i=l r i ~ 

n+1 
2 

n+1 
L F. + l: F.F. 2. + -2 ~ C' r") 

i=1 

[156] • 

n+1 x. 1 
l: 2.~ __ _ 

i=l r~ (nV)p 
~ 

~ 
i,j=l ~ J rj r i 
i<j 

n+1 
l: 

i,j=l 
i<j 

F.F. 
~ J 

1 

[
n
i

;=1
1 

---]P+1 '" (X.FJ?)p+1 
~ ~ 

(
n+1 )2 

L F. 
i=l ~ 

2 
F • 

+ 
(xl' x 2 ' ••• , xn+1 E R U 

{oJ, p> 0) 

with equality only in the case of proportionality of sequences 

(i 1, 2, •.. , n + 1). 

Proof. Applying Holder's inequality to the sequences 

it follows 

p+1 
x. 
~ 

...L 
p+1 

r. 
~ 

and by (14) we obtain 2.32. 

(i 1, 2, •.. , n + 1) 

x )_1 
~ p+1 ~ 

r. 
~ 

M. s. Klamkin [52]; T. Andreescu and r. V. Maftei [4] (n 3, 
p = 1, xi F i )· 

2.33. For every p E (~ , +00) and every xl' x 2 ' .•• , xn+l E R+ U {oJ we 
have 
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n+l .!. n+l 2p 2p-3 
L x.r~ ~ (L x~p-3\ 2p [(n 

i=l l l i=l l J 
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{AR , P = 0, xl 

x 2 = ••• xn+1}· 

Proof. Applying of Holder's inequality to the sequences 

respectively, 

(i 

we obtain 

(15) 
r.).!.(n+l -2:. p L 
hi i=l 

(i 1, 2, .•. , n + 1) 

1, 2, ••• , n + 1) 

q 1 n+l 
x~h'0q;;;, L 
liJ i=l 

x.~, 
l l 

( 16) 

2p (2p-3)q 

(
n+l ~-3 2 (n+l L x p P L 
i=l i i=l 

q n+l 
hD2P ;;;' L: 

i=l 

1 
where +­

P q 

r. 
l 
~ l 

1. Equalities occur i_ff the sequences 

:J. 
x~h~ (i 

l l 
1, 2, .•• , n + 1) 

respectively the sequences 

(i = 1, 2, ... , n + 1) 

are proportional. By (3) and (4) we have 

and from 

(17) 

n+l 
L 

i=l 

(15) 

n+l 
L 

i=l 

r 
i 
~ l 

and (16) it 

.!. n+l 
x.~ ~ ( L 

l l i=l 

follows 

2p 2p-3 
2"='=3'·-2-(n + 1 

x"'P-.J 1 P L 
i J i=l 
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with equality iff the sequences 

r. , 
l 

(i 1, 2, .•• , n + 1) 

are proportional. Indeed, because of q 

r. 
l 

11:" 
l 

it follows 

r. 
l 

According to 

n+l 
L: 

i=1 

a6 

q 3p 
- "2 2p-3 

x. 
l 

2.50 we have 

2 (n 1)3 + 
h. ,:;; 

2 l 
n 

6h~ (i 
l 

2p-3 

a62 (p-ll h ~ 
l 

R2 {AR}. 

p 
p-:-1 from 

1, 2, .•. , n + 1) 

(i 1,2, ..• , n + 1). 

Therefore, from (17) it 
simplex and further hi = 

follows 2.33 with equality iff A is a regular 

2.34. 

M. S. Klamkin [51]. 

n+l 
II 

i=1 
r ,;; 

i 
(B.) n+l 
n 

const., r i = const., xi const. 

a}. 

Proof. Follows from 2.33 with xl = x 2 = ... = xn+l = 1, P = 2 

according to the A-G-inequality for the numbers ~ (i = 1, 2, 
n + 1). l 

2.35. 

L. Gerber [29]. 

n+l 
min(h l , h 2 , ••• , h ),;; L: r';; 

n+l i=1 i 

{h = h = 
1 2 

••• = h I}. 
n+ 

Proof. For every i f {1, 2, ..• , n + 1} let V. be the volume of the 
l 

simplex A1 

and h.V. 
l l 

Ai _ 1PAi +1 .•• An +1 · Then we have V1 + V2 + ..• + Vn+1 = V 

riV (i = 1, 2, ••. , n + 1). Therefore, 2.35 follows from 
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n+1 n+1 
min(h1 , h 2 , ••• , hn + 1 ) L Vi ~ L hiVi ~ 

i=l i=l 

n+1 
~ max(h1 , h 2 , ••• , hn +1) L 

i=l 

M. Stankovic [106]; L. M. Lopovok and V. Cri~an [70] (n = 3); 
M. Stankovic [lOS] (n = 3); D. o. Skljarskij, N. N. Cencov, and 
1. M. Jaglom [101, p. 281-282] (n = 3); F. S. Pirvanescu [82] (n 3, 
an affine generalization); GI 12.9 (n = 2). 

V,. 
~ 

Remark. V. Cri~an in [70] also has an affine generalization in the 
case n = 3. 

2.36. For any i, j € {I, 2, ••• , n + 1} (i < j) let P" be the point 
~J 

symmetric to the point P with respect to the inner hyperplane of symmetry 
of hyperplanes a, and a,. For any i, j, k € {1, 2, ••• , n + l} (i < j) 

~ J 
let r" k be the distance of the point P" to the hyperplane a k (espe-

~J, ~J 

cially, we have rij,i = r j , rij,j r i ). Then we have 

n+1 
L 

i=l 

n+l 2 
R ~ 2 L r + ------~ 

k k=l k n (n - l) 

with equality iff Fl = F2 = ••• = Fn+l and if for every i, j, k € {l, 2, 

••• , n + l} (i < j, k ~ i, j) we have Pii~ ~ a k • 

Proof. For any i, j € {l, 2, •.• , n + 1} (i < j) 

n+1 

L Fhr, , h nV, 
h=l ~J, 

i.e. 

F, F, n+l Fh 
~ + -1. r + rij,k + E F r , -r 
k J Fk i h=l Fk ij,h 

h~i,j,k 

On the other hand, we have obviously 

hk (i,j,k€{1, 
2, ••• ,n+l}; 
i < j; k ~ 
i, j). 

(i, j € {l, 2, ••• , n + 1}; i < j; k ~ i, j) 
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F. F. n+l Fh 
R ;;.....2:. r + 2 r + l: r (i, j , k E {i, 

k Fk j Fk i h=l Fk ij ,h 
n + 1}; i < j ; 

hii,j ,k k i i, j) 

with the same conditions for equality. By addition of these 

~(n + l)n(n - 1) inequalities, application of inequalities 
2 

(p, q E {1, 2, ... , n + 1}, P < q) , 

2, 

and division of the obtained inequality by n(n - 1), it follows finally 
2.33. 

V. Thebault [123] (n = 3); GI 12.13 (n = 2). 

2.37. If a is (the unique) positive solution of the equation 

then 

2.38. 

n+l 
x l: ---2 = 1, 

i=l x + R. 
~ 

1 n+l ~ 
V ~ ~ l: fa + R~ {Ao ' P H}. 

n!va i=l ~ 

D. Slepian [102]; M. M. Ali [3]; L. Gerber [29]. 

/ 1 n/(n + l)n+l 
V",-R 

n! n 
n 

Proof. Follows from 3.2 and 3.7, or from 2.37 (P = 0), or from 
2.44 (P = 0) . 

L. Frejes T6th [23, p. 313]; M. M. Ali [3]; L. Gerber [29]; 
G. Krammer [61] (n = 3); A. Heppes [37] (n = 3); G. Kalajd:Hc [43] 
(n 3); D. O. Skljarskij, N. N. Cencov, and 1. M. Jaglom [101, p. 46] 
(n = 3); GI 7.9 (n = 2). 

2.39. If a is (the unique) positive solution of the equation 

then 

n+l 
x l: ---2 1, 

i=l x + r. 
~ 

n n+l ;---;­
V;;. n l: fa + r~ 

n!/a i=l ~ 
H' }. 
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where H' is the image of H in the homothety with centre G and coefficient 
1 
n 

D. Slepian [102]; M. M. Ali [3]; L. Gerber [29]. 

2.40. V ;;. ~ rn/;/1-~~ ; l)n+l {AR}. 
nl 

Proof. Follows from 2.39 with P = I, or from 3.10 because of 
Fr nV. 

L. Fejes T6th [23, p. 291]; M. M. Ali [3]; L. Gerber [29]; 
J. Zh. Zhang and L. Yang [148]; D. o. Skljarskij, N. N. Cencov, and 
I. M. Jaglom [101, p. 46] (n = 3); GI 7.9 (n = 2). 

V ~ ~ ~+ l)n+l[M[p](R.)]n 
nl n n+l ~ 

n 

2.41. (p > 0) {AR , P 

where 

In(n + 1 ) - in n 
2n p = 

(n l)ln(n 1 ) in n n + + - n 

(n 

2.42. 

L. Gerber [29] ; c. 
2, p = 1) • 
Remark. For n ;;. 2 

M[P] (R.) ;;. nr 
n+l ~ 

M. Petty and D. 

we have p <1. --n 

(p > 0) {AR , P 

where P n is defined as in 2.41. 

Proof. Follows by 2.40 and 2.41. 

Waterman [79] 

0, p ;;. p }, 
n 

(p 1); GI 12.18 

L. Gerber [29]; J. Berkes [9] (p = 1); E. A. Morozova and 
I. S. Petrakov [75] (n = 3, p = 1, A regular tetrahedron); D. M. Bil:tine1;.u 
[6] (n = 3, p = 1, A regular tetrahedron); GI 12.14 (n = 2, P = 1). 

2.43. If P is an internal or boundary point of A, then 

n 

V ~ ..!:....(~)pT M[P] (R ) In 
nl n l n+l i J (p > 0). 

Equality occurs if P is a vertex of A and if 
are mutually orthogonal and equal. If p < p 
then equality occurs only in such a case. n 

L. Gerber [29]. 

the edges from this vertex 
(Pn is defined in 2.41), 

V. 
Remark. If p = Pn' then 2.41 and 2.43 give the same upper bound for 

2.44. For any s E {2, 

n + 1} (i 1 < i2 < 
.•. , n + 1} and any i 1 , i 2 , is E {1, 2, .•. , 

< i ) let V. . be the content of the (5 - 1)-
5 ~l"."~s 
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simplex A A 
li i2 

A .• Then 
l 

n+l 
L: 

i 1 ,···,is =1 

i < ••. <i 
1 s 

s 

,,;; (n+l) [ 
s (s 

s-l 
IS (~ n+l 2)-2]A 

1) I L: R. 
- . n i=l l 

(0 < A ,,;; 2) {AR , P 

Proof. Follows from 3.8, because by 2.22 (with Q P G) 

n+l 
2 

n+l 
2 

L: a .. (n + 1 ) L: GA. , 
i, j=l lJ i=l 

l 

i<j 

and according to 2.23 (with P G and with substitution Q -+ P) 

n+l 
2 

n+l 
R~ L: GA. ,,;; L: {p G}. 

i=l 
l 

i=l 
l 

oJ. 

we have 

D. O. Skljarskij, N. N. cencov, and r. H. Jaglom [101, p. 49, 280] 
(n = 3, A = 1, s E {2, 3}); o. Chisini [14] (n = 3, A = 1, s E {2, 3}, 
P = 0); B. R. Venkataraman [135] (n = 3, A = 1, s = 2, P = 0); GI 12.53 
(n = s A = 2). 

2.45. V ~ ~ ~n(n + l)n+l[M[a] (r.)]n 
n! n+l l 

Proof. Follows from 2.30 and 3.14 using the inequality 

L. Gerber [29]. 

2.46. If V'is the volume of simplex B 

V' ,,;;~V 
n 

{p G}. 
n 

Proof. For any i E {1, 2, ... , n + 1} let V. and V~ be the volumes 
l l 

of the simplexes Al Ai _ 1PAi +1 ... A 
n+l 

and Bl Bi _ 1PBi +1 . .. B n+l' 
We have 
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V~ n+1 PB, V, PB, 
1 IT 

__ J 1 1 A, (i 1, 2, 1) , Jl ... , n + 
V, j=1 

A,P V A,B, 1 
1 J 1 1 

j;o!i 

and by (5) it follows 

V' 
n+1 V~ n~1[ C;1 PBj ) A,P ] 

L 
1 • _1_ 

V i=1 V i=1 j=1 AjP AiBi 

= II _J L C+1 PB,)[n+1 

j=1 A/ i=1 
(1 - A ) 1 

i J 
C+1 PBi) n L --. 

i=1 AiP 

But, according to 2.9 we have 

n+1 PB, 1 II __ 1:;;:; __ 
i=1 AiP nn+1 

O. Reutter and F. Leuenberger [87]; G. Tsintsifas 1967 (private 
communication); M. S. Klamkin [47]; L. Stojanov [110] (n = 3). 

2.47. For any i E {1, 2, ••. , n + 1} let P, be the point of the half-
1 

503 

line AiP such that AiPi:AiP = l:ai , where a 1 , a 2 , ••. , a n+1 E R+ are 

given numbers. The hyperplane through Pi parallel to hyperplane a i 

intersects the line A,A, in a point P, " where j E {1, 2, .•• , n + 1}\ 
1 J lJ 

{i}. For any i E {I, 2, ••. , n + 1} let V, be the volume of the simplex 

Pil ••• Pi,i-1AiPi,i+l ••• Pi,n+1 Then 1 

n+l 
L V, ~ 

i=l 1 

with equality iff 

n 
n 
n 

C~: ~ a, 
1 

n 
n-l na, 

n-1 
V 

(18) A, 
1 __ -=:1 __ 

(i 1, 2, •.• , n + 1). 
1 

(If a l = a 2 

Proof. From 

A,P 
1 

A,B, 
1 1 

n+l 
L 

j=l 

n 
n-1 

a, 
J 

= a n+1 , then P G. ) 

(i 1, 2, .•• , n + 1) 
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it follows 

A,P, 
1. 1. 

1 - A 
i 

A,B, 0., 
(i, j 1, 2, •.• , n + 1; i ~ j). 

1. 1. 1. 

Therefore, we obtain 

V, 
1. 

V 
(i 1,2, ••• ,n+l). 

But, by Holder's inequality we have 

n n-l n+l 

C1.~-1)-;-;:. z: (1 - A,), 
i=l 

1. 

and by (5) it follows 2.47. Equality occurs iff 

n 
n n-l 

k 0., (i 1,2, .•. , n + 1), 

i.e. 

where k 

n 
n-l 

kCl., 
1. 

1. 

(i=1,2, .•• ,n+l), 

const. Because of (5) we get further 

n+l 
n 

n-l 
k l: 0., n, 

1. 
i=l 

and from the last two equalities it follows (18). 
M. S. Klamkin [50]; G. A. Tsintsifas 1967 (private communication) 

(0.1 0.2 = •.. C1.n+1 = 2); GI 14.30 (n = 2, 0.1 = 0.2 = 0. 3 = 2). 

2.48. Let P be a point inside the circumscribed hypersphere of A. For 
any i E {1, 2, •.• , n + 1} let A~ be the second point of intersection of 

1. 

the line AiP with this hypersphere. If 

K 

then 

n+l AiP 

z: PAT' 
i=l i 
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K § n + 

when P is a point inside, on or outside the hypersphere with diameter OG. 
G. A. Tsintsifas [130]. 

2.49. 
n + 1 

n+1 n+1 
<~ 

n+1 

-2- l.: a, , < l.: m, l.: a, ,. 
i,j=l ~J i=l 

~ n 
i, j=l ~J 

n 
i<j i<j 

Proof. We have 

n+1 n+1 n+1 
l.: l.: (mi m,l l.: 

n + 1 +~GA,l m + (-- GA, 
i=l 

i n 
i,j=l J n 

i,j=l 
n ~ n J 

i<j i<j 

n+l n+1 
n + 1 >~ -2- l.: (GAi + GA,l l.: a ... 

i, j=l J 2 ~J i,j=l n n 
i<j i<j 

Because of Cauchy's inequality we obtain for any i E {1, 2, ••• , n + 1} 

i.e. 

( n~l 

\j,k=l 
j , k;ii 

1 n+l 
m,<- l.: a .. 
~ n j=l ~J 

(i 

jli 

Therefore, it follows 

n+1 
<.!.. 

n+l n+1 
l.: l.: l.: m, 

i=l 
~ n 

i=l j=l 
j;ii 

a 
ij 

a, ,)2 
~J 

(
n+1 --+ )2 

- l.: A A 
j=l i j 

jli 

( n~l 

\j,k=l 
j,k;ii 

-->-
A,A, 
~ J 

1,2, ... , n+ ll. 

n+1 
2 

l.: a, ,. 
n 

i ,j=l ~J 

i<j 

• AA ) 
i k 



506 CHAPTER XVIII 

R. Robinson and J. K. Peterson [88]; E. Piccioli [81] ; 
M. S. Klamkin (private communication); V. Thebault [118] (n = 3); 
GI8.1 (n=2). 

2.50. (n + l)r .;;; M[-l] (t ) .;;; M[k] (t.) .;;; M[2] (t.) .;;; 
n+l i n+l l n+l l 

(-1 < k < 2, t E {h, m}). 

For t = h the first equality occurs always and the last equality occurs 
iff A is a regular simplex. For t = m the first equality occurs iff A is a 
regular simplex. All other equalities occur iff tl = t2 = ... = t n +1 · 

Proof. Obviously, h . .;;; m. (i = 1,2, .•. , n + 1) with equalities iff 
--- l l 

A is an orthocentric simplex and G = H. But, in this case it can be 
easily proved (by induction on n) that A is a regular simplex. Hence, it 
suffices to prove 

But, the first equality is the equality (5) in 1. On the other hand, 
from 

(19) 

it follows 

i.e. 

n+l 
L: 

i=l 

->-
GA. 

l 

(n + l)R2 

->-
0, 

n+l 
L: 

i=l 

(i 

2 
OA. 

l 

1, 2, ••• , n + 1) 

n+l 
L: 

i=l 

->- ->- 2 
(OG + GA.) 

l 

2 2 n+l 
(n + l)OG + ( ___ n __ ) L: 

n + 1 

[ [ 2] 12 1 n+l 2 1 2 
M (m) J = -- L: m.';;; (~R) • 

n+l i n + 1 i=l l n 

Equality appears iff 0 G, i.e. iff fil 

2 
GA. 

l 
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F. Leuenberger [66]; J. Schopp [97]; J. Berkes and F. Leuenberger 
[10]; G. KalajdlUc [43] (n = 3); [156] (n = 3); GI 6.8, 6.16, 8.3 
(n = 2). 

2.51. R ;;;. nr 

Proof. Included in 2.50. 
~ Kashikar [45]; L. Fejes T6th [21, p. 188], [22], [23, p. 313]; 

F. Leuenberger [66]; M. S. Klamkin and G. A. Tsintsifas [58] (the proof 
is valid only in the case when 0 lies inside A); Moret-Blanc [74] 
(n = 3); H. Laurent [65] (n = 3); B. R. Venkataraman [135] (n = 3); 
D. o. Skljarskij, N. N. Cencov, and I. M. Jaglom [101, p. 42, 244-245] 
(n = 3); Ja. N. Sukonnik [113] (n = 3, A is a triangular regular 
pyramid); GI 5.1 (n = 2). 

Remark. Inequality 2.51 follows from 2.52. 

2.52. 

M. S. Klamkin [57]. 

2.53. If f:R+ ~ R is a non-decreasing concave function and t E {h, m}, 
then 

n+l 
L f(t,) ~ (n + l)f(~ R) 

l n' 
i=l 

and if f is a non-increasing convex function, then we have the opposite 
inequality. For t = h the equality occurs iff A is a regular simplex, 
and for t = m equality occurs iff m1 = m2 = ... = mn +1 . 

Proof. According to 2.50 it follows successively 

n+l 
l)M[l~ (f(t,)) 1) (f(rl[l i (t,)) L f (t,) (n + ~ (n + ~ 

l n+ l n+ l ~ 
i=l 

~ (n + l)f(~ R). 
n 

+ 
2.54. If f:R ~ R is a non-decceasing convex respectively a non-
increasing concave function and if t E {h, m}, then 

n+l 
L f(t i ) ~ (n + l)f((n + l)r). 

i=l 

For t = h equality occurs iff hi = h2 = ... 

equality occurs iff A is a regular simplex. 
Proof. Analogously as in 2.53. 

hn+l' and for t m 
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2.55. 

n+1 n 

(
n+1 \(n+1 1\ - - -

Z h,) Z m~-} ~ n! (n + 1) 2 n 2v 
i=l ~ i=l ~ 

M. s. Klamkin [56]; D. M. Milo~evic and P. Bundschuh [73] (n = 3). 

2.56. Let h be any hyperplane through G which intersects every edge 
An+1Ai (i E {l, 2, .•. , n}) in an internal point Gi . If Vn+l is the 

volume of simplex Gl ..• GnAn+l' then 

_V_~ (~)n 
Vn+l n 

{h II a 1}. 
n+ 

Proof. If Vi' V2 , ••• , Vn are the barycentric coordinates of G in 

the (n - l)-simplex G1G2 Gn , then 

n 

Z Vi 
i=l 

1, 

For any i E {l, 2, ... , n} let 

Then it follows 

and therefore 

n 
Z 

i=l 
~J , 
~ 

n ]1, ---+ 
Z .2.A A 

i=l Vi n+l i 

]1i 
( 1 =---

V, n + 1 
1, 2, •.• , n). 

~ 

NOw, we obtain 

n 
V 

II V 
V 

n+l i=l 

Equality occurs iff Vl 
n + 1 

n 

i 
(n + 

(n + 

n 
1) n IT ]1, ~ 

i=l 
~ 

n 
1)n(l Z ]1, ) n (~)n. 

n 
i=l 

~ n 

n i.e. iff Vi V 
n 
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F. Abeles [11. 

2.57. For any i E {1, 2, .•• , n + 1} let A~ be the second point of inter-
1 

section of the line A,G with the circumscribed hypersphere ~ of A. If 
o < ~ ~ 2, then 1 

n+1 
L: 

i=l 

a 
GA, 

1 

Proof. The value opposite to the potency of G with respect to ~ is 

(20) R2 _ OG2 = GA, • GA' 
1 i 

(i=1,2, ••• ,n+1), 

and in the proof of 2.50 it is proved that 

(21 ) 

By (20) , (21) and 

n+1 
L: GA~a 

i=l 1 

n2 n+1 2 
--~--~ L: m,. 
(n + 1) 3 i=1 1 

(19) it follows 

2 _ OG2)a 
n+1 

= (R L: 
i=l 

a GA, 
1 

a 
( 1 

n+1 a\2(n+1 1 ) 
~ 

n 
L: 

l)a\n+1 m } \ L: -
(n + i=l i '-1 a .1- m, 

1 

a (n~l yn+1 a)C+1 n 

1) a+2\i=1 
m~ \ L: m, L: 

(n + 1 i=1 1 i=l 

a (n+1 ) ~ n L: mal' (n + 1)2 
(n + 1)a+2 i=l 

n+1 
L: 

i=1 

a 
GA, • 

1 

1 \ 
a} m, 

1 

~ 

w. Janous (private communication); M. S. Klamkin [54] (a 1). 

2.58. lIith the same conditions as in 2.57 we have 
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n+1 
II 

i=1 

Proof. By 

n+1 
IT 

i=1 

GA' ;;, 
i 

(20) , 

GA~ = 
1 

n+1 
IT 

i=1 
GA, 

1 

(21 ) and ( 19) it follows 

2 OG2 )n+1 
n+1 

(R - IT 
GA, 

i=1 1 

1( 1 n+1 2)n+1(n+1 1 ) ( __ n_)n+ ___ l: mIT;;' 
n + 1 n + 1 i=1 i i=1 mi 

n+1 
IT 

i=1 
GA, • 

1 

M. S. Klamkin [54]. 

CHAPTER XVIII 

2.59. With the same conditions as in 2.57 let V' be the volume of the 

simplex AiA; A~+1. Then 

V' ;;, V m 1}. n+ 

Proof. For any i E {1, 2, .•• , n + 1} let V, and V~ be the volumes 
1 1 

of simplexes A1 Ai _ 1GAi +1 •.• An+1 and Ai ••. Ai_ 1GAi+1 

Then V' = Vi + V; + 

V' 
i 

v, 
1 

n+1 GA' 
IT -j 

j=1 GAj 
j,oi 

(i 1, 2, .•. , n + 1), 

and by (20), (21) and (19) it follows successively 

V' n+1 V~ n+1 
=--- l: ~=-- l: 

n + 1 i=1 Vi n + 1 i=1 V 

n+1 

= 'i1+1 l: 
i=1 

A' 
n+1 
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n+1 [2 2 L (R _ OG )n 
= n+1 i=l 

2 n+1 1] 
GA. • II --

~ j=l GA~ 
J 

M. S. Klamkin [53]; GI 10.2 (n = 2). 

511 

2.60. Let A be such a simplex that 0 is an internal point of it. For any 
i E {1, 2, ••• , n + 1} let <P. be the angle between the circumscribed 

~ 

hypersphere and the hyperplane a i • With the same conditions as in 2.4 
we have 

(22) 

n+1 
L 

i 1=···=ik=1 

i 1<·· .<ik 

Proof. Follows from 2.9' (with P = 0) because of equalities 

R 

r i = cos <Pi 
(i = 1, 2, ••• , n + 1). 

v. Volenec [139] (f(x) xa, a> 0); J. Schopp [93] (f(x) = x, 
k = n + 1); V. TMbault [123] (f(x) = x, n = 3, k E {i, 4}), [125] 
(f(x) = x, n = 3, k = 4); GI 2.45, 2.47, 2.23 (f(x) = x, n = 2, k E {1, 
2, 3}). 

2.61. With the same conditions as in 2.4 and 2.60 we have 

n+1 
L 

i 1=···=ik=1 

i 1<·· .<ik 

( 
k 

f IT 
j=1 

+ cos <P. 
~.) ___ ,--.-.L.J ~ 

cos <Pi. ~ 
J 

Proof. Follows from 2.4" (with P = 0) by (22). 

2.62. If h1 h2 = ••• = hn+1 = h, then 

n+1 2 
L ~): (n + 1) 

i=1 r i h 
{p I}. 
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Proof. From (3) and (4) we obtain 

(23) h, 

and therefore it follows 

n+1 
h L: 

i=l r i 

with equality iff r 1 = r 2 r n +1 . 

C. T~nase [116] (n 3, A is a regular tetrahedron). 

2.63. Let a be the edge length of a regular simplex A. For any point P 
we have 

n+1 
L: 

i, j=l 
i~j 

R.R. ~ n(n + 2) a 2 
1. J 4 

{p a}. 

Proof. From 2.23 (with P 
obtain 

n+1 
L: 

i=l 

2 2 
R. ~ (n + l)R 

1. 

o and with substitution Q ~ P) we 

{p a}, 

and from 2.22 (with P Q = o for the regular simplex A) it follows 

(24) 
n 2 

72-:-(-n-+-:"1:-) a • 

Therefore, by 2.29" we have successively 

i~~~l RiRj = t[(:~: Ri)2 + :~: R~] ~ t[(n + 1)2R2 + 

i<j 

C. B.uut~ [5] (n = 3). 

l(n + 1) (n + 2)R2 
2 

2.64. If V' is the volume of the pedal simplex P 
with respect to a reqular simplex A, then 

V' ~~V 
n 

n 

{p = a}. 

n(n + 2) 
4 

2 
a • 
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Proof. For any i E {1, 2, ••• , n + 1} let Vi be the volume of the 

simplex Pi ••• P i - 1PP i + l .•• Pn +l • On the other hand, the simplex 
V 

Ai •.. Ai _ 10Ai + l ••• An+l has the volume ~ • If h is the length of 

altitude of A, then (23) is valid. Moreover, we have 

V~ n+l pP. n+l 
~ __ J (~)n IT 

__ l_v OA. n n 
IT r. 

J 
(i 1, 2, 
n + 1). 

. .. , 
j =1 j=l J h r. 

n + 1 
j;Oi 

~ 

Therefore, it follows successively 

V' 
n+l V~ 

(+1 rj)(~f 
n+1 \ ~ (~)n IT 1 ,;;; L: = L: 

r) V 
i=l 

V nh . 1 
J= i=l 

(+1 
r.)(;l 

1 
(+1 

n 

,;;; (~)n IT ~t+1 (~)n IT )n+1 c. r. '" 
nh i=l ~ i=l r. nh i=l ~ 

~ 

Remark. If P' is the image of P under the homothetic transformation 

with centre P and the coefficient A E R+ and if V" is the volume of P', 
then we have the more general inequality 

{p = o}. 

G. KalajdlHc [43] (n = 3); M. S. Klamkin [46] (n 3, AE {2, 3}). 

2.65. If E and E' are total edge lengths of simplexes A and P as in 
2.64, then 

E ,;;; E' < I 2 E 
n n (n + 1) 

{p O}. 

-+ ->­
Proof. Let r. 

~ 
pP. (i 1, 2, ••• , n + 1). From p. p. < r. 

~ ~ J ~ 

(i,j=1,2, ... , n + 1; i < j) it follows by adding 

(25) 
n+1 

E' < n L: 
i=l 

r .• 
~ 

-+-+ ~-+ 

+ r 
j 

All angles ~ (ri , r j ) and all angles ~ (OAi , OA.) are equal to an angle 
¢. From J 
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n+l --+ 
l: OAi 

i=l 

-+ o 

by squaring it follows 

1)R2 + n(n + 1) 2 
(n + 2· 2R cos <p 

Le. 

cos ¢ 
n 

CHAPTER XVIII 

o 

Therefore, for any i, j E {1, 2, ... , n + 1} (i < j) we have 

-+ -+ 12 2 
Ir - r I = Ir + r 

i j i j 

-+-+ 
2r.r. 

1 J 

with equality iff r i r.. By adding we obtain 
J 

(26) E' ) 

According to (24) we have 

E = (n + 1) / n (n + 1) R 
2 

{p OJ. 

and together with (23) and with the equality 

R 
__ n_ h 
n + 1 

it follows that 

n+l 1 / 2 
l: r = - ~--77 E. 

i=l i n n(n + 1) 

~2 + rJ~ + ~ r.r. 
i n 1 J 

Therefore, from (25) and (26), the inequalities 2.65 follow. 
Remark 1. According to (23) and (25) the inequality E' < nh follows, 

which cannot be i~proved. Indeed, it is sufficient to take the point P 
very close to a vertex of A. 

Remark 2. If P' is the image of P under the homothetic transformation 

with centre P and the coefficient A E R+ and if E" is the total edge 
length of P', then we have the more general inequality 
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~ E .;;; E" < AI 2 1) E. 
n n(n + 

M. S. Klamkin [46] (n = A = 3). 

3. Other Inequalities for a Simplex 

We use the notations and formulas from 1 and 2. 

n+1 
4 

n+1 
2 2 

n+l 
2 2 ~ 3.1. E a .. + E aijakh - 2 E aijaik "" 0 {Ao} • 

i,j=1 ~J i,j ,k,h=l i,j,k=l 
i<j k,h;ii,j j ,k;ii 

i<j;k<h j<k 

Proof. Inequality 3.1 is equivalent with the obvious inequality 

Equality occurs iff for any i, j, k, hE {1, 2, •.. , n + 1} (i < j < k < 
h) we have 

i.e. if A.A.~A is an orthocentric tetrahedron. 
~ J ,;: h 

o. Bottema [12]. 

3.2. [k] <" [2] .;;; R/2(n + 1) 
Mn (n+l) (aij ) '" Mn (n+l) (aij ) n 
--2--- --2---

(k E [-00,2)). 

The first equality occurs iff A is a regular simplex and the second 
equality occurs iff m1 = m2 = .•• = mn+1 • 

Proof. The second inequality follows fro.n 2.22 with P = G and 
Q = o. 

v. Devide [16]; J. Schopp [97]; E. Hille [158]; G. D. Chakerian and 
M. S. Klamkin [13]; G. KalajdHc [43] (n = 3); D. o. Skljarskij, 
N. N. cencov, and 1. H. Jaglom [101, p. 50, 280] (n = 3); 1. Tomescu 
[129] (n = 3); 1-1. Lascu [64]; GI 5.3, 5.13, 5.22, 5.27 (n = 2). 

+ 3.3. If f:R ~ R is a non-decreasing convex function, then 

+ 
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n+l 
L: 

i,j=l 
i<j 

CHAPTER XVIII 

f (a ) ~ n (n + 1) f (R/ 2 (n + 1)) 
ij 2 n 

and if f is a non-increasing concave function, then we have the opposite 
inequality. 

Proof. By 3.2 we obtain 

n+l 
n(n + 1) 

f( 2 
n+1 

a ij ) ~ L: f(a .. ) ~ L: 
i,j=1 ~J ;;;S 2 n(n + 1) 

i,j=1 
i<j i<j 

" n(n + 1) f(R/2 (n + 1)) • 
~ 2 n 

3.4. If 0 is an internal point of A and k E (1, ~], then 

[k] 4 
Mn (n+1) (aij ) >;-:;:-T R. 
-2--

Proof. Follows from XX.9.12 (with m = n + 1). 
G. D. Chakerian and M. S. Klamkin [13]. 

3.5. If d = ITlax a.. (i, j E {1, 2, ••• , n + 1}, i 
of A, then ~J 

3.6. 

d ~ R 2 (n + 1) 
n 

R. Alexander [2]. 

n 
L: 

i,j=1 
i<j 

-+- -+-

n 
2 

L: a i ,n+1 
i=1 

< j) is the diameter 

with equality iff OAn +1 = n . OGn +1 ' where Gn +1 is the centroid of 

(n - 1)-simplex A 
n+1 = A1A2 ... A . n 

Proof. For any i, j E {1, 2, ... , n + 1} (i < j) from 

2 -+- -4 2 2 -+- -+ 
a .. (OA. - OA.) 2R - 2 OA. . OA. 
~J ] ~ ~ ] 

it follows 

Therefore, we obtain successively 
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->- n ->- 2 
o ~ (OA - E OA.) 

n+1 i=1 ~ 

2 
n 

->-
(n + 1)R + E 2 OA. 

i,j=1 
~ 

i<j 

2 
n 

2 
(n + 1)R + E (2R 

i,j=1 
i<j 

n 
2 1)2R2 (n - + E a i ,n+1 

i=1 

Equality occurs iff 

n ->­
E OAi 

i=1 
n • 

E. G. Gotman [31] (n = 3). 

3.7. 

->-. OA. 
J 

2 
n 

(2R2 - a .. ) - L: 
~J i=1 

n 
2 - E a ... 

i,j=l ~J 

i<j 

(k E [0, +00]) 

Proof. Follows from 3.14 by induction on n. 
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2 - a i ,n+1 ) 

D. Veljan and G. Korchmaros [134] (k = 0); J. Zh. Zhang and L. Yang 
[148] (k = 0); G. Korchmaros [59] (k = 0); G. Sansone [90] (n = 3, 
k = 1); Z. E. Melzak [72] (n = 3, k = 1); D. Voiculescu and 
F. Leuenberger [137] (n = 3, k = 0); D. o. Skljarskij, N. N. ~encov, and 
1. M. Jaglom [101, p. 46, 260-261, 32,166] (n = 3, k E {I, +co}); 
G. Kalajd~ic [43] (n = 3, k = 2); GI 4.14,4.2,4.4 (n = 2, k E {O, 1, 
2}) • 

Remark. From 3.7 and 2.40 it follows for any k E [0, +co] the in­
equal~ 

3.7' 
[k] 

Mn (n+1) (aij ) ~ rhn(n + 1) 
-2--

which completes the inequality 3.2. 
J. Fickett [24] (n = 3, k +co). 

3.8. With the same conditions as in 2.44 we have for any A f. (0, 2] 
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n+l 
Z 

i 1 ,···,i s =1 

i < . .. <i 
1 s 

R. M. Tanner [117]; G. KalajdHc [43] (n = 3, s = 4); 

CHAPTER XVIII 

D. o. Skljarskij, N. N. Cencov, and I. M. Jaglom [101, p. 48, 275-277] 
(n = 3, s E {2, 3}, A = 1); N. ij>aganai [89] (n = 3, s = 3, A = 1); 
GI 4.4 (n = 2, s = 3). 

3.9. For every p such that 

p;;;' p 
n 

2n In(n + 1) - In n 
(n + l)ln(n + 1) - n In n 

we have (with a n+1 ,n+2 = a 1 ,n+l) 

V';:; ~ In + l[M[P] (a )]n 
n! 2n n+l i,i+l 

L. Gerber [29]. 

3.10. 

Proof. Follows from 3.14 according to the A-G-inequality for means. 
H. Hadwiger [36]; J. Steiner [107] (n E {2, 3}), [108] (n EO b, 3}J; 

R. Sturm [111] (n = 3), [112, p. 115-116] (n = 3); G. Sansone [90] 
(n = 3); B. R. venkataraman [135] (n = 3); K. S. K. Iyengar and 
K. V. Iyengar [41] (n = 3); D. O. Skljarskij, N. N. Cencov, and 
I. M. Jaglom [101, p. 46, 257-262] (n = 3); GI 4.2 (n = 2). 

3.11. For any s EO {1, 2, ••• , 

of all s-simplexes A, A, 

v 
s 

Then we have 

11 12 

rv ;;;. s+l.;;r--
s s+l 

(s 

n} let ~ be the sum of squares of contents 
s 

A (1 .;:; i < i < ... < is+l .;:; n + 1) and 
is+l 1 2 

1, 2, ••• , n + 1) 
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1. 
Proof. Follows from XX.9.17 with m = n + 1, a 1 = a 2 = ..• = an+1 = 

E. M. Goljberg [30] ; J. Zh. Zhang and L. Yang [161], [148] ; 
w. Janichen [42] (n = 3); GI 4.4 (n = 2). 

Remark. Inequality :tv ..;; v 1 follows from 3.7 and the inequalities 
n 

~ ..;; v 1 are the inequalities 3.8 with A 2. s 

3.12. With the same conditions as in 3.11 we have 

(s = 2, ... , n - 1) 

Proof. Follows from XX.9.18 with m = n + 1, a 1 = a 2 = ••. = an+1 1. 

E. M. Goljberg [30]; J. Zh. Zhang and L. Yang [161], [148]; 
W. Je'inichen [42] (n = 3). 

3.13. ~Uth the same conditions as in 3.11 we have 

(s 1, 2, ••• , n - 2) 

E. M. Goljberg [30]. 

3.14. 
n-l !in + 1)n-l (n+1 )n~l 

V ..;; n! IT F. 
n3n i=l 1. 

2 Proof. Follows from XX.9.17 with m = n + 1, k = n + 1, 1 
Fi (i = 1, 2, ••• , n + 1) applying the A-G-inequality 

n+l 2 
L: Fi ~ 

i=l 

n+l _2_ 
(n + 1)( IT F.)n+l. 

i=l 1. 

G. Korchmaros [134]; J. Zh. Zhang and L. Yang [148]; GI 4.14 (n 2). 
Remark. 3.14 implies 

3.14' 

3.15. 

L. Yang and J. Zh. Zhang [147] (k = 2). 

V ~~ 
n! 

I n n+1 -E-
n (IT h.)n+l 

(n + 1)n-l i=1 1. 

(k E [0, -too]) 

Proof. Follows from 3.14 because of the equalities FiRi 
1, 2,~ n + 1). 

J. Zh. Zhang and L. Yang [148]. 

nV (i 
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n + 1 
3.16. Let k f {l, 2, ••• , [--2-J} and let (i 1 , i 2 , ••• , i n +1 ) be any 

permutation of the set {1, 2, ... , n + 1}. If h, ,is the distance 
ll··· l k 

of the (k - l)-plane A, ... A, and the (n - k)-plane A, 
II lk lk+l 

and if hk is the minimum of all distances h, " then 
ll" .lk 

n + 
hk ~ Ink(n _ k + 1) R 

R. Alexander [2]. 

A, 
In+l 

3.17. With the same conditions as in 3.16, let w min hk (k E {1, 2, 
n + 1 , ... , [--2-]})' l.e. w = h l' be the width of A. Then 

[~] 
2 

R 

R. Alexander [2]. 
Remark. Follows from 3.16 or from 3.19. 

3.18. With the same conditions as in 3.17 we have 

w~ 
V 

L. Yang and J. Zh. Zhang [147]. 

3.19. With the same conditions as in 3.17 we have 

3.20. 

L. Yang and J. Zh. Zhang [147]. 

n 
V 

Remark. Follows from 3.18 and 3.14' (with k 2). 

V ~~ 
n! 

n 

IT a i ,n+l' 
i=l 

Equality holds iff the edges A1An +1 , A2An +1 , ... , AnAn+l are mutually 
orthogonal. 

J. Hadamard [35]; R. Sturm [111] (n = 3). 
Remark. Inequality 3.20 implies 
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3.20' v ~ ~[M[k] (a. +1)]n n. n ~,n 
(kE [0, _]). 

Equality holds iff the edges A1An +1 , A2An +1 , ... , AnAn+1 are equal and 
mutually orthogonal. 

3.21. 

Equality holds iff the edges A1An +1 , A2An +1 , ... , AnAn+1 are equal and 
mutually orthogonal. 

J. Steiner [108]* (n = 3); R. Sturm [112, p. 111-112]* (n = 3). 
Remark. Inequality 3.21 implies 

n 

3.21' V ~ ~[M[k] (F.)]n-1 
n n ~ 

n 
(kE [1, +00]) 

with the same conditions for equality as in 3.21. 

3.22. Let 0 be in interior of A and for any i E {1, 2, ••• , n + 1} let 
R. be the circumradius of A .• Then 
~ ~ 

{O I}. 

Proof. We use the notation from 2 with P o. Let min Ri 
i 

maX R. 
~ ~ 

(1) 

we obtain 

imply 

and so 

Rk • Then from 

2 2 -2 
R r. + R. 

~ ~ 

r. max r. I r 
J i 

~ 

n+1 
l.: F.r. nV 

i=1 ~ ~ 

1 n+1 
r = - l.: F.r. F 

i=1 ~ ~ 

r k min r. ~ 
i ~ 

(i = 1 , 2, ••• I n + 1 ) 

min r i· The inequalities 
k 

i 

n+1 
l.: F.r 

i=1 ~ 

r ~ max r. r. h1 r 2 
i ~ J 
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Therefore, we get by (1) 

min R~ 
i 

l 

Gh. Stoica [109]. 

CHAPTER XVI II 

-2 
max Rl. 

i 
{o 

3.23. Let M be any point of the edge A1A2 of A. The hyperplane through 

M parallel to the hyperplane a 1 intersects the edges A1A3 , ••. , A1An+l 

in the points A13 , •.. , A1 ,n+l and the hyperplane through M parallel to 

a 2 intersects the edges A2A3 , .•• , A2An+l in the points A23 , •.• , A2 ,n+l' 

If V, V1 and V2 are the volumes of simplexes A, A1MA 13 ••• A1,n+l and 

A2MA23 '" A2 ,n+l' then 

V~ + v~ ~ 1 2 ---v i n- 1 
{AiM !1A2}. 

Proof. Let 

A1M 
A, 

A2H 
1 - A. 

A1A2 A2Al 

Then, we have successively 

v1 
An, V2 = 

(1 _ A)n, 
V V 

1 2 2 
~ (1 : V2)2 rAn + (1 _ f.) n12 2 

~ 2'(V1 + V2 ) l J V 2 

~ [ (A + - A)n]2v2 1 2 
--If 

2 22n 

G. Pirviinescu [83]. 

3.24. For every i, j E {1, 

divides the edge A.A. of A 
2, .•• , n + 1} (i < j) the point A .. = A .. 

lJ J l 

+ l J 
A .. E R is given. If V' 
lJ 

in the ratio 1:1. .. = A .. :1, where 
lJ Jl 

is the volume of the polytope with vertices A .. 
lJ 

(i,j=1,2, n + 1; i < j), then 

V' ~ {1 - (n + l)[i~~~l 
i<j 

IL 
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with equality iff we have the equality of all the products 

Then 

n+1 
IT 

j=1 
j# 

O+A .. ) 
1.J 

(i 1,2, ... , n+ 1). 

Proof. For any i, j f. {i, 2, ••• , n + 1} (i < j) let a .. 
1.J 

a .. 
1.J 

+ A .. 
1.J 

523 

If v! is the volume of simplex Ai ,1 1. Ai ,n+1' then 

V! n+1 
1 1. IT 

V + A .. 
, 

j=1 1.J 
j# 

V' 
n+1 

[1 -

n+1 (n+1 

1 +
1

" .. )]v .:;; 
V - L V! L \j~1 i=1 

1. 
i=1 1.J 

j# 

rn +1 

C~: 
1 

.:;; I1 (n + 1 \]~V 1 - 1)li~1 1 + A . .) 
1.J 

{1 - (n + 

{1 - (n + 

G. Kalajd~ic [43] (n 
n+1;iij). 

[ n+1 

1) i,~=1 
i<j 

[ n+1 

1) i,~=1 
i<j 

j# 

1 
1 

(1 + A .. ) (1 + 
]n+1 } 

\i) V 

(1 

1.J 

1 

\j ]n+i) 2 V. 
+ A .. ) 

1.J 

A or A .. 
1.J 

1/A for i, j 1, 2, ... , 

3.25. Let P be a parallelotope inscribed in A such that An+1 is one 

vertex of P, the opposite vertex P of P is an internal point of An+l and 

n vertices of P are points of the edges~, A 1A2' .•• , ~. If 
V'is the volume of P, then n+ n+ n+ n 

V' <' n! 
-~-
V n 

n 
{p = Gn+1 }. 
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Proof. Applying an affinity we can obtain the edges An +1A1 , An +1A2 , 

... , An+1An to be orthogonal and to have unit lengths. Let An+l be the 

origin and An +1A1 , An +1A2 , ••• , An+1An the coordinate axes. Then the 

hyperplane a n +1 has the equation xl + x 2 + ..• + xn 

•.. , Pn)' then 

v' 
v 

(1 n 
n! IT Pi';;; \D" l: 

i=l i=l 

n 

F. G.-M. [150, p. 19S-199] (n = 3). 

n 
n 

p }. 
n 

3.26. If F' is the (n - l)-content of the section of A with any hyper­
plane, then 

(n E {2, 3, 4}), 

(n E {5, 6, ••. }). 

J. Philip [SO]; E. Ehrhart, J. J. A. N. Brands, G. Laman, and 
H. G. Eggleston [lS] (n = 3); D. W. Walkup [140] (n = 5); M. J. Pelling 
[78] (n = 3); V. Senderov [99] (n = 3). 

3.27. For any i E {1, 2, ... , n} let F. 1 be the (n - 2)-content of 
:L,n+ 

(n - 2)-simplex A. 1 
:L,n+ Al •.• Ai _ 1Ai +1 ••• An and let 

Then 

F' 
n+l 

n 

l: F i ,n+l 
i=l 

F ~ F + ~2 + h 2 F,2 
n+l n+l (n 2 n+l n+l 

- 1) 

with equality iff the foot A~+l of the altitude from An+l is simultaneous­

ly the circumcentre of the (n - l)-simplex An+l A1A2 ••. An' 

Proof. For any i E {1, 2, ..• , n} let r 
i,n+l 

be the distance of the 

point A~+l from the (n 

be the altitude of the 

- 2)-plane Al ••• Ai _ 1Ai + 1 ..• A and let h. 1 
n :L,n+ 

(n - l)-simplex A. 
:L = Al ••• Ai _ 1Ai +1 ..• An+l 

from the vertex An +1 . Then the equalities 

(n - l)F. = F. l h . l' 
l ~,n+ ~,n+ 

h. = ~~ + h 2 
:L,n+l :L,n+l n+l 

(i 1, 2, ..• , n) 
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imply 

(2) (n - 1) 

n 

Z 
i=l 

F. 
l 

n 
Z 

i=l 

,4,2 r2 + F~ h 2 • 
i,n+1 i,n+1 l,n+1 n+1 

On the other hand 

(3) 
n 

(n - 1)Fn + 1 = Z Fi,n+1ri,n+1' 
i=l 

For any n vectors ~i (i 1, 2, •.. , n) with Cartesian coordinates 

Yi in a plane we have the inequality 
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x. , 
l 

n 
Z 

i=l 

2 
+ Yi = Z 

i=l 

n 
I v. I ~ I ~ v. I = A( ~ x .)2 + (~ Y. )2 
-l i=l -l i=l l 'i=l l 

with equality iff the considered vectors are parallel, i.e. iff the 
numbers xi and Yi (i = 1, 2, ... , n) are proportional. Therefore, with 

x. = F. 1r. l' y. = F. 1h 1 (i = 1, 2, ••• , n) from (2) and (3) we 
1 l,n+ l,n+ 1 l,n+ n+ 

obtain 

(n - 1) (F - F n +1 ) (n - 1) 

n 
Z 

i=l 
F. ~ 

l 

/ 2 2 + h 2 FI2 I(n - 1) F 
n+1 n+1 n+1 

with equality iff r = r 
l,n+1 2,n+1 r n ,n+1 . 

E. G. Gotman [32J (n = 3). 

3.28. Let I 1 be the incentre and rO 1 the inradius of the (n - 1)-
o,n+ ,n+ 

simplex An+1 = A1A2 An and let hn+1 = An+1A~+1 be the altitude of A. 
Then 

r ~ 
h r 

n+1 O,n+1 

+ /h~+ 1 ""+==r=~'F, n=+=l 
{AI 

n+1 IO 1}. ,n+ 

Proof. With the notation from 3.27 we have the equalities 

F 
nV 
r 

hn+1Fn+1 

r 
FI 

n+1 

(n - 1)Fn +1 

r O,n+1 
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and the inequality 3.27 takes the following form (equivalent to 3.28): 

P. K. Kashikar [45J. 

3.29. For any i E {1, 2, ..• , n + 1} let V~ be the volume of the simplex 
~ 

A~ which is cut off from A by the second tangential hyperplane of the 
~ 

inscribed hypersphere of A parallel to the hyperplane a i . Then 

n+1 
(n - 1 )n 

Z V~ ;;:. V{h 1 h2 
i=1 

~ 
(n + 1) n-1 

h 1}. n+ 

Proof. We have the equality 

n+1 
(4) Z 

h. 
i=1 

r 
~ 

and because of the similarity of simplexes A' and A we have 
i 

Therefore, 

V~ 
~ 

n+1 
Z 

i=1 
V' 

i 

(i 1, 2, ••. , n + 1). 

V (n + 1 _ 2r n~1 ~)n = (n - 1)n V. 

(n + 1)n-1 i=1 hi (n + 1)n-1 

T. Rajkov [85J (n = 3). 

3.30. If r~ (i f {i, 2, ••• , n + 1}) is the inradius of the simplex A~ 
~ ~ 

from 3.29, then 

n+1 
(n + 1)2 n+1 

Z h ;;:. Z r~ {h1 h2 
i=1 

i n - 1 
i=l 

~ 
h 1}. n+ 

Proof. By (4) and the equalities 
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r~ 
1 

h - 2r 
i 
h, 

1 

(i 1, 2, ••. , n + 1) 
r 

we obtain successively 

n+1 
l: 

i=1 

n+1 
+ 1 - 2r l: 

i=1 

n+1 
-----1 l: h, ~ ~ 
n + i=1 1 n+1 1 

l: 
i=1 hi 

~)r 
h, 

1 

(n + 1) r 

(n - 1 )r, 

1 n+1 
~ l: r' 
n - 1 i=1 i· 

3.31. For any i, j E {I, 2, .•. , n + 1} (i i j) let Ct" be the angle 
between the hyperplanes a i and a j . Then 1J 

3.32. 

2 n+1 
n 

'IT ,;:; l: ,;:; n 
Ct, , (2) 'IT 4 

i, j=1 1J 

i<j 

2 
1 

n+1 
n -

'IT ,;:; l: ,;:; -4-- Ct, , 

i, j=1 1J 

i<j 

J. w. Gaddum [26] . 

With the same conditions as 

n+1 
l: 

i, j=1 
i<j 

cos Ct" ,;:; ~ 
1J 2 

Proof. The equalities 

(n even) , 

n 
(2) 'IT (n odd). 

in 3.31 we have 

n+1 
l: 

j=1 
jii 

F, cos 
J 

Ct, , 
1J 

F, 
1 

(i 1,2, .•. ,n+1) 

imply successively 

n+1 F, 
(5) l: F ~ cos Ct, , 

j=1 1 1J 

(i 1, 2, ... , n + 1), 

j# 

527 
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n + 1 
n+1 n+1 

l: l: 
i=l j=l 

j# 

n+1 
;:. 2 l: 

i,j=l 
i<j 

( F j cosa,,) 
F i ~J 

cos a, ' 
~J 

with equality iff F1 = F2 = ... = Fn +1 · 

CHAPTER XVIII 

n+1 C' F') l: +2 cos a. , , ;:. 
i, j=l F~ Fi ~J 

i<j 

R. Hoppe [159] (n = 3); A. Marmion [71] (n = 3); T. M. Korikova 
[60] (n = 3); S.-N. Deaconu [15] (n = 3); GI 2.16 (n = 2). 

3.33. With the same notation as in 3.31 let c,' = 1 and c,' = - cos a 
~~ ~J ij 

for any i, j EO {i, 2, ... , n + 1} (i f. j). If Cij is the cofactor of c ij 

of the determinant det(c, ,) (i, 
~J 

j = 1, 2, ••• , n + 1), then 

C, , > 0 (i, j 
~J 

EO {1, 2, n + 1}). 

L. Yang and J. Zh. Zhang [146]. 
Remark. The equality det(c, ,) = 0 (i, j 

~J 
1, 2, .•. , n + 1) and the 

inequalities 3.33 are necessary and sufficient conditions for the 
existence of a simplex with dihedral angles a" (i, j = 1,2, n + 1; 
i < j). ~J 

L. Yang and J. Zh. Zhang [146]. 

3.34. The orthocentre H of an orthocentric simplex A lies inside, on or 
outside the circumhypersphere of this simplex iff 

Proof. In the proof of 2.22 we proved the equality 

2 
n+1 

2 
n+1 

2 
PQ l: A,QA, - l: 1.,1. ,a .. , 

i=l 
~ ~ 

i,j=l ~ J ~J 

i<j 

where 1. 1 , 1. 2 , A 
n+l 

are barycentric coordinates of P in A. With 

P = G and Q = 0 we have 

2 2 
n+1 

2 
OG R 

1)2 
l: a ... 

(n + i ,j=l ~J 

i<j 
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Since OG:OH = (n - 1): (n + 1), we obtain 

2 2 
(n - 1) OH 

2 2 
(n + 1) R -

n+1 
l:: 

i,j=1 
i<j 

2 
a" • 
~J 

Therefore, OH ~ R is equivalent to 3.34. 

G. A. Tsintsifas (private communication). 

3.35. In a simplex A with F1 = 

as in 3.31) for any i E {1, 2, 
ively k E [_00, 1), we have 

F = 
2 

= Fn+1 (with the same notation 

n + 1} and any k E (1, +00] respect-... , 
11[k] (cos a, ,) ~.!. 

n ~J ~ n 

with equality iff cos ail = cos a i ,i-l = cos a i ,i+l 
cos a i ,n+l. 

Proof. From (5) we obtain now the equality 

n+l 
l:: cos a iJ, 

j=l 
j;-!i 

and 3.35 is a consequence of the inequality for means. 
v. Gh. Vodii [136] (n = 3, k E {o, 2}). 

3.36. In a simplex A with mutually orthogonal edges from the vertex An+1 

(with the same notation as in 3.31) for any k E [_00, 2) respectively 
k E (2, +00] we have 

[k] ~ 1 
M (cos a, 1) "" r= n ~,n+? vn {a = a = ••• = a 1}. 1,n+1 2,n+l n,n+ 

Proof. If An+1 is the origin and An+1Ai (i = 1, 2, ••• , n) are the 

coordinate axes, then the hyperplane an+1 has the equation 

n x, 
(6) l:: --~- - 1 o. 

i=1 a i ,n+1 

The distance hn+1 An+1A~+1 of An+1 from this hyperplane is given by 

n 

l:: -2-­

i=l a i ,n+l 
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i.e. by 

(7) 
1 n 1 

-2- = L: -2--

hn+l i=l a i ,n+l 

obtain 
For any i ~ {1, 2, ••• , n} we have a 

i,n+1 

cos a i ,n+1 (i 1, 2, ••. , n), 

M[2](cos a. ) 
n ~,n+1 

I~ ~ 
n i=l 

2 
cos 

I~ h 2 ~ 
n n+1 i=l a~,n+1 

1 
=711 

[162] (n = 3, k = 0); Ju. I. Gerasimov [28] (n 

3.37. In the simplex A from 3.36 we have 

n 
L: 

i=l 
F. ), -:-_1--::-:-­
~ r (n _ 1) l 

Proof. The equality 

n 

{a 
1,n+1 

CHAPTER XVIII 

3, k 1) • 

a }. 
n,n+1 

(n - 1) l IT a J., n+1 
a i ,n+1 j=l 

(i 1, 2, ... , n) 

implies by (7) successively 

n 
L: 

i=l 
F. 
~ 

-(-n----l~)-l ~ (-a----- ~ a j ,n+l) = 
i=l \ i,n+1 j=l 

n (~ a )(~ ~ _1 ) ~ 
(n - 1) l j=l j ,n+1 n i=l a i ,n+1 

1 

n ( ~ )( n 1 )-~ (n - 1) l j=l a j ,n+l \i~l a i ,n+1 n 

1 n-1 
n r (~ 2 )nl-2- ), 

(n - l)ll\i=l a i ,n+1 J r 
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n-1 

~ (n n 1)' (-n-.:..:n_
1 
__ )-2-

Z -2--
i=l a i ,n+1 

n-1 
n (2 )-2 

(n - 1)' nhn +1 

1 ~ n-1 
= (n - 1)' In"'· h n +1 • 

[155] (n = 3); W. Janous (private communication) (n = 3). 

3.38. In the simplex A from 3.36 we have 

>.: n + In In+:i hn-1 
F 7 --n-'-- In .. ·• n+1 {a1 ,n+1 a 2 ,n+1 = ••• = a n ,n+1}· 

Proof. The equalities Fi a i ,n+1 = nV (i = 1, 2, ••• , n), Fn+1hn+1 

nV and the equality (7) imply a generalized Pythagorean formula 

n 
Z 

i=1 

2 
F. 

1. 

and therefore the inequality 

n 

531 

F 1 = /no (F.) ~ rnA (F.) 
n+ -n 1. n 1. 

Z 
i=1 

F. 
1. 

F }. 
n 

According to 3.37 we obtain 

n 
+ rn) 

n 
F Z F. + F 

n+1 
~ (1 Z F. ~ 

i=1 
1. n 

i=1 
1. 

~ n + rn /nn+1 h n- 1 = n + /i1 /nn+1 
n (n - 1) ! n+1 n! 

with equality iff a = a 
1,n+1 2,n+1 a n ,n+1· 

3.39. In the simplex A from 3.36 we have 

v ~ § hn 
n! n+1 

{a = a = ••• = a }. 
1,n+1 2,n+1 n,n+1 

hn - 1 
n+1 

Proof. The equality nV = a1,n+1a2,n+1 ••• a n ,n+1 implies by (7) 

1 (~a \( ~ 
~i=1 i,n+1}'i=1 

n 
_1 __ )'2 >.: 

2 -
a i ,n+1 

n 
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::;, 1 II ~
n 

'" n! i=l 
a )f n( ~ 

i,n+l l i=l 

with equality iff a 1 ,n+l = a 2 ,n+l = ... 

W. Janous (private communication) 

n 
n 
n! 

= a • 
n,n+l 

(n = 3). 

3.40. In the simplex A from 3.36 let P be any point in the hyperplane 
a n +1 and for any i E {1, 2, n} let 

Then 

A,P 
1 

ql' A A 
i n+1 

2 
L qi;;;' n - 1 

i=l 

n 
{A 1P 1.a 1}' n+ n+ 

Proof. With the notation from the proof of 3.36 we have the 
equalities (6) and (7) and the equalities 

2 
A,P 

1 

n 2 
L Pi' 

i=l 

2 
2p,a, 1 + a 1',n+1 1 l,n+ 

(i 1,2, ... , n), 

where P 

n A,p2 
2 

n n Pi 
L 

1 
L 2 L -2-- An +1P -2-- - + 

i=l a i ,n+1 i=l a i ,n+1 i=l a i ,n+l 

n - 2 + 

But we have 

A 1P ;;;' h 1 n+ n+ {A 1P 1. a 1}. n+ n+ 

J. Schopp [98]; G. Szasz [114] (n = 3). 

n 
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Remark 1. The ratios q. 
1 

(i = 1, 2, ••• , n) are ratios of shortening 

of an axonometry in En and this axonometry is orthogonal iff A 1P ~ a l' 
2 n+ n+ 

Remark 2. As qi < 1 (i = 1,2, .•• , n), so q. > q. and from 3.40 we 
obtain 1 1 

3.40 ' 
n 
L 

i=l 
q. > n - 1. 

1 

3.41. With the same notation as in 3.40 let An +1P ~ a n +1 • Then 

n 
L qi < In(n - 1) 

i=l 
{a = a 

l,n+l 2,n+1 

Proof. Follows from the equality 3.40 

n - 1 

by the use of the A-Q-inequality for means. 
J. Schopp [98]; G. Szasz [114] (n = 3). 

a }. 
n,n+1 

3.42. Let A be a regular simplex with the edge length a and p a hyper­
plane. If A is the orthogonal projection of A onto p and R the circum­
radius of A, then 

(n odd), R;;' 2n - 1 a 
8n(n + 1) 

(n even). 

B. Weissbach [142]. 

4. Inequalities for Two (or More) Simplexes 

Let A = A1A2 •.• An+1 and A' = AiA; .•. A~+l be two given simplexes. For 

the first simplex A we use the notation from 1, 2 and 3 and an analogous 
notation for the second simplex A'. For example, if V is the volume of 
A, then V'is the volume of A'. etc. The siqn {A ~ A'} means that equal­
ity holds iff the simplexes A and A' are similar. 

4.1. For any points P and pI we have 

n+l 
RR' ;;. OP • O'p' + L 

i ,j=l 
i<j 

IA.A.A~A~a .. a~. 
1 J 1 J 1J 1J 

{A ~ A'}. 

Proof. In the proof of 2.22 we proved an equality, which takes the 
form 
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if Q o. Similarly, 

n+l 
l:: 

i,j=l 
i<j 

2 
A.A.a . ., 
~ J ~J 

Using Cauchy's inequality, we obtain 

Iop2 n+l 
A A a 2 lo,p,2 RR' = + l:: 

i,j=l i j ij 

i<j 

n+l 
+ l:: 

i,j=1 
i<j 

n+1 
~ OP • o'p' + l:: 

i,j=1 
i<j 

IA.A.A~A~a .. a~ .• 
~ J ~ J ~J ~J 

4.1 ' 

M. S. Klamkin [49]. 
Remark. With P = G and p' G', we obtain 

2 
(n + 1) RR' ~ 

n+1 

l:: aija~j 
i,j=1 
i<j 

G. Tsintsifas (private communication). 

4.2. For any points P and p' we have 

n+1 
RR' ~ OP • O'p' + l:: 

i=1 
~R.R~ 

~ ~ ~ ~ 

A~A'.a~~ 
~ J ~J 

CHAPTER XVI II 

~ 

m 1}. n+ 

with equality iff OP:~1R1:~R2:···:;X--1R 1 = O'p' :IXiRi :~R2:···: 
~R' • n+ n+ 

n+1 n+l 
Proof. In the proof of 2.23 we proved an equality, which takes the 

form 

2 n+l 2 
OP + '" 'R 

t.. '\ i' 
i=1 

if Q = o. The further procedure is analogous as in the proof of 4.1. 
G. A. Tsintsifas (private communication). 
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4.4. 
n+l ~ 2- ~ 

2 2 n n L aijBij ~ 2n(n!) V V' 
i, j=l 
ih 

where A and B are any two simplexes and for any i, 
1 2 

(i ~ j) Bij is the cofactor of the element - 2 b ij 

j E {1, 2, •.• , n+l} 

of the determinant 

o 

0 
1 2 

- 2 b 12 
_ 1. b 2 

2 l,n+l 

1 2 - 2 b 21 0 _ 1. b 2 
2 2,n+l 

_ 1. b 2 
2 n+l,l 

1 b2 
2 n+l,2 

o 

L. Yang and J. Zh. Zhang [145]; GI 10.8 (n = 2). 

4.5. If A is any simplex and A' such a simplex that for any i, j f. {1, 2, 
n + 1} (i < j) the angle between the hyperplanes a ' and a~ is acute 

i J or right, then 

V ( a, ,)n 
-. « I max ~J 
V \" a .. 1, J 1J 

L. Yang and J. Zh. Zhang [145]. 

4.6. Through a point P 1 inside the (n - l)-simplex A 1 draw for any 
n+ n+ 

i E {1, 2, •.• , n}the parallel to the edge A A, which intersects the 
n+l 1 

(n - 1) -simplex A, in a point P" If V'is the volume of the simplex 
1 1 

P = P 1P2 Pn +1 ' then 

{p = G 1}' n+l n+ 

Proof. For any i E {1, 2, •.• , n} the lines Ai Pn +1 and An +1Pi 

intersect the (n - 2)-simplex Al •.. Ai _ 1Ai +1 An in the same point 

Bi ,n+l and two similar triangles Pn +1Pi Bi ,i+l and Ai An+1Bi ,i+l imply 

Pn +1Bi ,n+l 

A'lB i ,n+l 
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From 2.1 (with f(x) 
we get 

In x, k 1 and the substitution h ~ n - 1) 

Therefore, 

n 
IT 

i=l 

V' 
V 

n 
n 

v. Thebault and L. M. Kelly [160] (n = 3). 
Remark. In the extremal case we also have Pi 

and P is the medial simplex of A. 
1, 2, •.. , n) 

4.7. Let 0 be the origin, E l , E2 , ... , En the unit_points of affine 

coordinate axes and P = (Pl' P2' ••• , Pn) a point such that Pl' P2' •.• , 
+ 

Pn E R . Any hyperplane through P intersects the positive coordinate 

half-axes in n points Al , A2 , .•. , An. If V and V' are the volumes of 

the simplexes OA1A2 An and OE1E2 •.• En' then 

V ;;;. nn( ~ P.)v' 
i=l 1. 

np }. 
n 

Proof. Let a. 
has the equation 1. 

OA. (i 
1. 

1, 2, .•. , n). The hyperplane A1A2 .•• An 

and therefore we obtain 

V' 
n ( n 1 V n Pi) ( n 

~.)(; 
n 

PiF IT \ IT Pj\i~l a i 
:;;; IT L: 

V 
i=l 

a. 
i=l \i=l i=l 

a. 
1. 1. 1. 

n 
IT 

n 
i=l Pi n 

with equality iff P l :a l P 2 :a2 = ... = Pn:an = l:n. 

D. Veljan [133]; J. Steiner [lOS] (n f {2, 3}); V. Thebault [126] 
(n = 3); [151] (n = 3); L. H. Lange [63] (n E {2, 3}); J. A. Tierney 
[127] (n = 2). 

4.S. If A, A', A" are simplexes such that for any i, E {1, 2, ••• , 
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n + } < 2 ,2 
1 (i j) we have a.. + a .. 

l.] l.] 

2 2 2 

,,2 
a ij , then 

{A ~ A' ~ A"}. 

L. Yang and J. zh. Zhang [144]. 

4.9. With the same conditions as in 4.8 we have 

(i = 1, 2, ••• , n + 1) 

L. Yang and J. Zh. Zhang [143]. 

4.10. With the same conditions as in 4.8 we have 

L. Yang and J. Zh. Zhang [143]. 
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{A ~ A' ~ A"}. 

Remark. Analogous inequalities as in 4.8-4.10 hold also in the case 
of fo~more simplexes. 

4.11. Let A' be a simplex similar to A and inscribed into A so that for 
any i E {I, 2, ••• , n + I} the point Ai lies in the hyperplane a i • If 

(i, j E {I, 2, ••• , n+ I}, (i<j), 

then 

G. Tsintsifas and G. P. Henderson [131]. 

4.12. Let m E {I, 2, ••• , n} and let Mm respectively M~ be the total 

m-dimensional content of all m-dimensional faces of a simplex A respect­
ively A'. Let q and r be the quotient and the remainder on division of 
n + 1 by m + 1, i.e. q and r are integers such that n + 1 = q(m + 1) + r, 
o ~ r < m + 1. If A' c A, then 

m+l-r( l)r 
M' < q q+ 

m n + 1 - m Mm 

and the fraction on the right-hand side is the best possible constant. 
C. Linderholm [69]; W. Holsztynski and W. Kuperberg [38](n = 3, 

m = 1), [39] (n = 3, m = 1); v. M. Tihomirov [128] (n = 3, m = 1); 
P. B. Gusjatnikov [34] (n = 3, m = 1). 
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4.13. If A and A' are two simplexes inscribed in the same hypersphere I 
with the radius R and if u = min AiAj for i, j E {1, 2, •.. , n + 1}, 
then 

GG' < 2nR + u 
n + 1 

Proof. For any i, j E {1, 2, ... , n + 1} let G, and G~ be the 
J. J 

centroids of the (n - 1)-simplexes Ai = A1 .•• Ai _ 1Ai +1 •.• An+1 and 

Aj = Ai .•• Aj_1Aj+l ••. A~+l' The points Gi , 

sphere I with the centre O. We have 

G' lie inside the hyper-
j 

A G 
i 

A,G, 
J. J. 

n 
~' 

so the homothetic transformation with the centre A, and the coefficient 
J. n 

~ maps the hypersphere I onto a hypersphere Ii with the centre 0i 

and radius 

~:~ethe point Gi into the point G inside the hypersphere Ii' Here we 

A,O, 
J. J. 

A,O 
J. 

n 
n+1 ' i.e. 

00, 
J. 

OA i 

Analogously, the homothetic transformation with the centre A~ and the 

coefficient ~1 maps the hypersphere I onto a hypersphere 
n + 

centre 0' and radius 
j 

J 
I' with 

j 

and the pOint G' into the point G' inside the hypersphere I~. Here also 
j J 

OO~ 
J 

OA' n + 1 
j 

Therefore, we have 

o 0' 
i j 

A A' 
i j 
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The hyperspheres Li and Lj are contained inside the hypersphere with a 

diameter 0 0' + R. + R~ and so we obtain 
i j ~ J 

GG' < O.O~ + R. + R~ 
~ J ~ J 

2nR + A A' 
i j 

n + 1 

But this inequality holds for every i, j E {1, 2, •.• , n + 1}. 
J. Schopp [96]; GI 10.6 (n = 2). 

4.14. If Hand H' are the orthocentres of two orthocentric simplexes A 
and A' inscribed in the same hypersphere L with the radius R and if 
u = min A.A~ for i, j € {1, 2, ••• , n + 1}, then 

~ J 

HR' < 2nR + u 
n - 1 

Proof. Let G and G' be the centroids of A and A' and let 0 be the 
centre of L. The points 0, G, H respectively 0, G', H' lie on the Euler­
lines of A respectively of A' and we have 

OG 
OH 

OG' n - 1 
OH' n+T' GG' =.!:....::.J. HH' 

n + 1 

and 4.13 implies 4.14. 
J. Schopp [96]; GI 10.7 (n 2). 
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Chapter XIX 

INEQUALITIES FOR TETRAHEDRA 

1. Inequalities for the Edge Lengths and Face Areas of a Tetrahedron 

Let a = BC, b = CA, c = AB, a' = AD, b' = BD, c' = CD be the edge 
lengths of a tetrahedron T = ABCD and FA' FB, Fe' FD the areas of its 

faces BCD, CDA, DAB, ABC. We shall use the expressions 

E = a + b + c + a' + b' + c', F = FA + F 
B 

+ F + F 
D' C 

2 + a,2 b 2 b,2, 2 ,2 
u = a , v + w c + c , 

PA b'c' + c'a + ab', P B bc' + cia' + a'b, 

PC b'c + ca' + a'b', PD bc + ca + ab, 

2 
+ b 2 2 ,2 + b,2 + c,2. P = PA + P B + Pc + P D' Q a + c + a 

The signs {TR }, {TID} and {To} mean that equality holds iff T is a 

regular tetrahedron, an isodynamic tetrahedron (tetrahedron with aa' 
bb' = cc') and an orthocentric tetrahedron (tetrahedron with u = v = w) 
respectively. 

1.1. Let a, b , c, a', b l , c' 

(1 ) a + b > c, a + c 

0 

0 
2 

c 

(2) 
2 

0 c 

b 2 2 
-a 

a 
,2 b,2 c 

+ E R 

> b, 

b 2 

2 
a 

0 

,2 

The inequalities 

b + c > a, 

a 
,2 

b,2 > 0 

c 
,2 

0 

are necessary and sufficient conditions for the existence of a tetra­
hedron T = ABCD with edge lengths a = BC, b = CA, c = AB, a' AD, 
b' = BD, c' = CD. 

Proof. The necessity of conditions (1) and (2) is obvious, because 
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2 
the determinant in (2) equals 288v , where V is the volume of T. Let us 
prove the sufficiency of our conditions. The inequality (2) can be 
written in the form 

(3) 

2 2 222 2 2 2 2 2 2 4 4 
+ b' c - c c') < (2a b + 2a c + 2b c - a - b -

422222244 
c ) (2a b' + 2a c' + 2b' c' - a - b' 

According to (1) there is a triangle ABC with BC = a, CA 
and then 

(by Heron's formula). Therefore, from (3) we obtain 

b, AB c, 

and there is a triangle with sides a, b', c'. Let D' and D" be the 
points in the plane ABC (D' on the same side of the line BC as the point 
A, and D" on the opposite side of this line) such that BD' = BD" = b', 
CD' = CD" = c'. The tetrahedron T exists if AD' < a' < AD". But, we 
have 

AD,2 

where h = AH, k 
and D' 'BC and m 

i.e. 

(4) 

As we have 

2 2 222 
(m - n) + (h - k) = (m - n) + h + k 2hk, 

2 2 2 2 2 
(m - n) + (h + k) = (m - n) + h + k + 2hk, 

D'K D"K are the altitudes of triangles ABC, D'BC 
BH, n BK. Therefore, the tetrahedron T exists if 

h 2 ~(2a2b2 + 2a2c 2 + 2b2c 2 _ a 4 _ b 4 _ c 4 ), 
4a 

,4) -c , 

m n 
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the condition (4) is equivalent to (3). 
o. Bottema [8]; R. Fritsch [15]; J. F. Rigby [48]. 

1.2. a + a' + b + b' > c + c', a + a' + c + c' > b + b', 

b + b' + C + c' > a + a'. 

Proof. The first inequality follows by addition of the inequalities 
a + b~ a + b' > c', a' + b > c', a' + b' > c. The other two are 
proved similarly. 

M. S. Klamkin [33]; M. Lascu [39]. 

1.3. u + v > w, u + w> v, v + w > u. 

~ 

Proof. Let BC = a, 
we obtain successively 

(5) a + a' = c' -

-+ 
CA 

::.' 

-+ E., AB 

b + b' 

::.' 

a' 

-+ 
DA = 

- ~, 

(~ + ~,)2 + (b + b') 
2 c') 2 - (c + 

(c' - c)2 + (a' a)2 

a' 
2 ,2 

b 2 b,2 2a . c + c , 

a' -' 

c 

(b' 

-+ 
DB 

+ c' 

b' -' 

2 E.) , 

u + v - w = a 2 + a,2 - 2a • a' = (a - a,)2 > o. 

-+ 
DC 

b' 

Bhattacharya and H. W. Curjel [6]; E. A. Jasinovij [28]; 
S. Arslanagic [3]; M. Lascu [39]. 

c' . Then 

E., 

Remark. If M, N are the midpoints of edges AB, CD, then a - a' = 
2MN and (5) implies a 2 + a,2 + b 2 + b,2 _ c 2 _ c,2 ~ 4MN2 . This identity 
holds also in the case of planar quadrangle ABeD and was known to 
L. Euler (Nov. Comm. Petrop. 1747-1748, 1,49). 

1.4. 
a b > c b c > a 

c' 
+ , + , 

b' + c' + a' a' + b' c' + a' a' + b' b' + c' 

c a > b 
a' + b' 

+ 
b' + c' c' + a' 

. 

Proof. Suppose a' ~ b' ~ c' • Since a + b > c, we obtain 

a b ~ a b a + b > c + + b' b' + c' c' + a' b' + a' + a' a' + b' a' + b' 

The inequalities 

b 
~ 

bb' c 
~ 

cc' 
c' + a' a' (b' + c' ) 

, 
a' + b' a' (b' + c' ) 

are equivalent to a' ~ b' and a' ~ c' , respectively, and from them we 
obtain by 1.6 that 
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b 
~'+a' 

If we have 

c 
a' + b' + b' 

then by c + a>b the 

c 
a' + b' + b' 

c ~ bb' + cc' > aa' 
+ b' a' (b' + c') a' (b' + c') 

a 
b' + c' . 

a 
~ 

c + a 
+ c' c' + a' 

third inequality 1.4 follows. But, if we have 

a < c + a 
+ c' c' + a' 

then this can be written in the equivalent form c(b,2 _ c,2) > 
2 2 2 2 2 2 

a(a' b'), from which we get ca' (b' - c' ) > ac' (a' - b' ), because 
of a' ~ c'. This is equivalent to the inequality 

c a 
> 

cc' + aa' 
a' b' + 

b' c' b' (c' + a') + + 

which implies by 1.6 

c a 
> 

bb' b 
a' + b' + b' + c' b' (c' + a') c' + a' 

M. S. Klamkin [34] ; D. Skordev [56] • 

1.5. 
a b 

> 
c 

(b' , c' ) + (c' , a') (a' , b') max max max 

b c 
> 

a 
(c' , a') + (a' , b') (b' , c' ) max max max 

c a 
> 

b 
(a' , b') + (b' , c' ) (c' , a') max max max 

Proof. Suppose a' ~ b' ~ c'. Then 

a a b b c c 
max (b' , c') b' , 

max (c' , a') ar' max (a' , b') a' 

Because of a + b > c we have 

a b aa' + bb' 
~ 

ab' + bb' a + b >~ 
b' + ao a'b' a'b' a' a' 

and by 1.6 we obtain 

b c bb' + cb' 
~ 

bb' + cc' aa' a 
a' + ao >--

a'b' a'b' a'b' b' 

c a aa' + cb' 
~ 

aa' + cc' bb' b 
+ b' >- ar a' a'b' a'b' a'b' 
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D. Skordev [55]. 

1.6. aa' + bb' > cc', bb ' + cc' > aa' , cc' + aa' > bb'. 

Proof. The inversion with respect to the sphere with the centre D 
and radius 1 maps the points A, B, C into the points A', B', C' and we 
have 

B'C' a 
b'c' , A'B' 

Therefore, from B'C' + C'A' > A'B' we obtain 

__ a __ + __ b __ > __ c __ 
b'c' c'a' a'b" 

c 
a'b' 

i.e. aa' + hb' > cc'. Analogously, we can prove the other two inequal­
ities 1.6. 

Bhattacharya and H. W. Curjel [6]; V. Th~bault [68]; W. Hansen [22]; 
T. M. Apostol [2]; D. Veljan [70]; N. Zhu [76]; M. Lascu [39]. 

1.7. If H = aa'bb' + bb'cc' + cc'aa', then 

H ~ (aa,)2 + (bb,)2 + (cc,)2 < 2H 

Proof. This follows by applying the inequality GI 1.1 to the 
triangle with the sides aa', bb', cc', which exists according to 1.6. 

D. Nikolov [42]. 

1.8. (-aa' + bb' + cc') (aa' - bb' + cc') (aa' + 

+ bb' - cc') ~ abca'b'c' 

Proof. Follows by applying of GI 1.3 to the triangle with sides aa', 
bb', cc;r:-

A. Oppenheim [43]; M. Lascu [39]. 

Proof. It is sufficient to prove the inequality 

(6) 

where P is the orthogonal projection of the point D onto the plane ABC. 
With 

n = 2, 

according to XVIII.2.24, the left-hand side of (6) has the form 
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1.10. 

J. Szikszai [66]. 

a,2 b,2 c,2 
--+-+-->1. 
bc ca ab 

CHAPTER XIX 

1. 

, '1' 2 b 2 Proof. It lS sufficient to prove the lnequa lty a • AP + • BP + 
-2-­

c • CP ~ abc, where P is the 
ABC. with n = 2, Al = a, A2 
obtain 

orthogonal projection of D onto the plane 
b, A3 = c according to XVIII.2.24 we 

1.11. 

1.12. 

a • PA2 + b • PB2 + c • cp2 ~ 1 2[bc(b + c)a2 + 
(a + b + c) 

2 2 2 2 2 
+ ca(c + alb + ab(a + b)c + abc(a + b + c)] abc. 

b'c' c'a' a'b' 
--+--+-->1 bc ca ab . 

J. Zh. Zhang and L. Yang [75]. 

P ( 2Q < 2p 

Proof. Follows by addition of the four inequalities obtained by 
application of GI 1.1 to the triangles BCD, CDA, DAB, ABC. 

F. Harant [23]. 
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1.13. 
~[p + abc ab'c' a'bc' 

Q ~ 26 4(a + b + c + a + b' + c' + a' + b + c' + 

a'b'c 
+ a' + b' + c lJ {T }. 

R 

Proof. Follows hy application of GI 1.2 to triangles ABC, BCD, CDA, 
ABC and addition of the inequalities obtained. 

F. Harant [23J. 

1.14. 

M. S. Klamkin [32J. 
Remark. Inequalities 1.14 are necessary and sufficient conditions 

for the existence of a tetrahedron with face areas FA' FB, FC' FD. 
F. Harant [23J; R. Fritsch [15J. 

1.15. 3p - 5Q ~ 2F/3 ~ P - Q 

Proof. The inequalities GI 4.7 for a triangle with sides a, b, c 
and area F can be written in an equivalent form 

{a = b = c}. 

By application of these inequalities to triangles BCD, CDA, DAB, ABC and 
addition of the inequalities obtained we get 1.15. 

F. Harant [23J. 
Remark 1. The second inequality 1.15 can be written in an equivalent 

form 

1.15' E2 ~ 1213F + 2K + 3L 

222 
where K = (a + a' - b - b'l + (b + b' - c - c'l + (c + c' - a - a'l , 

222 
L = (a - a'l + (b - b'l + (c - c'l . Inequality 1.15' is an improve-
ment of the third inequality 2.1. 

D. o. Skljarskij, N. N. Cencov, and I. H. Jaglom [54, p. 47, 
268-269J. 

Remark 2. According to the first inequality 1.12 the second inequal­
ity 1.15 implies 213F ~ Q, i.e. 

1.15" 
/3 

F ~- 0 6 --

This inequality is also a consequence of the third inequality 2.1 by the 
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use of the A-Q-inequality for means. 
N. Teodorescu [67]. 

1.16. 
22221 2 2 2 

FA + FB + FC + FO ~ 4[(aa') + (bb') + (cc') ] 

Proof. From 

(7) 16F! 2a2b,2 + 2a2c,2 + 2b,2c ,2 4 _ b,4 _ ,4 
a c , 

16F! 2a,2b2 + 2a,2c ,2 + 2b2c,2 - a 
,4 _ b 4 _ ,4 c , 

16F~ 2a,2b ,2 + 2a,2c 2 + 2b,2c2 _ a,4 _ b,4 _ 4 
c , 

2 
2a2b 2 + 2a2c 2 + 2b2c 2 4 _ b 4 _ 4 

16Fo a c 

we obtain 

2 (bb,)2 2 
16(F! 

2 + F2 + F2) 4[(aa') + + (cc') ] + F 
B C 0 

G. P. Bevz [5]. 

1.17. 
222 212 2 2 2 222 

F + F + F + F ~ --(a + b + c + a' + b' + c' ) 
ABC 0 48 

Proof. From (7) we obtain 

Y. Aihara [1]. 
Comment by W. Janous. The right-hand sides (RHS) of 1.16 and 1.17 

are incomparable in general. Indeed, if c = n, c' ~ 0, a ~ a' ~ b ~ b' ~ 
4 4 

n/2, then RHS (1.16) ~ n /32 and RHS (1.17) ~ n /12. On the other hand, 
4 

for a ~ a' ~ n, b ~ b' ~ n, c ~ c' ~ 0 we get RHS (1.16) ~ n /12 and 
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4 
RHS (1.17) ~ n /3. 

553 

It should be noted that because of 1.3-1.6 all inequalities for the 
sides of a triangle only yield inequalities linking the edges of a 
tetrahedron. So e.g. 1.3 and GI 1.3 lead to 

(v + w - u) (w + u - v) (u + v - w) ,;;; uvw 

2. Inequalities for the Volume, the Circumradius and Other Elements bf 
a Tetrahedron 

with the notation from 1 let V, Rand r be the volume, the circumradius 
and the inradius respectively, of the tetrahedron T and F the area of 
the triangle with sides aa', bb', cc', which exists by 1.6. The sign 
{T } means that equality holds iff T is an isosceles tetrahedron, i.e. 

I 

iff a = a', b = b', c = c'. 

2.1. 
13~ 1~ 16 

3r ,;;; - v'913v ,;;; - v'2I3F ,;;; - E ,;;; R 
2 g 24 

Proof. The first inequality is XVIII.2.40 (with n = 3), the third 
inequality is a consequence of 1.15' and the fourth inequality is 
XVIII.3.2 (with n = 3, k = 1). The second inequality is equivalent to 
the inequality 

2 3 
F ;;;: 36V 13V, 

which is a consequence of the inequality 

because of 2.19. But, the last inequality is equivalent successively to 

3 2 3 
(d - 3V) (8d + 3V) ;;;: O. 

Equality holds iff the conditions for equality in 2.19 are satisfied and 

d 3 = 3V. According to the equalities 6v = aa'd, a = a' we obtain 2d2 = a 2 

and this together with the conditions for equality in 2.19 implies that 
T is a regular tetrahedron. 

J. Steiner [58], [59]; R. Sturm [63], [64, p. 115-116]; G. Sansone 
[51]; o. Chisini [10]; E. Steinitz [60]; Y. Aihara [1]; K. s. K. Iyengar 
[25]; B. R. Venkataraman [72]; K. s. K. Iyengar and K. V. Iyengar [27]; 
G. Krammer [38]; A. Heppes [24]; Z. A. Helzak [40]; G. Kalajdl!lc [29]; 
D. o. Skljarskij, N. N. Cencov, and I. M. Jaglom [54, p. 46, 47, 50, 
257-262, 280]; F. Harant [23]. -

2.2. If M = max (a, b, c, a', b', c'), then 



554 CHAPTER XIX 

{a = b a' = b' = c' = M, 
/6 

c ="2 M}. 

Proof. Let M = 1. If h = AA' is the altitude of the face ACD, then 
a 

CA' ~ c'/2 or DA' ~ c'/2. Let CA' ~ c'/2. Then 

h 
a 

;- ,2 11 _ :_c_ 
4 

F 
B 

1 / ,2 
-2 c'ha <- c'll - ~ - 2 4 

BB' is the altitude of the face BCD and hB the altitude of T 
(onto ACD), then analogously 

and hB ~ h b • Therefore, 

Now, for 0 < c' ~ 1 we have 

8 
1 ( , ,2 :;:, 24 c - 1) (c + c' - 3) r 0 

2 
because of c' - 1 ~ 0, c' + c' - 3 < O. Equality holds iff ACD and BCD 
are equilateral triangles with side lengths equal 1 and the dihedral 
angle at the edge of CD is right, i.e. c = AB = (/3/2) • ~= 16/2. 

D. O. Skljarskij, N. N. cencov, and I. M. Jaglom [54, p. 32, 
166-167]. 

2.3. If F ~ F ~ F ~ FD, then 
A B C 

(F2 + 
2 2 2)2 

2 ~l 
F + F FD 1 

F F F [1 -
A B C 

{To} . V 

12 (F!F~ 2 2 F!F~) J 9 ABC 
+ F F + 

C A 

K. S. K. Iyengar [26]. 
Remark. K. Venkatachaliengar [71] has a weaker result 

V2 ~ l F F F 
9 ABC 

2.4. If RD is the circumradius of the faceAEC, then 

6RDV ~ F 

with equality iff the circumcentre of T lies in the plane ABC. 
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Proof. The inversion with centre D and radius 1 maps the points A, 
B, C onto the points A1 , B1 , C1 . Let V1 be the volume of the tetrahedron 

A1B1C1D, h1 the altitude from D of this tetrahedron, F1 the area of the 

triangle A1B1C1 and a 1 = B1C1, b 1 = C1A1, c l = Al B1 , ai = A1D, bi = B1D, 

c' = CID. Then 
1 

(1) 
a 

b 1 
b c 

a 1 b'c' 
, cia' , c 1 = a'b' , 

hI 
. 2R 1, 3V1 h 1F1, 

V1 aibici 

V a'b'c' 
, 

and therefore 

(2) 
a'b'c' 
3~V 

a'b'c' 

Since from (1) we have 

a'b'c' aa', a'hlc' ce ' , 

(3) 
1 2 

(a'b'c' ) 

follows. From (2), (3) and the equalities a'ai 
obtain 

1 we 

(4) 6RV = F. 

From (4) according to R ~ RD we obtain 2.4. 

A. Oppenheim [43]; M. Lascu [39]. 

(aa' + bh' + cc') (-aa' + bb' + cc') (aa' - bb' + cc') (aa' + bb' - cc') 

/a2 + b2 + ~~,2 + b,2 + c,2 

Proof. Follows by the inequality 2.13, equality (4) and the equality 

16P2 (aa' + bb' + cc') (-aa' + bb' + cc') (aa' - bb' + 

+ cc') (aa' + bb' - cc'), 

which can be obtained by application of Heron's formula. 
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A. Oppenheim [43]; M. Lascu [39]. 

2.6. 72V2 ,,; (-aa' + bb' + cc') (aa' - bb' + cc') (aa' 

2.7. 

2.B. 

+ bb' - cc') 

Proof. Follows from 2.5 according to Cauchy's inequality 

A. Oppenheim [43]; H. Lascu [39]. 

1944V2 ,,; (aa' + bb' + cc,)3 

Proof. Follows from 2.B according to the A-G-inequality for means. 
G. Kalajd~ic [29]. 

72V2 ,,; abca'b'c' 

Proof. Follows from 2.6 and 1.B. 
D. Voiculescu and F. Leuenberger [73]; N. ~aganai [50]; M. Lascu 

[ 39]. 
Remark. B. R. Venkataraman [72] has a weaker inequality 

36V2 < abca'b'c'. 

2.9. 
2 

V < R 12 (IF + IF + IF + IF ). 
6 ABC D 

Proof. Let 0 be the circumcentre of T, further VA' VB' Vc ' VD the 

volumes of tetrahedra OBCD, ODAB, OABC and RA, RB , RC' RD the circum­

radii of the triangles BDC, CDA, DAB, ABC. According to 2.8 we have 

12 IP V ,,; -- R ab'c' 
A 12 

= /2 /R3 • 4F R ,,; 12 ~3 • 4FAR 
12 A A 12 

and analogously 

By addition of these four inequalities 2.9 follows. Here equality cannot 
hold, because only one of four equalities RA = R, RB = R, RC = R, RD = R 
can hold. 

Remark. B. R. Venkataraman [72] has a weaker inequality 

R2 
V < --(IF + IF + IF + IF ). 

3 ABC D 
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2.10. 
12 2 

14F F 
A D 

2 2 
9IT a , 

557 

where 2s = a + b + c. Equality holds iff {(ABC, ABD) = { (ABC, BCD), i.e. 
iff the foot D' of the altitude DD' lies on the bisector of the angle 
~ BAC. 

E. Kotter [37]*. 

2.11. A6V2 
2 

a 

2 2 ~-22 
+ F + F - 14F-F- - 9V a 

A DAD 

with equality iff the points A and D lie in the plane of symmetry of the 
segment BC. 

J. Steiner [58]*, [59]*. 
Remark. 2.11 follows from 2.10 according to the inequality 

s(s - a) 
2 

FD 
(s - b) (s - c) 

{b = c}. 

~12~If--2!' ,~' ,...52', A", B", C" are the midpoints of the edges BC, 
CA, AB, AD, BD, CD and if a" = A'A", b" = B'B", c" = C'C", then 

V"';.!.a"b"c" 
3 

{TI }· 

Proof. The centroid G of T is the common midpoint of segments A'A", 

B'B", C'C" and so we have 

Let hD 

of the 

vertex 

we get 

GA' 
a" 
-2-

be the altitude 

tetrahedron T' = 

GB' 

from 

b" 
-2-

the vertex 

GC' 

D of 

A'B'C'G. 
1 

Then "4 hD 

c" 
-2-

T and let V' be the volume 

is the altitude from the 

G of T' 1 
and "4 FD is the area of the triangle A'B'C'. Therefore, 

successively 

V = 16V' = 16 • .!.(.!. GA' • GB' • sin ¢) • GC' • sin W = 
3 2 

3 a" b' , c" sin ¢ sin W ,,;;; ~ a' 'b' 'c' , , 

where ¢ = ~ A'GB' and W is the angle between the line GC' and the plane 
GA'B'. Equality holds iff sin ¢ = sin W = 1, i.e. iff the lines GA', GB', 
GC' are mutually orthogonal. This means that B'C" = B"C", and there­
fore a = 2B"C" = 2B'C" = a'. Analogously b = b', c = c'. 

E. G. Gotman [18]. 
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2.13. 
22222 

(a + b + c ) (a' + b' 
2 

+ c' ) ~ 64R4 {TI }· 

Proof. According to XVII!. 3. 1 (with n = 3) we have 

(5) a 2 + b 2 + 
2 + a,2 + b,2 ,2 

~ 16R2 c + c 

with equality if mA mB mC mD, i.e. iff a 

because for the medians we have the equalities 

a', b 

(6) 
2 

9mA 
3(a,2 + b 2 + c 2 ) (a2 + b,2 + ,2) c , 

9m2 3(a2 + b,2 2 2 
b 2 ,2) + c )- (a' + + c , 

B 

2 
3(a2 + b 2 + c,2) 2 b,2 2 

9mc - (a' + + c ), 

2 222 222 
9m = 3(a' + b' + c' ) - (a + b + c ). 

D 

Now, 2.13 follows by (5) and the inequality 

A. Oppenheim [43]; ~1. Lascu [39]. 

2.14. aa' + bb' + cc' ~ 8R2 

Proof. Follows from (5) because of 

b', c 

c 2 + c,2 ~ 2cc'. 

2.15. 

c' , 

with equality iff among the triangles BCD, CDA, DAB, ABC that one with 
the maximal area is equilateral and the circumcentre of T lies inside 
this triangle. 

Proof. Let RA, RB, RC' RD be the circumradii of triangles BCD, CDA, 

DAB, ABC. According to GI 7.9 for every X E {A, B, c, D} we have 

2 ~ 4/3 
R .~ -9- FX' 

and 2.15 is a consequence of the inequality R ~ max(RA, RB , RC' Rn ). 
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B. R. Venkataraman [72]. 

2.16. Two segments BC and AD of the lengths a and a' lie inside a given 
sphere L with centre 0 and radius R. If F is the total area of tetra­
hedron ABCD, then 

F .:;; ala" 2 + a' 2 + a ,Ia ' ,2 + a 2 

4 4 

where 

~2 ~,2 'I a a a = R - -- + R - --- • 4 4 

Equality holds iff BC and AD are chords of L and each of them lies in the 
plane of symmetry of the other one and the midpoints of these two chords 
lie on opposite sides of the point O. 

A. Heppes [24]. 

2.17. Let p and p' be two skew lines, d = pp' the distance between these 
lines, B, C two points of p and A, D two points of p' such that BC = a, 
AD = a'. If F is the total area of the tetrahedron ABCD, then 

ak + 
,2 ,F,7 F :;;, 

a 
{PB P'A P'D}. --4- + a + 4"" PC, 

Proof. According to XX.7.7 we have 

,Ia;--, 2 
F + F :;;, a d + a 4 {P'A P'D}, 

A D 

F + F :;;, ,F,2 {PB = PC}, a +--
B C 4 

and by adding these inequalities we obtain 2.17. 
R. Sturm [63]*, [64, p. 113-114]*. 

2.18. Let d = pp' be the distance and ¢ the angle between two skew lines 
p and p'. Let B, C be two points of p and A, D two points of p'. If V 
is the volume and F the total area of the tetrahedron ABCD, then 

12V 3 
-="2----'--,,..---(3V + 2d sin ¢) 

.2", 
d Sln ~) 

{BC = AD, PB = PC, P'A 

Proof. Let BC = a, AD = a'. Using the A-G-inequality for means and 
the Cauchy's inequality, we get successively 
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2 aa' 
~ 4aa' (d + 4) 

CHAPTER XIX 

{a == a'}. 

The equality 6V == aa'd sin ¢ and the inequality 2.17 imply therefore 
2.18. 

2.19. With the notation from 2.18 we have 

{BC AO, PB PC, P'A P'O, p.L p'}. 

Proof. Follows from 2.18, because the right-hand side of 2.18 is a 

decreasing function of sin ~ on R+. 
R. Sturm [64, p. 114-115]*. 

3. Other Inequalities for Tetrahedra 

3.1. If ho is the altitude from the vertex 0 of T and if a ~ b ~ c; 

a ~ b', c'; b ~ c', a'; c ~ a', b', then 

A. Rosenblatt [49]. 

3.2. Let R be the circumradius and PA, PB, Pc' Po the radii of the 

escribed spheres of T and let P ~ P ~ P ~ P • Then ABC 0 

The first equality holds iff T is 
equality holds iff T is a regular 
whose lateral faces form with the 

a regular tetrahedron. The second 
triangular pyramid with the vertex A, 
base an angle ¢ ~ 70°50'29" such 

that x == cos ~ is the unique positive solution of (9n 
(3n - 6) x + n == 0, where n == 1213 - 3. 

H. J. Baron [4]; o. O. ~kljarskij, N. N. Cencov, 
[54, p. 29-30, 153-154]. 

3 2 
+ 6)x + 3nx + 

and I. M. Jaglom 

3.3. With the notation from and 3.2 let FA ~ FB ~ FC ~ F F + F ~ 0' A 0 
FB + FC· If r is the inradius of T and if PAB ' PAC' PAD are the radii of 

the spheres inscribed in the outer regions of T alongside the edges AB, 
AC, AD, then 

r < PB < 3r, 

r < PAS' 3r < PAD 
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with equalities iff FA = FB = FC = FD· (PAB , PAC' PAD exist if FA + FB < 
FC + FD , FA + FC < FB + FD, FA + FD < FB + FC' respectively.) 

Proof. According to 4F ~ F we qet 
A 

PA F 
~ 

F 
2. 

r F - 2FA 1 
F F -"2 

From 3F ~ F + F + F < F we obtain 
B B C D 

F < __ F-=-_ 

F - 2FB F _ % F 
3. 

The fourth inequality 1.14 implies 

6F ~ 2(F + F + F ) > F + F + F + F F 
CAB CAB CD 

and 

Pc F > F 3 
r F - 2Fc 1 2 

F 
3 

F 

According to 4F ~ F we 
D 

obtain 

2. 

The inequalities 4FB < 2 (FA + FB + FC) = 2(F - FD) and 2FD < F imply 

4(FB + F ) < 2(F + F ) < 3F 
D D 

and 4(F + F ) > F. 
A C 

Therefore 

r 
F > _....;F=-:-_ 

F - 2 (FA + FC) 1 F-"2 F 
2. 

Since 3(FB + FC) ~ 2(FB + FC + FD) < 2F, we get 3(FA + FD) > F and 

therefore 

3. r 
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The remaining inequalities r < PA, r < PB, r < PAB are trivial conse­
quences of 

PA F PB F PAB F 
r F - 2F 

A 
r F - 2F r F - 2(FA + FB) . 

B 

D. O. Skljarskij, N. N. cencov, and I. ~1. Jaglom [54, p. 32, 
152-157]. 

3.4. If RA, RB, RC' RD are the circumradii and r A, r B, r c , r D the inradii 

of triangles BCD, CDA, DAB, ABC, then with the notation from 1 we have 

27 (RArA + R r + R r + R r ) ~ P + Q 
B B C C D D 

Proof. Follows by application of GI 5.12 to the triangles BCD, CDA, 
DAB, ABC and by addition of the four inequalities obtained. 

F. Harant [23]. 

3.5. Let P be any point inside the tetrahedron A1A2A3A4' let Ri = AiP 

for i = 1, 2, 3, 4 and let r 1 , r 2 , r 3 , r 4 be the distances from the point 

P to the planes A2A3A4' A3A4Al' A4 A1 A2 , A1A2A3 , respectively. Then 

4 
Z 

i=l 
R. > 212 

1 

and 2/2 is the best factor. 
N. D. Kazarinoff [31]. 

3.6. Let T = ABCD be a tetrahedron such that for its dihedral angles 
a, 6, y, a', 6', y' at the edges BC, CA, AB, AD, BD, CD we have 

a' + 6 + ': < 2'11, ex + 6' + ': < 2'11, 

ex + 6 + y' < 2'11, ex' + 6' + y' < 2'11. 

Inside the tetrahedron T there is a unique point M such that 

1= AMB = 1= CMD, 1= AMC = 1= BMD, 1= AMD = 1= BMC 

(if T is an isosceles tetrahedron, then M is the circumcentre of T). For 
any point P (p I M) we have 

AP + BP + CP + DP > fu~ + BM + CM + DM. 

If ex' + 6' + y' ~ 2'11, then for any point P (P I D) we have 

AP + BP + CP + DP > AD + BD + CD. 

R. sturm [63], [64], [65]; K. Simon [53]; E. Weiszfeld [74]; 
E. Egervary [13]; P. Erdniev [14] (AB ~ CD, EF ~ AB, EF ~ CD, where E and 
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F are the midpoints of AB and CD); R. Spira [57]. 

3.7. There is a unique sphere of minimal radius which contains a given 
tetrahedron ABCD. Let 0 be the centre and p the radius of this sphere. 
For any point P we have 

max (PA, PB, PC, PD) ~ p. 

E. Egerv~ry [13]. 

3.8. r~et ~1 and M' be two points inside a tetrahedron A = A1A2A3A4' which 

are isogonal with respect to A (i.e. the planes A1A2M and A1A2M' are 

symmetric with respect to the symmetra1 plane of the planes A1A2A3 and 

A1A2A4 , and analogously for the other five edges of A), and let f 1, f 2 , 

f 3 , f4 be the face areas of the pedal tetrahedron of the point M. For 

any point P inside of A 

4 4 
1: f i • A P ~ 1: f ° • AiM' 

i=l i O i=l 1 

{p M'} • 

E. Egerv~ry [13]. 

3.9. Let A = A1A2A3A4 be a given tetrahedron and M a given point. For 

any cyclic permutation (i, j, k, 1) of (1, 2, 3, 4) let ~i be the 
trihedron with edges MAj , MAk , MAl and let 

sin ~i 
I (i~Aj' ~, Mi\) I 
MAj • MAk • MAl 

-+ 
scalar triple product of vectors MAj , 

and let 

L A2 + A2 + A2 + 2A Jo Ak cos a + 2AkA1 cos a + 
i j k 1 jik kil 

-+ 
~, 

where e.g. a jik = ~ AjAiAk. At least three of the four numbers L1, L2 , 

L3 , L4 are positive. If L1, L2 , L3 , L4 > 0, then inside the tetrahedron 

A there is a unique point M such that 

and for any point P (P ~ M) we have 
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If L. ~ 0, 
1. 

4 4 
L: A • P~ > L: Ah . MAh • 

h=l h h=l 

then for any point P (P I A.) 

4 
L: 

h=l 

1. 

4 

Ah • P~ > L: Ah ' AiAh' 
h=l 
hli 

E. Egervary [13]. 

we have 

3.10. For any point P inside a tetrahedron T = ABCD we have 

~ APB + ~ APC + ~ APD + ~ BPC + ~ BPD + ~ CPD> 3n. 

CHAPTER XIX 

Proof. Let E be the point of intersection of the line DP and the 
plane ABC and F the point of intersection of the line CE and the edge 
AB. From 

~ BPF + ~ EPF > ~ BPE, 

~ APC + ~ APF > ~ CPF = ~ CPE + ~ EPF 

we obtain by addition 

* APB + * APC > * BPE + * CPE 

because of the equality ~ APF + ~ BPF = ~ APB. Analogously, we have 

* APB + * BPC > ~ APE + * CPE, 

~ APC + ~ BPC > ~ APE + ~ BPE. 

By addition of the last three inequalities we obtain 

* APB + * APC + * BPC > * APE + * BPE + * CPE 

(n - * APD) + (n - * BPD) + (n - * CPD). 

W. Janous 1980 (private communication). 

3.11. With the notation from 1 let rnA' mB, mc, mD be the lengths of the 
medians of T and let 

S = (a 
2 

- b) + (a _ b') 2 + (a' _ b)2 + (a' _ b,)2 + 

2 2 2 _ c,)2 + (b - c) + (b - c') + (b' - c) + (b' + 

+ (c - a)2 + (c - a') 2 + (c' - a)2 + (c' - a') 2. 
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Then 

1 22221 r.:: 
9(2S + 813F) ~ mA + mB + mc + ~ ~9(6S + 8v3F) 

~. By addition of equalities (6) from 2 we obtain 

and since S = 4Q - 2P, 3.11 follows from 1.15. 
D. M. Milo§evit and B. Hilisavljevit [41]. 

3.12. Let 0 and I be the centres and Rand r the radii of the circum­
scribed and inscribed sphere, respectively, of a tetrahedron, and let 
d = or. Then 

d2 ~ (R + r) (R - 3r) 

J. H. Grace [20]; G. Danielsson [11]. 
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Remark. Inequality 3.12 is the necessary and sufficient condition 
for the existence of a tetrahedron inscribed in a given sphere with 
radius R and circumscribed about a second given sphere with radius r 
contained inside the first sphere, if d is the distance of the centres 
of these two spheres. 

3.13. Let L be the Lemoine point of a tetrahedron T, i.e. let the 

b i d ' t f b '1 t 2 2 2 2 'h arycentr c coor ~na es 0 L e proport~ona 0 FA' FB, FC' FD, w~t 

the notation from 1. Let Q' and QL be the sums of squares of edge lengths 

of any tetrahedron T' inscribed in T and of the pedal tetrahedron T of 
L with respect to T. Then L 

{T' 

E. Egervary [13]. 

3.14. With the notation from 1 and 3.6 we have 

~ < aa + bS + cy + a'a' + b'S' + c'y' TI 
3 a+b+c+a'+b'+c' <2" 

G. P6lya [46]; G. P6lya and G. Szeg5 [47, p. 166, 393]; [79]. 
Remark. L. A. Santa16 [521 proved that in elliptic and hyperbolic 

geometry the analogous inequalities hold, where to the first and third 
term of 3.14 we must add the quantity 2KV/(a + b + c + a' + b' + e') and 
where V is the volume of T and K the space curvature. 

3.15. If CA, CB' CC' CD are the sums of the two least angles of triangles 

BCD, CDA, DAB, ABC in a tetrahedron T, respectively, then 
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C. Pauc [44]; L. M. Blumenthal [7]. 

3.16. If M is the midpoint of the edge AB of a tetrahedron T 
FA' FB, FM are the areas of triangles BCD, ACD, MCD, then 

ABCD and 

Proof. Let A' and B' be the orthogonal projections of the points A 
and B onto the plane 11CD. Then M is the midpoint of the segment A'B'. 
Therefore, if F~, F~ are the areas of triangles B'CD, A'CD, then we have 

= 1. (F' + F'). FM 2 A B 

This inequality implies 3.16 because of the obvious inequalities F~ < FA' 
F~ < FB • 

J. Steiner [59]; R. Sturm [64, p. 136]; A. Gruia [21]. 

3.17. If Fa is the area of any intersection of a tetrahedron T 
a plane parallel to the lines AD and BC, then 

F 
a 

';:;;.!.aa' 
4 

ABCD by 

with~quality iff AD ~ Be and the considered plane bisects the edges AB, 
AC, BD, CD. 

Proof. If the considered plane intersects the edges AS, AC, DC, DB 
in the pOints Q, R, S, T and if 

A = AQ 
QB 

AR 
RC 

DS 
SC 

DT 
TB 

then QRST is a parallelogram with 

x = QR ST 
Aa 

r+1 ' 
a' 

y = QT = RS = r+1 ' 

and therefore a'x + ay = aa'. Now we obtain successively 

1 
FaXY sin ~ RQT ,;:;; xy = aa' • a'x • ay ,;:;; 

1. aa' 
4 

with equality iff QR ~ QT and a'x ay, i.e. iff AD ~ BC and A 1. 
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F. G.-M. [77, p. 917-918]. 
Remark 1. With analogous notation we also have the inequalities 

F 
c 

.;;; .!.. cc' 
4 

and therefore 

3.17 ' F 
a 

+ F + F .;;; .!..(aa' + bb' + cc') 
b c 4 
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with equality iff T is an orthocentric tetrahedron and each of the three 
considered planes bisects the four corresponding edges of T. 

I. Dimovski [12]. 
Remark 2. From 3.17' and 2.14 we obtain 

3.17" F 
a 

+ F + F 
b c 

with equality iff T is a regular tetrahedron and each of the three 
considered planes bisects the four corresponding edges of T. 

4. Inequalities for Special Tetrahedra 

4.1. Let T = ABCD be an orthocentric tetrahedron with the orthocentre H. 
If we have (with notation from 1) 

F~ < F~ + F~ + F~, 

then for any point P inside T the inequality 

holds, but if e.g. 

F~ ~ F~ + F~ + F~, 

then 

+ FC • AC + FD • AD. 

E. Egervary [13]. 

PD ~ F • HA + 
A 

{p 
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4.2. If we have CD ~ AC, BC and AC ~ AB in a tetrahedron ABCD and if 
~ = 1 ACB, ~ 1 CAD, X = 1 CBD, then 

Proof. Let E be the point of intersection of the edge AB and the 
bisector of the angle 1 ACB. We have (with the notation from 1) 

tan ~ 
2 

AE 
=-

b 
BE 
a 

c 
a+b 

Ia~ 
a + b 

,2 c 
-2 
b' 

22' 
a + c' 

and 4.2 is equivalent successively to the inequalities 

Equality holds iff ab ,2. <ff C , ~.e. -'-

c' b 'IT 
tan ~ = -;- = '2" = tan ('2 - X), 

2 2 
(ab - c' ) ;;;. O. 

i.e. 1jJ + X 
'IT 

2 , 
v. S. Pokrovskij and R. P. U~akov [45]. 

4.3. If AD ~ BD ~ CD ~ AD in a tetrahedron ABCD, then (with the notation 
from 1) 

222 2 
(a + b + c) ..;; 6(a' + b' + c' ) {a 

Proof. We have 

22222 2 
a + b + c = 2 (a' + b' + c' ) 

and 4.3 follows by the A-Q-inequality for means. 
[78]. 

b c, a' b' 

4.4. With the conditions from 4.3 and the notation from 2 we have 

R ;;;. 2(/3 + l)r 
2 {a = b = c, a' = b' = c'}. 

~. From the equalities 

2FA = b' c', 2F B = c'a', a 'b' , 

c'}. < 
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6v a'b'c' 

we obtain 

a'b'c' 
; 2 2 2 2 2 2 

a'b' + b'c' + c'a' + la' b' + b' c' + c' a ' 

R is the~ir~mr~ius of the rectangular parallelepiped spanned by 
vectors DA, DB, DC and so we have 

Therefore, the inequalities 

iMply 

' 2 2 2 31 2 2 2 
a + b' + c' ~ 3va' b' c' , 

2R 
r 

/a,2 + b,2 + ,2 
~ ____ ~~~~~c __ (a'b' + b'c' + c'a' + 

a'b'c' 

~ 3~(3'! ,2b ,2 ,2 3~b--;2,2) 
a'b'c' va c + a c 

Ju. I. Gerasimov [16]; R. P. U~akov [69]. 

3(/3+1). 
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4.5. with the conditions of 4.3 let 1 be any line through the point D. 
If s is the sum of the distances from the points A, B, C to the line 1, 
then 

with equality iff 

sin a. sin 13 b'/2 
d 

sin y = c'/2 
d 

where a., 13, yare the angles between 1 and the lines AD, BD, CD, respect­
ively and 



570 CHAPTER XIX 

d 

Proof. The equalities 

2 2 . 2 
sin a + sin 8 + S1n y ~ 2, 

s = a ' sin a + b ' sin 8 + c ' sin y 

imply by Cauchy's inequality 

Equality holds iff 

sin a sin 8 sin y 
-a-' - = -b-' - = -c-'-

i.e. iff 

2 2 2 
sin a sin 8 sin y 2 
--,-2-~~ = --,-2- ,2 b,2 c,2 

. 
a c a + + 

E. G. Gotman [ 19]; [80]. 

4.6. Let DA ~ DB, DC and let a" be the distance of the point A from 
the line BC. If cP is the angle between the planes ABC and BCD, then 

2 
~~413 

I 'F3 81 
a D 

{cos cP 

Proof. From equalities 

(1 ) v = ~ aa ll2 tan cP, 
6 

and the inequality 

. 2 213 
S1n cP cos ~ ~ -9-

proved in the proof of XX.3.9 

v2 2a' I 2 
"3 =--- sin cp cos 
FD 

9a 

J. Steiner [59] (a ' ':a 

13} 
3 • 

F = ~ aa " sec ~ D 2 'I' 

we obtain 

q, " 4/3 a' I 
{cos 

'" 81 a 

const.). 

cp ~ /3}. 
3 
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4.7. With the same conditions as in 4.6, \~e have 

2 
aV ,:;: 1 

F ) 3 36 
a" (FA + D 

{cos <P 

Proof. We have the equalities (1) and the equality 

..1:.. aa" 2 • 

Therefore 

2 2a' , . 2 
V • Sln <p cos <p 

+ F ) 3 
----ga-

(1 dJ)3 (FA + cos 
D 

a" 2 cos ch . (1 - cos ¢) ,,:;; 
9a 

(1 ¢)2 + cos 

a" 1 2 
,,:;; ------"'"2['2(2 cos ¢ + 1 - cos ¢)] 

9a (1 + cos ¢) 

with equality iff 2 cos ¢ = 

J. Steiner [59]*. 
- cos ¢, i.e. cos ¢ 1/3. 
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a" 
36a 

4.8. In a tetrahedron T = ABCD with BC = CA = AB = a, AD = a', BD = b', 
CD c' and a' < b~' + c', b' < c' + a', c' < a' + b' let F ~ be the area 
of a triangle with sides a', b', c'. Then 

2!3v ,,:;; aF' 
D 

with equality iff the circumcentre of T lies in the plane ABC. 
Proof. Follows from 2.4 because of 

F 
a/3 

3 

A. Oppenheim [43]; M. Lascu [39]. 

4.9. In an isodynamic tetrahedron T = ABCD with aa' 
have 

222 2 2 2 
abc (a + b + C - 4FD/3) 2 

222 222 2 2 2 < k < 
(a - b) + (b - c) + (c - a ) 

222 2 2 2 
abc (a + b + C 

< 
+ 4F /3) 

D 

bb' cc' k we 
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o. Bottema and G. R. Veldkamp [9]. 

4.10. In an isosceles tetrahedron T = ABCD with BC 
AB = CD = c we have 

Proof. Follows from 2.8. 

AD a, CA 

O. Stolz and E. Fauquemberque [61]; Ju. I. Gerasimov [17]. 

BD 

4.11. With the conditions from 4.10 let r be the inradius of the tetra­
hedron T and Rn the circumradius of any of its faces. Then 

Proof. Follows from 4.10 according to the equalities 

4R F 
D D 

Ju. I. Gerasimov [17]. 

abc. 

4.12. With the notation from 4.10 and 4.11 we have 

Proof. Follows from 4.10, since GI 5.27 implies abc ~ 3~13 with 
equality iff a = b = c. 

K. Kolarov [36]. 

4.13. Hith the conditions of 4.10 let a, a, y be the dihedral angles at 
the edges with lengths a, b, c. Then 

1 
a + a + y ~ 3 arc cos 3 

F. Karteszi [30]. 

4.14. Let P be a point inside a regular tetrahedron A1A2A3A4 and Q a 

point inside the tetrahedron P = A1A2A3P. If Fp' FQ are the total areas 

and Vp ' VQ the volumes of the tetrahedra P and Q = A1A2A3Q, then 

M. s. Klamkin [35]. 

b, 
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Chapter xx 

OTHER INEQUALITIES IN En (n ~ 2) 

1. Inequalities for Convex Polyhedra 

Let P be a convex polyhedron with v vertices, e edges and f faces. Let 
V be the volume and F the total area of P, further I and r the centre 
and radius of the biggest sphere cr contained in P and 0 and R the centre 
and radius of the smallest sphere"L containing P. If a 1, a 2 , ••• , a e are 

the edge lengths and a 1 , a2 , ••• , ae the angles between the exterior 

normals of faces which contain these edges, then 

E 
e 
L 

i=l 
M 

e 
L 

i=l 
a,a, 

1 1 

are the total edge length and the 'edge curvature' of P. For every 
k E {2, 3, ••• } let vk ' respectively f k , be the number of vertices 

respectively faces which are incident with exactly k edges. Obviously 

00 00 

(1) v L vk ' (2) f L f k , 
k=3 k=3 

00 00 

L kvk = 2e, (4) L kfk 2e, 
k=3 k=3 

(3) 

and moreover we have Euler's formula 

(5) v - e + f = 2. 

Equality v = v3 respectively f = f3 characterizes the polyhedra with 

only trihedral vertices respectively triangular faces. 
Let 

2e 2e 
p = f ' q =v-

be the average valency of the faces respectively vertices and let 

1fk 
Wk = 6(k - 2) • 

Let 
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e a, 
G L a, ~~ 

i=l 
1 2 

(obviously G > M) and let U be the volume of a polyhedron circumscribed 
ahout a unit sphere with the faces parallel to the corresponding faces 
of P. 

Let {P = PRJ mean that the equality sign appears iff P is a regular 

polyhedron. Especially, TR, HR, OR' VR and lR are the signs for regular 

tetrahedron, hexahedron, octahedron, dodecahedron and icosahedron. 
Further, let {v = v 3 } mean that the equality sign appears iff v = v 3 ' etc. 

1.1. 

1. 2. 

3v ~ 2e 

Proof. Follows from (1) and (3). 
L. Euler [23]; E. Steinitz [106, p. 16]; L. Fejes T6th [33, p. 15]. 
~. Inequality 1.1 can be written in the form q ~ 3, 

3f ~ 2e 

Proof. Follows from (2) and (4). 
L. Euler [23]; E. Steinitz [106, p. 16]; L. Fejes T6th [33, p. 15]. 
Remark 1. Inequality 1.2 can be written in the form p ~ 3. 
Remark 2. Inequalities 1.1, 1.2 and equality (5) are the necessary 

and sufficient conditions for the existence of a polyhedron with v 
vertices, e edges and f faces. 

1.3. 

E. Steinitz [105]. 

e ~ 3f - 6 

Proof. Follows from 1.1 according to (5). 
L. Euler [23]; E. Steinitz [106,-p. 17]; L. Fejes T6th [33, p. 15]. 
Remark. Inequalities 1.2 and 1.3 are the necessary and sufficient 

conditions for the existence of a polyhedron with e edges and f faces. 
E. Steinitz [105]. 

1.4. e ~ 3v - 6 

Proof. Follows from 1.2 according to (5). 
L. Euler [23]; E. Steinitz [106,-p. 17]; L. Fejes T6th [33, p. 15]. 
Remark. Inequalities 1.1 and 1.4 are the necessary and sufficient 

condi~for the existence of a polyhedron with v vertices and e 
edges. 

1.5. 

E. Steinitz [105]. 

v ~ 2f - 4 

Proof. Follows from 1.1 according to (5). 
L. Euler [23]; E. Steinitz [106, p 17]. 
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1. 6. f .;; 2v - 4 

Proof. Follows from 1.2 according to (5). 
L. Euler [23]; E. steinitz [106, p. 17]. 

CHAPTER XX 

Remark. Inequalities 1.5 and 1.6 are the necessary and sufficient 
conditions for the existence of a polyhedron with v vertices and f faces. 

E. Steinitz [105]. 

1. 7. 

Proof. Adding equalities (1) and (2) multiplied by 4 and equalities 
(3) and (4) we obtain 

(X) 

4v + 4f - 4e v3 + f3 - L (k - 4) (vk + f k ) 
k=5 

and it suffices to apply equality (5). 
A. M. Legendre [72]; E. Catalan [10]; E. Steinitz [106, p. 18]; 

L. Fejes T6th [33, p. 15]. 

1.8. 

Proof. Adding equalities (1) and (2) multiplied by 6, equality (3) 
and equality (4) multiplied by 2 we obtain 

(X) (X) 

6v + 6f - 6e 

and (5) implies 1.8. 
E. Catalan [10]; E. Steinitz [106, p. 18]. 

1.9. 

Proof. Adding equalities (1) and (2) multiplied by 6, equality (3) 
multiplied by 2 and equality (4) according to (5) we obtain 1.9. 

E. Catalan [10]; E. Steinitz [106, p. 18]. 

1.10. 

Proof. Adding equalities (1) and (2) multiplied by 10, equality (3) 
multiplied by 2 and equality (4) multiplied by 3 we get 

10 v + 10f - 10e 

(X) 

4v3 + 2v4 + f3 - L (2k - 10)vk -
k=6 

(X) 

L (3k - 10) fk 
k=4 
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and (5) implies 1.10. 
E. Catalan [10] ; E. Steinitz [106, p. 18] • 

1.11. 4f3 + 2f4 + v3 ;;. 20 {v = v 3 ' f = f3 

Proof. Dually to the proof of 1.10. 
E. Catalan [10]; E. Steinitz [106, p. 18]. 

1.12. 

1.13. 

1.14. 

6(f - 2) < 6 
p ~ f 

Proof. Follows from 1.3. 
L. Fejes T6th [33, p. 15]. 

q ~ 6(v - 2) < 6 
v 

Proof. Follows from 1.4. 
L. Fejes T6th [33, p. 15]. 

R, 7T 7T r 1" tan p tan q {P = P 1. R-

Proof. Follows from 1.24 and 1.25. 

+ f4 + f 5 }· 

L. Fejes T6th [31], [33, p. 130], [38, p. 247]; A. Florian [42], 
[43]. 

1.15. ~;;. 13 tan (ll 
r v 

579 

Proof. Follows by applying 1.14 to the polyhedron P realized as a 
polyhedron with only triangular faces (this can always be done by adding 
of diagonals of non-triangular faces as new edges), for which we have 

6(v - 2) 
p = 3, q = v because of 1.2 and 1.13. 

L. Fejes T6th [24], [33, p. 117, 131], [38, p. 247]; A. Florian 
[43] • 

Remark. There is a more general inequality 

LiS' 

where VE and Ve are the volumes of two ellipsoids, the first of which 

contains P and the second contained in P. Equality appears only for the 
circumscribed and inscribed ellipsoid of an affine-regular tetrahedron 
(any tetrahedron is such a one), octahedron or icosahedron. In the case 
of equality both ellipsoids are concentric with the centres at the 
centroid of P. 

L. Fejes T6th [26], [29], [33, p. 131]. 

1.16. 
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Proof. Follows by applying 1.14 to the polyhedron P realized as a 
polyhedron with only trihedral vertices (a procedure dual to that one 

6(f - 2) because in the proof of 1.15), for which we have q = 3, p = f of 
1. 1 and 1. 12 • 

L. Fejes T6th [24], [33, p. 117, 131], [38, p. 247], [39]; 
A. Florian [43]. 

1.16' 

Remark. There is a more general inequality 

VE 3 
-v ;;. 3v'3 tan w 

f 
e 

where VE and Ve are the volumes of two ellipsoids, the first of which 

contains P and the second contained in P. Equality appears only for the 
circumscribed and inscribed ellipsoid of an affine-regular tetrahedron, 
hexahedron or dodecahedron. In the case of equality both ellipsoids are 
concentric with the centres at the centroid of P. 

L. Fejes T6th [26], [29], [33, p. 131]. 

1.17. ~;;. tan 2 (e + 2) 'If {P = TR }. 
r 4e 

Proof. Equality 

1 1 1 
+-=- +-

p q e 2 ' 

which is equivalent to (5) , implies 

(6) 
'If 'If 2 1 'If 'If 

tan - tan - ;;. tan -(- + -) 
p q 2 P q 

2 'If 1 1 2 (e + 2)'If 
tan 2(; + 2) = tan 4e 

and 1.17 is a consequence of 1.14. Let us prove the inequality in (6). 
If we put 

u 
'If 

tan 2p , v tan ~ 
2q 

then u, v E (0, 1) because of p ;;. 3, q ;;. 3, and inequality in (6) can be 
written in the form 

~.~;;.(~)2 
2 2 l-uv' 

l-u l-v 

which is equivalent to 

Le. 

11 'If 2 2 'If 'If 
(tan 2p - tan 2q) [tan (2p + 2q) - 1] ;;. O. 
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But 

tan (~p + ~q) tan ~(~ + ~) > 1 
2 e 2 

because of 

~ < ~(~ + ~) ~ ~3 
4 2 e 2 

Equality in 1.17 holds iff p = q and this equality characterizes the 
regular tetrahedra among all polyhedra. 

A. Florian [42], [43]. 
Remark. L. Fejes T6th [33, p. 119] has the weaker inequality 

!;;. 13 tan (U • 
r e 

1.18. E ;;. 24r {P 

A. S. Besicovitch and H. G. Eggleston [6], L. Fejes T6th [33, 
p. 143] (p polyhedron with equal face areas). 

581 

Remark. L. Fejes T6th [27], [33, p. 143-144] has the weaker result 

E > 20r 

and J. M. Hammersley [59] has the weaker inequality 

E > ~O r~rr + tan ; , 

where mE {3, 4, ... } is such that 

00 

L fk = O. 
k=m+l 

1.19. If f = f 3 , then 

E ;;. 1216r {P 

J. Linhart [78]. 
Remark. L. Fejes T6th [27], [33, p. 144-145] has the weaker result 

E > 28r. 

1.20. {P 

Proof •• ve can suppose that r = 1. Let A1 , A2 , ••. , Af be the faces 

of P and Ai' A;, ••• , A~ their central projections onto the sphere a 

from its centre I. If Fi is the area and e i the number of sides of a 
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polygon Ai and ~i the area of spherical polygon Ai' then by 3.1 for 

any i E {1, 2, •.• , f} we have 

with equality iff A, is a regular polygon with the centre on O. The 
~ 

function 

,2~ 2 ~ 2 2~ - u 
F' (u, v) = v s~n ;;-(tan v cotan ~ - 1) 

is convex for u ~ 0, v ~ 3 and according to the equalities 

(7) 

(8) 

(9) 

f 
1: e, 

f i=1 ~ 

f 

f 1: (2~ 

i=1 

2~(f - 2) 
4e 

= 2e = p, 
f 

- ¢i) 
2~(f -

~(e - v) 
2e 

f 
2) 

it follows 

F 

f 
~ ~ ! . 2e , 2~f[ 2 ~f 2 2~(f - 2) _ 1] 
~ Fi - 2 f s~n ~ tan 2e cotan 4e 

i=1 

e sin 2rr(tan2 ~ tan2 ~ - 1) 
p p q 

L. Fejes T6th [31], [33, p. 154], [38, p. 261]. 

1.21. If the feet of perpendiculars drawn from 0 to the face planes and 
edge lines of P lie on the corresponding faces and lines, then 

F ~ e sin 2rr(1 _ cotan2 ~ cotan2 ~)R2 
p P q 

Proof. Let R = 1. With the same notations as in the proof of 1.20 
(we project from 0 onto 1:) for any i E {1, 2, ••• , f} we have by 3.4 

ei , ~~ 2 rr 2 2~ - ¢i) 
F ~ - s~n 1 - cotan - tan -':::2-"""::; i 2 e, e, e, 

~ ~ ~ 

with equality iff A, is a regular polygon inscribed in 1:. The function 
~ 

G' (u, v) = v sin 2rr (1 _ cotan2 ~ tan2 2~ - u) 
v v 2v 
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is concave for u~ 0, v~ 3 and by (7)-(9) it follows 

f 
~! • 2e • 27Tf[1 2 7Tf tan 2 27f(f - 2) ] F L F, sin - cotan 

i=l ~ 2 f 2e 2e 4e 

= e sin 271(1 - cotan2 ~ cotan2~) 
p p q 

with {P = P R}. 

L. Fejes T6th [31]. 
Remark. J. Linhart [80] has shown the superfluity of the condition 

that the feet of perpendiculars drawn from 0 to the face planes lie on 
the corresponding faces. 

L. Fejes T6th [33, p. 154-155], [38, p. 261-263], [39]. 

1. 22. 
2 

• r 

L. Fejes T6th [28]. 

1.23. 
313 1 2 2 

F ~ --(v - 2) (1 - - cotan lll) • R 
2 3 v 

Proof. Follows by applying 1.21 to polyhedra P with f = f3 for 
which we have by 1.4, 1.2 and 1.13 

(10) 

1.24. 

e = 3(v - 2), p 

J. Linhart [80]. 

3, q 
6(v - 2) 

v 

Proof. Follows from 1.20 because of 3V ~ Fr. 

{P 

L. Fejes T6th [31], [33, p. 123-126], [38, p. 246-248]; 
A. Florian [42]. 

Remark. Inequality 1.24 is valid also if we replace V by the volume 

of the intersection of P and the sphere with radius r tan ~ tan ~ 
p q 

concentric to the sphere o. 

1.25. If the conditions of 1.21 are satisfied, then 

V ~ 2e cos2 ~ cotan ~(1 _ cotan2 ~ cotan2~) • R3 
3 p q p q 

Proof. Follows from 3.6 analogously as 1.21 follows from 3.4. 
L':'"Fejes T6th [31], [33, p. 128-130], [36], [38, p. 246, 248-260]; 

A. Florian [42], [43], [45]. 
Remark. Inequality 1.25 is valid also without the additional 

condi~from 1.21. 
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1.26. 
2 3 

(f - 2) sin 2Wf (3 tan Wf - l)r ~ V ~ 

Proof. Follows by applying of inequalities 1.24 and 1.25 to 
polyhedra P with v = v3 for which we have by 1.3, 1.12 and 1.1 

(11) e = 3 (f - 2), 6(f - 2) 
p = f q = 3. 

L. Fejes T6th [33, p. 123], [38, p. 246-247]; A. Florian [42]. 
Remark. The sequence 

f[(f - 2) sin 2Wf (3 tan2 W _ 1) _ 4TI] 
f 3 

(f 1, 2, ••• ) 

monotonically converges to the limit 20I3TI2/27. Therefore, we have 

1.26' 

1.27. 

> (4TI + 20l3i) 3 
V 3 27f r. 

L. Fejes T6th [33, p. 123-124]. 

13 tan2 3............ 2(v - 2)(3 Wv - l)r "> V"> 

~ !(v - 2) cotan W (3 - cotan2 W )R3 
6 v v 

Proof. Follows by applying 1.24 and 1.25 to polyhedra P with f = f 3 , 
for w~we have the equalities (10). 

L. Fejes T6th [25], [29], [33, p. 123, 126-127], [38, p. 246-247]; 
A. Florian [42]. 

Remark. The sequence 

13 2 
v[2(v - 2) (3 tan Wv _ 1) _ 4TI] 

3 
(v 1, 2, ••• ) 

monotonically converges to the limit 4/3TI2/9. Therefore, we have 

1.27' V> (4TI + 413TI2)r3 
3 9v • 

L. Fejes T6th [33, p. 123-124]. 

1.28. If f 1 , f 2 , v 1 ' v2 are integers defined by 

fl + f2 = f, v 1 - v2 = 1, f 1v 1 + f 2v 2 k 
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and if 

U(u, v) v cos2 rr tan 2rr - u(l _ cotan2 rr tan2 2rr - u ="3 v 2v v ~), 

then 

where the maximum is taken over the real values u1 and u2 defined by 
u 1 ~ 0, u2 ~ 0, f 1u 1 + f 2U2 ~ 4rr. 

L. Fejes T6th [36], [38, p. 259]. 

585 

1.29. Let I' be the centre of a sphere with radius r' contained in P. If 
V'is the volume of the intersection of P and the sphere with centre I' 
and radius 13 tan Wf • r', then 

2 3 
V' ~ (f - 2) sin 2Wf (3 tan wf - l)r • 

L. Fejes T6th [33, p. 140] • 

1.30. 
./ V • 21T 3 

V '" "3 s~n v . R (v E {5, 6, 7}) 

with equality iff P is a regular bipyramid inscribed in a sphere with 
radius R. 

J. D. Berman and K. Hanes [4]. 

1.31. (v = 8) 

with equality 5.ff P has the vertices in a coordinate system: 

A1 (R sin 3<p, 0, R cos 3<1» , A = 
2 

(R sin cf>, 0, R cos <p), 

A3 (-R sin <1>, 0, R cos <1», A4 (-R sin 3<p, 0, R cos 3<1», 

where 

A5 (0, -R sin 3</l, -R cos 3<1», 

A7 (0, R sin <1>, -R cos <1», 

cos ¢ = ~ A50 + 10/14s. 
20 

A = 
6 

(0, 

A8 (0, R 

In the case of equality the 18 edges of Pare 

-R sin <1>, -R cos <p), 

sin 3<1>, -R cos 3<p), 
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1.32. 

1.33. 

R ~--
= 10 1250 - 101f45, 

~---- 2R r:-;:: = Rv2 + cos </J cos 3</J = S- vl0. 

J. D. Berman and K. Hanes [4]. 

2 
6'IT < inf ~ ~ 2/3 + ~6 'IT. 

o. Aberth [1]; M. K~mhoff [71]. 

F2
3 ~ ge sin 2'IT (tan2 .! tan2 .! - 1) 

V p P q 

CHAPTER XX 

2R sin </J 

Proof. If P is a polyhedron circumscribed about a sphere, then 1.33 
follows from 1.24 because of the equality 3V = Fr, and then for any 
polyhedron P inequality 1.33 follows according to 1.44. 

L. Fejes T6th [31]. 

1.34. 
~ 2 
~ ~ 54(f - 2) tan Wf (4 sin wf - 1) 
V 

Proof. If P is a polyhedron circumscribed about a sphere, then 1.34 
follows from 1.26 because of 3V = Fr, and then for any polyhedron P 
inequality 1.34 follows according to 1.44. 

M. Goldberg [50]; L. Fejes T6th [25], [28], [31], [33, p. 135-137], 
[38, p. 264-265]; D. o. Skljarskij, N. N. cencov, and I. M. Jaglom [102, 
p. 262] (p parallelepiped. 

1.35. (f 5) 

with equality iff P is a regular triangular prism circumscribed about a 
sphere. 

J. Sucksdorff [111]. 

1.36. (f 

M. Komhoff [70]. 
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1. 37. (f = f3 = 6) 

with equality iff P is a regular triangular bipyramid whose base edges 
and lateral edges have the lengths 

1. 38. 

1. 39. 

~(m - 5), 
6 

A. Procissi [94]. 

A. Procissi [94]; G. Sansone [97]. 

• arccos (cos ~ cosec ~) 
q p 

8) {p 

• r 

Proof. Follows from 3.3 analogously as 1. 20 follo~lS from 3.1. 
A. Florian [43]; L. Fejes T6th [38, p. 261-263]; A. Florian and 

J. Linhart [46]; J. Linhart [79]. 

1.40. 

1 
• arccos (2 cosec wf ) • r 

Proof. Follows by applying 1.39 to polyhedra with v 
we have the equalities (11). 

A. Florian [44]. 

1.41. If the conditions of 1.21 are satisfied, then 

M < 2e sin ~ ~ - cotan2 ~ cotan2 ~ • 
p p q 

• arccos (cos ~ cosec~) • R 
q P 

v 3 , for which 

Proof. With the same conditions and notations as in the proof of 
1.21 for ;iny i E {1, 2, ••• , f} we have by 3.7 

M. < e. 
~ ~ 

r- 2 2 2n - <Pi 
sin ~ /1 - cotan ~ cotan 

e i e i 2e i 



588 CHAPTER XX 

( 
2n - ¢i n ) 

arccos sin 2 cosec --e i e i 

with equality iff Ai is a regular polygon inscribed in ~, where Mi is the 

base curvature (its definition is qiven in 3) of the pyramid with base 
A. and the vertex o. The function 
~ 

r.i' (u, v) 
n I 2n t 22n-u 

v sin - 11 - cotan - an ---
v v 2v 

. 2n - u n 
o arccos(s~n ~ cosec ~) 

is concave for u ~ 0, v ~ 3, and by (7)-(9) it follows 

M 
f 2e 
~ M E;;fo--f 

i=l i 

. nf r-----1 2 !f tan2 2n(f - 2) 
s~n 2e 11 - cotan 2e 4e 

o arccos (sin 2n (~ cosec nf) 
4e 2e 

2e sin ~ ;i - cotan2 n cotan2 ~ 0 

p p q 

o arccos (cos ~ cosec ~) 
q p 

{P 

A. Florian [43]; L. Fejes T6th [38, p. 261-263]. 
Remark. J. Linhart [77] has shown that the additional conditions 

from ~are superfluous. 
L. Fejes T6th [39]. 

1.42. 

with equality iff P is a polyhedron circumscribed about a sphere. 
L. Fejes T6th [38, p. 268-269]. 

1.43. 

with equality iff P is a polyhedron circumscribed about a sphere. 
L. Fejes T6th [38, p. 268-269]. 

1.44. 

with equality iff P is a polyhedron circumscribed about a sphere. 
L. Lindelof [76]; L. Fejes T6th [38, p. 269]. 
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1.45. If the set of edges of P encloses an unit sphere without permitting 
it to slide out, then 

E > ~ 1T + 2/3 
3 

and this is the best possible result. 
A. S. Besicovitch [5]; o. Aberth [1]. 

1.46. If the set of edges of P encloses an unit sphere without permitting 
it to slide out and if all these edges touch the sphere, then 

E > 15 

and this is the best possible result. 

Proof. Let x2 + y2 + z2 = 1 be the equation of the considered 
sphere Q and let 0 < ~ < 1. In the plane z = -a we consider the square 
Q = ABCD whose sides touch Q and moreover the lines AB, CD are parallel 
to the x-axis. Through these lines we construct two planes 0 1 , O2 which 

contain the point (0,0, 1). The line 1 = 0 1 n O2 has the equation 

y = 0, z = 1 and touches the sphere Q. The intersections 0 1 n Q, 

O2 n Q are two circles c 1 ' c2 • The second tangents from A and D to these 

circles c 1 and c 2 intersect the line 1 in the same point F and the second 

tangents from Band C onto c 1 and c2 intersect line 1 in the same point 

G. The obtained polyhedron is a truncated prism with the bases ADF and 
BCG and this prism is symmetric with respect to the xz-plane and with 
respect to the yz-plane. The edges of this prism touch the sphere Q and 
enclose it, because none of the planes ABCD, ABGF, BCG, CDFG, DAF con­
tains the centre of Q. NOW, if a approaches to 0, then the prism P = 
ABCDFG converges to a limit position P = ABC D F G , where we have 

o 000000 

A 
0 

DO 

A B 
o 0 

A F 
o 0 

(1, 1, 

(1, -1, 

B C 
o 0 

B G 
o 0 

0) , 

0) , 

C D 
o 0 

C G 
o 0 

B 
0 

F 

and therefore finally E 15. 
G. Valette [116]. 0 

0 

(-1, 

(.!. 
2 

D A 
o 0 

D F 
o 0 

1, 

, 0, 

2, 

3 
2 ' 

0) , C 
0 

1) , G 

F G 
o 0 

0 

(-1, -1, 

(- .!. 
2 

, 

1, 

Remark. G. C. Shephard [101] has the weaker inequality 

E > 31T + 6. 

0) , 

0, ll, 

1.47. If P is the radius of the largest circle which can be contained in 
any face of P, then 
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E ;;;: 12/3p {P 

L. Fejes T6th [33, p. 145]. 

1.48. If Ek is the sum of k-th powers of edge lengths of P, then with p 

from 1.47 we have 

L. Fejes T6th [32], [33, p. 145]. 

1.49. With the notations from 1.48 we have 

E4 ,5;;;: 30(2 tan ~ p)4,5 

L. Fejes T6th [33, p. 145]. 

1.50. If Pl , P2' ..• , Pf are the radii of the largest circles contained 

in the different faces of P, then 

L: P. :( 2 cotan .! ( f )2 f2 

i=l ~ 2e p 
{P 

L. Fejes T6th [33, p. 146]. 

1.51. If v = v3 ' then v = 2f - 4 by 1.5. Let e l , e 2 , ••• , e f be the 

numbers of sides of the different faces of P. If r 1 , r 2 , .•• , r f are the 

distances of an inner point P of P from the corresponding faces and R1 , 
R2 , ••• , R2f- 4 the distances of P from the vertices, then 

with equality iff P is a regular tetrahedron, hexahedron or dodecahedron 
having the centre P. 

L. Fejes T6th [25], [30], [33, p. 121]. 

1.52. If f = f 3 , then f = 2v - 4 by 1.6. Let e l , e 2 , ••• , ev be the 

numbers of edges running into the different vertices. If Rl , R2 , .•• , Rv 

are the distances of an inner point P of P from the corresponding 
vertices and r l , r 2 , ••. , r 2v_4 the distances of P from the faces, then 
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with equality iff P is a regular tetrahedron, octahedron or icosahedron 
having the centre P. 

L. Fejes T6th [25], [30], [33, p. 121-122]. 

1.53. If n is the maximal distance of a boundary point of P from a sphere 
~ with the radius p and if v = k or f k, then 

sin(Wk - ~) 
n :;;,-----'IT­

sin(wk + 6") 

with equality iff k = 4, P = TR or k = 6, P = HR or k = 12, P = OR' IR and 
2p R + r. 

Proof. From 1.15 and 1.16 with R = P + n, r = p - n it follows 

and therefore 

/3 tan W -
2l:;;, k 
P 13 tan wk + 

sin (Wk - i) 
sin(Wk + i) 

L. Fejes T6th [33, p. 119]. 

1.54. If Sl' S2' ••• , Se are the dihedral angles of P, then 

e 
~ Si > (f - 2)'IT. 

i=l 

Proof. Inequality 7.13 can be written in an equivalent form for the 
polyhedral angles. Applying this inequality to the different vertices of 
P, adding the obtained v inequalities and dividing by 2, we obtain 

k 

(12) ~ Si > (e - v)'IT. 
i=l 

From (12) it follows 1.54. 
A. Pinciu [91]. 
Remark. Because of Si = 'IT - a i (i = 1, 2, ••• , e) the inequality 

(12) can be written in the equivalent form 

1.54' 
e 
~ 

i=l 
a. < V'IT. 

1. 
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2. Inequalities for Prisms 

Let P be a convex n-angular prism (n E {3, 4, ••• }) with volume V, 
total area F, base area B, total lateral area L, total edge length E, 
perimeter p of the base, and altitude h. Let a 1 , a2 , ••• , an be the 

lengths of base edges and h1 , h2 , ••• , hn the altitudes and L1 , L2 , ••• , 

Ln the areas of the corresponding lateral faces L1 , L2 , ••• , Ln' In the 

= a = a and let r be the 
n 

case of a regular prism P let a = a 2 = .,. 
R 1 

inradius of the base. Let P = P~ mean that P is a right prism. 

If P is a rectangular parallelepided, then let a, b, c be the 
lengths of three edges from a vertex of P, and let d be the length of 
a diagonal of P. Let P = HR mean that P is a cube. 

2.1. 
E2 
-- ~ 2n(4 - cotan ~) 
F n 

(n 0:;; 12) {P = P , n f {3, 4, 5, 6}, 

h = £ R(2 - cotan~)}. 
n n 

Proof. For given n and given edge lengths of P the maximal total 
area obviously has a regular n-angular prism. For such a prism from 
equalities 

(1 ) E = 2p + nh, F p(R- cotan TI + h) 
2n n 

it follows successively 

F 

2" 
E 

2n 
(3. cotan 2:.) p • (R- cotan TI + h) 
~n~~2~n~ ______ ~n~ ____ ~2~n~ ______ ~n~____ 0:;; 

4 - cotan ~ 
n 

(2p + nh) 
2 

.,; 2n • .!:.[ (3. cotan :!!..) p + 
(4 _ cotan ~) (2p + nh) 2 4 n - 2n n 

n 

+ (R- cotan ~ + h)]2 
2n n 

2n (4 - cotan ~) 
n 

n (2p + h)2 
TI 2 n 

2(4 - cotan n) (2p + nh) 

with equality iff 

2 1 TI P TI 
(n - 2n cotan n)p = 2n cotan n + h, 

i.e. 
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h = £(2 - cotan 2:.) • 
n n 

The conditions 

4 - cotan 2:. > 0 
n ' 

2 - cotan 2:.> 0 
n 
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are satisfied for n E {3, 4, ••• , 12} respectively for n f {3, 4, 5, 6}. 

2.2. 

M. Komhoff [71]. 

2.3. 
E3 2 
V> 108n tan 

7T 

n 

{n 3, h £(6 - !3)}. 
9 

{P = P , h = a}. 
R 

Proof. For given edge lengths the maximal volume has the right 
prism and for given base perimeter p the maximal volume has the prism 
with regular base. Therefore, it suffices to consider the regular prisms. 
For such a prism from equalities 

E n(2a + h) 

it follows successively 

v = n cotan 2:. • a • a • h < ~ cotan 7T 4 n 4 n 

n 7T 
cotan - • 

4 n 
(~)3 
3n 

cotan 7T • E3 
108n2 n 

a}. 

A. Procissi [94]; F. G.-~·1. [125, p. 195-196] (P paralellepiped); 
D. o. Skljarskij, N. N. Cencov, and I. M. Jaglom [102, p. 262] 
(P parallelepiped). 

Remark. The right-hand side of 2.3 is an increasing function of n 
and it follows the inequality 

2.3' 
E3 

972/3 {P PR, a}. -> n 3, h 
V 

A. Procissi [94]. 

2.4. L > hp {P Pol} • 

Proof. We have 

n n 
L L: a,h, > L: a,h hp. 

i=l 
~ ~ 

i=l 
~ 



594 

2.4' 

2.5. 

2.6. 

CHAPTER XX 

J. Steiner [104], R. sturm (109, p. 97]. 
Remark. Inequality 2.4 can be written in the equivalent form 

BL;;;' Vp 

{P = P.l' L 2B}. 

2 
Proof. Follows from 2.4' according to F 

2 2 
L B = ~;;;. 4n tan ~ 

2 Vh n 
V 

{P 

2 
(2B + L) with {L 

Proof. The isoperimetric inequality p2/B;;;' 4n tan(TI/n) and 2.4 
imply 

2.7. 

{P = P }. 
R 

S. A. J. Lhuilier [75], J. Steiner [104]*, R. Sturm [109, p. 98-99]*. 

F3 TI 
2;;;' 54n tan­
V n 

{P = P , L 
R 

Proof. Because of 2.6 we have 

= ~ L 2B ;;;. 54n tan .:r!. {P 
2v2 n 

4B}. 

s. A. J. Lhuilier [75]: J. Steiner [104]*, R. Sturm [109, p. 101-
102]*, [110] (n = 4); E. Steinitz [107]; F. G.-M. [125, p. 197] 
(P rectangular parallelepiped); D. o. Skljarskij, N. N. Cencov, and 
I. M. Jaglom [102, p. 262] (p parallelepiped). 

Remark 1. Because of 

lim n tan ~ = TI 
n n-lOO 

from 2.7 an analogous result follows for a cylinder of revolution: 

2.7' {L 4B}. 

S. A. J. Lhuilier [75]; J. Steiner [104]*; R. Sturm [109, p. 102]*, 
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E. Steinitz [107]; T. J. Fletcher [41]; F. G.-M. [125 , p. 916, 1005]. 
Remark 2. For a regular prism (respectively for a cylinder of 

revolution) we have 

(2) L = ph, 2B = pr, 

and the equality L = 4B is equivalent to h = 2r, which means that the 
prism (respectively the cylinder) is circumscribed to a sphere of radius 
r. 

2.8. If H = B + L, then 

H3 7T 
2~ 27n tan -
V 

n 
{P P , h = r}. 

R 

Proof. According to 2.6 it follows 

H3 = ~[!(~ + ~ + B)]3 ~ ~ 
2 232 2 '2 

V V V 

L L 
2 2· B 

L2B ~ 27 • 4n tan ~ = 27n tan ~ 
v2 4 n n 

{P 

and because of (2) the equality L = 2B is equivalent to h = r. 
J. Steiner [104]*. 

2B}, 

Remark. For n ~ 00 an analogous result follows for a cylinder of 
revol~ 

2.8' d. 

F. G.-M. [125, p. 916]. 

2.9. If Fn = 2B + Ll + L2 + ••• + Ln_1 , then 

54{n - 1) tan 7T 1) 2(n -

with equality iff P is a prism inscribed in a cylinder of revolution with 
an axial section Land F = 6B, Ll = L2 = ..• = L 1. 

n n ~ 

Proof. Let P' be the 2(n - l)-angular prism, which is the join of 
the prism P and of its symmetric image with respect to the centre of the 
face L • If V' is the volume and F' the total area of P' and if B' and 

n 
L' are the base area and the total lateral area of P', then we have by 
2.7 
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(3) 
F,3 IT 
-- ~ 108 (n - 1) tan -----:­
v,2 2(n - 1) 

P L' = 4B'}. 
R' 

Because of the equalities V' = 2V, F' = 2Fn' B' = 2B, L' 
obtain finally 2.9. 

J. Steiner [104]*~ R. Sturm [109, p. 106-107]*. 

2.10. If Gn = B + L1 + L2 + ••• + Ln _1 , then 

27(n - 1) tan IT 1) 
2(n -

2F - 4B we 
n 

with equality iff P is a prism inscribed in a cylinder of revolution with 
an axial section Ln and Gn = 3B, L1 = L2 = ••• = Ln _1• 

Proof. Analogous as the proof of 2.9. 
J. Steiner [104]*~ R. Sturm [109, p. 107]*~ L. E. Bush [9] (n 3). 

2.11. If Kl = 2B + L1 , then 

with equality iff the lateral face L1 is orthogonal to the base and L1 
4B. 

Proof. From V = Bh, L1 = a 1h 1 , h ~ h1 it follows that 

BLl B(K1 - 2B) 
V ~ Bh = -- = ------1 a 1 a 1 

with equality iff the face L1 is orthogonal to the base. Further 

where the second inequality becomes equality iff 4B 
L1 = 4B. 

J. Steiner [104]*. 

2.12. If H1 = B + L1 , then 

K1 - 2B, i.e. 
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with equality iff the lateral face L1 is orthogonal to the base and 
L1 = 2B. 

Proof. Analogous to the proof of 2.11. 
~-/4. [125, p. 197-198] (P a regular quadrangular prism). 
If P is a prism circumscribed about a sphere of volume V' and 

surface area F', then we have the following three inequalities: 

2.13. 

2.14. 

2.15. 

R. 

F 

F' 
~;;;. 3n tan 'IT 
V' 2 'IT n 

~;;;. n tan 2:. {P = 
F' 4'IT n 

~;;;.E.tan 2:. {P = 
F' 'IT n 

{P = P }, 
R 

PR}, 

PR}· 

Sturm [109, p. 110-111] • 
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Remark. For n ~ 00 we obtain for a cylinder of revolution the equal­
ities 2V = 3V', 2F = 3F ' , 4B = F', L = F'. 

With the same conditions as in 2.13-2.15 we have further: 

2.16. 

2.17. 

2.18. ~> 1 F' , 

R. Sturm [110]. 

2.19. If P is a prism inscribed into a cylinder of revolution with the 
radius r and the altitude h and if V'is the volume of the sphere 
circumscribed about P, then 

~ < I3n sin 2'IT 
V' 6'IT n 

{h = 12r}. 

Proof. If we replace the base of P by a regular n-gon inscribed in 
the same-circle, then the volume of P increases. Therefore, it is 
sufficient to consider a regular prism. If R is the radius of the 
circumscribed sphere, then 

(4) 

V 

2 
R 

2 
r +-

4 

and therefore it follows 

V' 



598 CHAPTER XX 

2 
2 2 2 'IT 2 2 h2 n2 . 2 2'IT[1( 2 2 

h
2 r n 

V ="2 sin . r . r "2~2 Sln - - r + r + 2) n n 3 

2 
sin2 2'IT(2R2)3 4n 

2 
2 2 'IT R6 

2 
2 2 'IT v,2 n n 

= 54 F sin . --2 sin . 
n n 127f 

n 

with equality iff r2 = h 212. i.e. h = fir. 
R. Sturm [110]; F. G.-M. [125, p. 207-209]. 
Remark. For n ~ 00 we ohtain an analogous result for a cylinder of 

revolution with the radius r and the altitude h and the circumscribed 
sphere: 

2.19' {h = /2r}. 

R. sturm [110]; T. J. Fletcher [41]; F. G.-M. [125, p. 208, 996-997, 
1006]. 

2.20. If the conditions of 2.19 are satisfied and if F' is the area of 
surface of the circumscribed sphere, then 

~ .;;; E...... sin 21: 
F' 2 'IT n 

{h = 2r}. 

Proof. Analogously as in 2.19 it is sufficient to consider only the 
regular prisms. From the equalities 

and the 

L = 2nrh sin 21: , 
n 

equality (4) it follows 

2 2 2 4r2 'IT 
L n sin . 

n 

4n2 sin 
2 'IT 

R 
4 

n 

. h 2 ~ 2 n 

2 
n 

sin 
4i 

with equality iff 4r2 h 2 , i.e. h = 2r. 

2 
2 

*4r + sin 
n 2 

2 F,2 'IT . 
n 

R. Sturm [110]; F. G.-H. [125, p. 1003] (n = 3). 

h2y 

Remark. For n ~ 00 we obtain an analogous result for a cylinder of 
revolution: 

2.20' 2r}. 

R. Sturm [110]; F. G.-M. [125, p. 1003]. 

2.21. If hn is the altitude, Vn the volume, Ln the total lateral area of 

a regular n-prism and Bn the area of its base, then for n, m E {3, 4, •.• } 
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(n < m) we have 

2 2 
L L 

__ n_ > __ m_ 
V h V h 

n n m m 

2 
TJ B 

mm 
-2-

V 
m 

Proof. According to 2.6 it follows 

4n tan 2!. 
n 
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and the right-hand side of this equality is a decreasing function of n. 
J. Steiner [104J*; R. Sturm [109, p. 99J*. 
Remark. If hoo ' Voo ' Loo' Boo are the corresponding quantities for a 

cylinder of revolution, then for any n E {3, 4, ••• } we have 

L2B 2 
2 2 

L B L 
2.21' 

n n L 00 00 00 

-2- -->-- 4. V h 2 V h V n n V 00 00 

n 00 

2.22. The planes a, S, y, 0 intersect the given infinite n-angular 
prism at the polygons A = A1A2 ••. An' R = B1B2 •.• Bn' C = C1C2 .•• Cn' 

V = D1D2 Dn such that AiBi = CiDi (i = 1,2, ..• , n) and such that 

the plane of symmetry of the planes a and S is orthogonal to the lateral 
edges of the prism. If Fa' FS' Fy ' Fo are the areas of the polygons A, 
B, -C, V, then 

with equality if the plane of symmetry of the planes y and 0 is 
orthogonal to the lateral edges of the prism. 

J. Steiner [103], [104]; R. Sturm [109, p. 135-136]. 

2.23. The planes a, S intersect the given infinite n-prism at the 
polygons A = A1A2 ••• An' B = B1B2 ••• Bn' For any i E {1, 2, n} 

let Ci be the midpoint of the segment AiBi' The points C1 ' C2 ' •.• , Cn 

form a polygon C in a plane y. If Fa' FS' Fy are the areas of A, B, C, 
then 

J. Steiner [103]; R. Sturm [109, p. 136-137]. 
~. Inequality 2.23 generalizes the inequality XiX.3.16. 

2.24. If a, b, c are the edge lengths, d the length of the diagonal of 
a parallelepiped and e, f, g the lengths of the diagonals of its faces, 
where all these segments have one common end point, then 



600 

a + b + c + d > e + f + g. 

H. Hornich [61]; G. R. Veldkamp [117]; AI 2.52.2. 

2.25. If P is a rectangular parallelepiped, then 

"'/"2 1 2 2 6/v- :( F .;;; - E .;;; 2d 
24 

{P = H }. 
R 

Proof. We must prove the inequalities 

6~2b2c2 .;;; 2(bc + ca + ab) :( ~(a + b + c)2 .;;; 
3 

CHAPTER XX 

222 
.;;; 2(a + b + c ) {a = b = c} • 

The first inequality is the A-G-inequality for means and the second and 
2 

third inequality are equivalent-to the inequality bc + ca + ab';;; a + 
2 2. .. 2 2 2 

b + c , l.e. to the lnequallty (b - c) + (c - a) + (a - b) ~ o. 
N. Schaumberqer [98]; F. G.-H. [125, p. 201-202 (inequality 313v';;; 

d3), p. 915 (inequalities F';;; 2d2 , E';;; 4i3d)]. 

2.26. If P is a rectangular parallelepiped, then 

with equality iff the base of P is a square and the altitude of P is equal 
to the diagonal of this square. 

Proof. From the equalities d2 222 
a + b + c , L = 2(a + b)c we 

obtai-n--

d2 2 2 2 :::; (a + b) 2 + 2c2 / 2 2 
a + b + C 7 2 ~ I(a + b) • 2c 

= l2(a + b)c 
1 
72 L. 

with equality iff a = b, a + b = I2c, i.e. a = b, c l2a. 
E. G. Gotman [53]. 

2.27. If F1 , F2 , F3 are the areas of three non-parallel faces of a 

rectangular parallelepiped P, then 

2 2 2 
F 1 + F 2 + F 3 ~ /3 Vd 

2 Proof. Because of Fl 
c we get 

ab, F2 

{P 

ac, F3 bc, V 
2 

abc, d 
2 2 

a + b + 
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{a b c} , 

where the inequality is equivalent to the inequality 

{a b d. 

S. G. Guba [55 J. 

2.28. If P is a rectangular parallelepiped and, if we have the notations 
from 2.24, then 

e + f + g ~ v2(a + b + c) 

Proof. Follows by adding of the inequalities 

Ja2 2 12 
{a = b}, e = + b ~2(a + b) 

1a2 2 12 
{a c} , f + C ~-(a + c) 

2 

= ,,{2 + 2 12 
{b cL g c ~ -(b + c) 2 

G. Ionescu-Tiu [62]. 

2.29. If a, B, yare the anqles of a diagonal of a rectangular 
parallelepiped P with its edges, then 

tan a tan B tan y ~ 212 

Proof. Because of the equality cos2 a + cos2 B + cos2 y 1 we 
obtai-n--

222 
(1 - cos a) (1 - cos B) (1 - cos y) 

cos2a cos2 B cos2 y 

cos 2 B cos2 y + cos2 Y cos2 a + cos2 a cos2 8 - cos2 a cos 2 B cos2 Y 

cos2 a cos2 B cos2 y 

1 
1 ( 1 1 1 ) = --2- + --2- +---- = --2- + --2- +--- • 2 

cos2 y cos a cos B cos y cos a cos B 

2 2 
B + 

2 
y) 1 ~ 9 - {a B y}. ·(cos a + cos cos - 1 8 
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I. Voicu [119]. 

2.30. If ¢ and ware the angles between a diagonal of a rectangular 
parallelepiped and two diagonals of its faces, where all three diagonals 
have one common end point, then 

Proof. From equalities a 
it follows 

. 2 2 
s~n ¢ < 1 - sin W 

Le. 

1T 
<p < '2 - W· 

d sin <p, b 

. 2 (1T ",) 
s~n '2 - 'j' , 

D. o. Skljarskij, N. N. ~encov, and I. M. Jaglom [102, p. 31, 
164-165]. 

2.31. If P is a rectangular parallelepiped and if a b, a + c s, then 

{a = 2c}. 

F. G.-M. [125, p. 196]. 

2.32. If P is a rectangular parallelepiped, F1 
of P and F' = F - F l , then 

ab the area of a face 

F,3 
-2-;' 108 
V 

{a b 

Proof. Follows by applying 
rectangular parallelepiped with 

the total area F t = 2F' and the 

F. G.-M. [125, p. 197] (a 

3. Inequalities for Pyramids 

2c}. 

the inequality 2.7 (with n = 4) to a 
edge lengths a l = a, b 1 = b, c 1 = 2c, 

volume V1 = 2V. 

= b). 

Let P be a convex n-angular pyramid (n ~ 3) with vertex 0, base A = AiA2 

An' altitude h = OC, total area F, lateral area L, volume V, and 

polvhedral angle w at the vertex O. Let p be the perimeter and B the 
area of the base A and IT the plane of the base. For any i E {i, 2, ••• , 
n}, where the indices are taken modulo n from the set {i, 2, ••. , n}, 
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let a i = AiAi+l' Ri = CAi , 0i = ~ COA i , let Bi , a i ,i+l' a i +1 ,i be the 

angles between the plane OAiAi+l and the planes IT, OCAi , OCAi +1 , 

respectively. Further if Bi is the foot of the normal from C onto the 

let a i ,i+l AiBi' a i +1 ,i = Ai +1Bi , r i = CBi . Let 
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line Ai Ai +1 , then 

y, '+1' Y'+l ' be 1.,1 1.,1. 
the angles between the plane OCBi and the planes OCAi , 

OCAi +1 , respectively, and let Bi ,i+l' Bi +1 ,i be the areas of the triangles 

CAiBi , CAi +1Bi , respectively. Let 

(1) 
Mi ,i+l '2 

'IT 
a i ,i+l ('2 - Bi ) , 

'IT Bi ) , Mi +1 ,i 2 ai+l,i ('2-

and let 

n 
t1 L a (~- Bi ) 

i=l 
i 2 

be the 'base curvature' of P. 
We shall say that P is a 'vertical' pyramid if C is an internal 

point of the base A and B1 , B2 , ••• , Bn are internal points of the 

segments A1A2 , A2A3 , ••. , AnAl' respectively. For a vertical pyramid we 

(2) 

(3) 

(4) 

(5) 

(6) 

and 

a i ,i+l + a i +1 ,i' 

n 

L (y, , + 1 + y, 1 ,) 
i=l l,l l+ ,l 

2 'IT , 

n 

L (a, '+l+a'+l ,) 
i=l l,l l ,l 

(n - 2)'IT + W, 

n 

L (B"+l+B'+l') 
i=l l,l l ,l 

B, 

n 

L (M, , 1 + M, 1 ,) = M. 
i=l l,l+ l+ ,l 

Applying spherical trigonometry for any i E {i, 2, ••• , n} we have 

cos ai,i+i 

cos Yi ,i+l 
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(7) cos /), 
~ 

cotan a, , 1 cotan Y, , l' 
~,~+ ~,~+ 

i.e 

From the equalities 

Bi ,i+l 2 a i ,i+l r i' 

(9) a i ,i+l R, sin Yi ,i+l' r, R, cos Yi ,i+l' ~ ~ ~ 

(10) R, = h tan /), 
~ ~ 

it follows according to (8) that 

CHAPTER XX 

(11 ) 
h 2 2 2 
2 sin 2Yi,i+l (tan a i ,i+l tan Yi ,i+l - 1), 

and analogously we have 

(12) 
h2 2 2 

B, 1 ' = -2 sin 2y, 1 ,(tan a, 1 ' tan y, 1 ' - 1). 
~+ ,~ ~+ ,~ ~+ ,~ ~+ ,~ 

From (1), (9), (10), (8) and (6) we obtain 

(13 ) h sin y, , 1 Aan2 a tan2 Y - 1 • 
2 ~,~+ i,i+l i,i+l 

(
COS ai,i+l) 

• arccos , 
s~n Yi ,i+l 

and analogously 

(14) H, 1 ' 
~+ ,~ 

1+ ,1 • arccos , (
COS a, 1 ') 

s~n Yi +1 ,i' 

If r 1 = r 2 = .•. = rn = ~, then the pyramid P is circumscribed about 

a circular cone C with the radius r and the altitude h. If C is a cone 
of revolution, then 61 = 62 = ..• = 6n = 6. For n ~ 00 the pyramid P con­
verges to the cone C. 

If the pyramid P is inscribed in a circular cone, then let Rl = R2 

.,. = R = R. The notation {P = P } respectively {C = CR} means that in 
n R 
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a considered inequality the equality sign occurs iff P is a regular 
pyramid respectively C is a cone of revolution. 

3.1. If Z is a sphere with the centre 0 and the radius s and if /, n IT 
¢, then 

B ~ ~ sin 2TI(tan2 ~ cotan2 2TI - W _ 1)s2 
2 n n 2n {P = PR ' h = s}. 

605 

Proof. We can suppose that P is a vertical pyramid, because in the 
contrary the n-gon A can be replaced by an n-g.n of smaller area but 
with the same polyhedral angle wand the same altitude h. From (4), (11) 
and (12) because of h ~ s it follows the inequality 

2 n 
2 2 

B ~~ Z [sin 2y. . 1 (tan Cli ,i+l tan Yi ,i+l - 1) + 
4 

i=l 
l,l+ 

+ sin 2 Y. 1 . (tan 
2 

l+ ,l Cli +1 ,i tan 
2 

Yi +1 ,i - 1) ] 

2 2 
with equality iff h = s. The function B(u, v) = sin 2u(tan u tan v - 1) 

< < TI >_TI is convex for 0 u, v 2' u + v 2' because of 

2 
B B - B 

uu vv uv 
32 tan 4 u (2 . 2 v) 2 > 0, 6 cos u - Sln 

Therefore, 

B 
vv 

from 

B ~.!. 
4 

~~ 
2 

cos v 

2 sin 2u tan2 u 
. 2 

___ + __ 2~s~l~n __ ~v > o. 
4 

cos v 

(2) and (3) we obtain 

2n . 4TI[t 2 (n - 2)TI + w 
tan 

2 2TI 
1 ] Sln 2n an 2n 

-
2n 

sin 2TI(tan2 ~ 2 2TI - w 
1 ) cotan ~-n n 

~ 

with equality iff h = s and all triangles CAiBi and CAi +1Bi are congruent. 

L. Fejes T6th [31], [33, p. 124-125], [29] (n = 3) 1 A. Florian [42]. 

3.2. If the conditions of 3.1 are satisfied, then 

v ~ ~ sin 2TI(tan2 ~ cotan2 2TI - w _ 1)s3 
6 n n ~ 

{P = P , h 
R 

Proof. Follows from 3.1 because of 3V = Bh and h ~ s. 

3.3. If the conditions of 3.1 are satisfied and if P is a vertical 
pyramid, then 

s}. 
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271 - (,i .2!.) 
• arccos (sin ~ cosec n • s s} • 

Proof. From (5), (13) and (14) and h ~ s it follows <-·'.e inequality 

· arccos (cos Cli ,i+l cosec y, '+1) + 
1.,1. 

+ sin Y Hl, i /tan2 
Cl i +1 ,i tan 

2 
1 Yi+l,i - . 

• arccos(cos Cli +1 ,i cosec Yi +1 ,i)] 

with equality iff h = s. As M(u, v) = sin u ~an2 u tan2 v - 1 • 
71 

o < u, v < '2 ' u + v arccos (cos v cosec u), is a convex function for 
by (2) and (3) it follows 3.3. 

A. Florian [43], [44]; L. Fejes T6th [38, p. 261-263]. 

>.2!. 
2 

3.4. If Z is a sphere with the centre 0 and the radius s which contains 
a vertical pyramid P, then 

(15) 

n 271 2 71 2 271 - w) 2 
B .;;; 2' sin ~(1 - cotan n tan --zn- s {P = PR; A1 , A2 , 

... , A E n. 
n 

Proof. From (4), (11) and (12) according to the inequality 

h .;;; s cos 0, 
1. 

{A, E Z}, 
1. 

the equality (7) and the similar equality 

cos 0i+l = cotan Cl i +i ,i cotan Yi +1 ,i 

for every i E {i, 2, .•• , n} we obtain 

2 
B';;;~ 

4 

n 
2 2 

Z [sin 2Yi,i+i (1 - cotan Cli ,i+i cotan Yi ,i+l) + 
i=i 

2 2 
+ sin 2Yi+i,i (1 - cotan Cli +1 ,i cotan Yi +1,i)l 

with equality iff A1 , A2 , .•. , An E Z. The function B'(u, v) 
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2 2 
sin 2u(1 - cotan u cotan 

and accordinq to (2) and (3) 
L. Fejes T6th [31] (A1 , 

v) is concave for 
it fo llows 3. 4 . 

A2 , ••. , An E l:). 

< < _7T 
o u, v 2 , u + v >2:. 

2 

3.5. If the conditions of 3.4 are satisfied, then 

h ~ cotan 2:. tan 27T - LU 
n 2n 

• s 

Proof. For any i E {1, 2, ••• , n} let (j)i,i+l and LU i +Li be the 

trihedral angles defined by the vertex 0 and the triangles CAiBi and 
CAi +1Bi . From equalities 

7T 
(j)i,i+l = a i ,i+l + Yi ,i+l - 2 

according to (7) and (15) we obtain 

(16) Y - (j) ;>- arctan(~ tan Y .. 1) 
i,i+l i,i+l s l,l+ 

and analogously 

(17) Y - w ;:,. arctan (~ tan Y. +1 .) 
i+l,i i+l,i s l ,l 

(i = 1, 2, ••. , n) 

{Ai E l:}, 

(i = 1, 2, ••• , n) 

{Ai+l E O. 

Adding the equalities (16) and (17), because of equality (2) and the 
equality 

it follows 

As f(x) 
we get 

n 
l: (w .. +1 + w.+ 1 .) w, 

i=l l,l l,l 

27T - W ;:,. 
h 

l: [arctan(- tan Y .. +1) + 
i=l s l,l 

n 

h 
+ arctan(- tan Y. 1 .)] 

S 1+ ,1 
.. -, A EO. 

n 

arctan(~ tan x) is a convex function for 0 < x <2:. , by (2) 
s 2 

27T - (j) ;:,. 2n arctan(~ tan 2:.) 
s n ' 

i.e. the inequality 3.5. Equality occurs iff A1 , A2 , ..• , An E l: and all 
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angles y, '+1 and Y'+1 ' are equal. 
1,l 1.,1. 

A. Florian [42]. 

3.6. If the conditions of 3.4 are satisfied, then 

v ~ ~ cos2 TI tan 2TI - W(l _ cotan2 TI tan2 2TI - W)s3 
3 n 2n n 2n 

Proof. Follows from 3.4 and 3.5 because of 3v = Bh. 
A. Florian [42]; J. Fejes T6th [33, p. 129], [38, p. 248-260). 

3.7. If the conditions of 3.4 are satisfied, then 

M ~ n sin ~ ;{ _ cotan2 TI tan2 2TI - W 
n n 2n 

2TI - (0 TI 
• arccos (sin ~ cosec il) • s 

with equality iff P = P Rand A1 , A2 , An € E. 

Proof. From (5), (13), (14), (15) and (7) we obtain 

M ~ ~ ~ [sin y, , Ih - cotan2 a cotan2 y~, ~+1 • 
2 i=1 1-,1-+ i,i+l ~ • 

• arccos(cos a i ,i+l cosec Yi ,i+l) + 

+ sin y, 1 ,h -
1-+ ,1-

2 
cotan 

2 
a i +1 ,i cotan Yi+l,i • 

• arccos(cos a, 1 ' cosec y, 1 ,)] 
1.+ ,1. 1+ ,1 

with equality iff A1 , A2 , ... , An E E. The function M'(u, v) = 
2--- 2-

sin ull cotan u cotan v· arccos (cos v cosec u) is convex for 0 < u" 
TI TI 

V < 2' ' u + v> 2' . Therefore, by (2) and (3) it follows 3.7. 

A. Florian [43]; L. Fejes T6th [38, p. 262-263]. 

3.8. {P 

Proof. (In the case of a pyramid P circumscribed about a cone of 
revolution.) If p is the perimeter of the base of P, then we have the 
isoperimetric inequality 
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(18) ~,,; ~ cotan ~ 
2 4n n 

p 
a }. 

n 

609 

The altitude of P is L tan S and the altitude of any lateral face of P 
is r sec S and therefore 

(19) 
1 

B = 2" pr, 

(20) 
1 

L 2" pr sec S, 

(21 ) 
1 2 

V = 6" pr tan B. 

NOw, we obtain successively 

2 8 1 4 8 
,,; --(-- cotan~) cos B sin B 

38 4n n 

212 cotan4 TI cos S(l - cos 
38n 4 n 2 

212 4 TIf 1 1 S 
,,; ---- cotan -L-(cOS S + 4. - cos + 

38n 4 n 9 2 

1 Q]9 212 4 1T 
+ 4 • ___ +......,.~_o_S-'-fJ) = 317 n 4 cotan n 

with equality iff a 1 = a 2 a and 
n 

cos S 1 - cos B 
2 

+ cos B 
4 

i.e. 
1 

cos S = 3" . 

J. Steiner [104]*, R. Sturm [109, p. 116-119]*, [126]* (A a regular 
n-gon) • 

3.8' 

Remark. For n ~ 00 we obtain an analogous result for a circular cone: 

{C 

R. Sturm [109, p. 122]*. 

1 
arccos 3"}. 



610 

3.9. 
L3 ~ 27/3 'IT 
:1 2 n tan n 
V 

CHAPTER XX 

{ 13} p = P R ' f3 = arccos 3 . 

Proof. (In the case of a pyramid P circumscribed about a cone of 
revolution.) According to (18)-(21) we obtain 

V2 2r 
- = - cos 
L3 9p 

S sin2 S 4B cos S sin2 S ~ 
= 9p2 

4 1 'IT 2 
~ -(- cotan -) cos S sin S 

9 4n n 
cotan ~. 2 cos S • 

36n n 

• (/3 + 1) (1 - cos S ) • (/3 - 1) (1 + cos S) ~ 

~ 3~n cotan ;{}[2COS S + (/3 + 1) (1 - cos S) + 

+ (/3 - 1) (1 + cos S)] P 
213 'IT 

= -- cotan -
Sin n 

'IT 
cotan - • 

36n n 

with equality iff a 1 = a 2 a and 
n 

i.e. 

3.9' 

3.10. 

2 cos S (/3 + 1)(1 - cosS (/3 - 1) (1 + cos S) 

/3 
cos S = "3" 

J. Steiner [104]*; R. Sturm [109, p. 122-123]*. 
Remark. For n ~ 00 we obtain an analogous result for a circular cone 

{C 

F3 
2 ~ 72 n tan 2:. 
V n 

Proof. (In the case of 

arccos 13.} 
3 . 

1 {p = P S = arccos -}. 
R' 3 

a pyramid P circumscribed about a cone of 
revolution. ) We have 

3 
BL 27 

L L .~~ . B . 
3 3 

27 (-41 F) 4 = '!2.-. F4 
256 

3 
27[~(B ~) ]4 + 3 . 

3 

3B}, . 
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and according to 3.8 it follows 

39 F12 1 3 3 3 17 4 tan4 ~ 
2 24 --g- ~ g(BL) ~ 12 n 

V V 2 n 
{P 1 

arccos 3"}. 

611 

i.e. 3.10, because the condition L = 3B is equivalent to B = arccos 3 

S. A. J. Lhuilier [75]; R. Sturm [109]*; T. J. Fletcher [41] (P= PR' 
n = 4). 

3.10 ' 

Remark. For n ~ 00 we get an analogous result for a circular cone: 

{C 1 
arccos 3"}. 

3.11. Let pI be an n-angular prism inscribed in P such that every 
lateral edge of P contains one vertex of a base of pI and the second 
base of PI lies in the plane IT.lf v'is the volume and h' the altitude 
of pI, then 

V' 4 -.;;;­
V 9 

{h = 3h ' }. 

Proof. If B' is the area of the base of pI, then from equalities 

it follows 

V 

V' 
V 

"3 Bh, V' B'h', 
B' 
B 

3Blh' 
--ml 

3 ') 
• (h - h') ~ • 2h I .;;; 

2h3 

~ _3_[2(h - h') + 2h l ]3 
- 2h3 3 

4 
9 

F. G.-M. [125, p. 200-201]. 

3h ' }. 

Remark. Inequality 3.11 holds also for a circular cone and an 
inscribed circular cylinder. 

F. G.-M. [125, p. 201, 995-996, 1005]. 

3.12. If P is inscribed in a circular cone and if V'is the volume of 
the sphere circumscribed about P, then 

Y-.. .;;; 4n sin 2'TT 
V' 27'TT n {P = PR' h = R/2}. 

Proof. If R' is the radius of the circumscribed sphere, then for 
given~1 and n the maximal volume appears for a regular pyramid P. 
For such a pyramid we have 
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. 2 'IT 
sl.n;- , 

and from the equality (h _ R,)2 + R2 R,2 it follows 

2R' 

Therefore, the equality 

(22) 

implies 

v =E. 2 'IT R2h 4n 2 'IT 
VI sin - • 

8R,3 
sin 

'IT n 'IT n 
(R 

2 h 2 )3 + 

:( 4n 2 'IT r 1 2 
+ 2 h 2 13 

sin - . 2 3l3(R 
. "2)J 'IT n 2 

(R + h ) 

4n 2 'IT 
{R2 h 2 

27'IT 
sin - "2}. n 

R. sturm [110]. 

2 h 2 h 2 . R "2:( 2 

Remark 1. For n ~ 00 we get an analogous result for a circular cone: 

3.12' {C 

R. sturm [110]; F. G.-M. [125, p. 996, 999]; T. J. Fletcher [41] 
(C = CR). 

Remark 2. D. Hatei [82] has given for a cone of revolution the 
weaker inequality 16v < 313v'. 

3.13. If P is circumscribed about a circular cone and if F" and V" are 
the total area and the volume, respectively, of the sphere inscribed in 
P, then 

V 
Vi' 

-.!...... > 2n tan ~ 
F" 'IT n 

1 {P = PR, 6 = arccos 3}. 

Proof. For given Rand n the maximal base area and maximal volume 
appear for a regular pyramid P. If 0" is the centre and R" the radius 
of the inscribed sphere and Di the foot of the perpendicular from 0" 

onto the line OBi' then we have O"C = OD" = R", BiC = BiDi = R, and 
from 

(vh2 + R2 _ R) :R" h:R 
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it follows 

(23) h 
R2 _ R" 2 

Therefore, from the equalities 

v v' , 

we obtain 

v' , 4TT TT R,,3 2TT TT ~ R' ,2(R2 _ R,,2) ( cotan 
R2h 

cotan -
V n n n n 4 

R 

( 2TT TT ~[.!:..(R' ,2 2 _R,,2)]2 TT TT 
cotan - • + R 

2n 
cotan 

n n 4 2 n 
R 

wi th equality iff R" 2 R,,2, i.e. by (23) h 2/2R or equivalently 

5 arccos 
vh2 

R 
2 

+ R 
arccos 3 

From equalities 3v = FR", 3V" F"R" immediately follows V:V" = 

F:F' '. 
J. Steiner [104]*; R. Sturm [109, p. 123-124]*, [110]; F. G.-M. 

[125, p. 1000-1001] (n = 3); E. G. Gotman [52] (p = PR). 

3.13' 

Remark 1. For n ~ 00 we get an analogous result for a circular cone: 

v 
VII 

1 
{c = C 5 = arccos -3}' R' 

S. A. J. Lhuilier [75]; F. G.-M. [125, p. 999-1000]; 
D. O. ~kljarskij, N. N. ~encov, and I. M. Jaglom [102, p. 31, 165-166]. 

Remark 2. D. Matei [82] has given the following weaker inequalities 
for a cone of revolution: 

8v > 313 V', 4F > 313 F' . 

3.14. Let P be circumscribed about a cone of revolution and let P' be a 
prism inscribed in P as in 3.11. If L' is the lateral area and h' the 
altitude of P', then 

L' 1 - (- sin 5 
L 2 

{h = 2h'}. 

Proof. If p' is the perimeter of the base of P', then the equalities 

L 
1 2" ph cosec 5, L' p'h' , L 

p 
h - h' 

h 
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imply 

L' 
L 

2p'h' sin 8 
ph 

2 sin 8 h' (h _ h') <:;; 

h2 

{h' 

CHAPTER XX 

h-h'}. 

Remark. Inequality 3.14 holds also for a cone of revolution and an 
inscribed cylinder of revolution. 

E. G. Togliatti [114]*. 

3.15. If F' is the total area of the prism P' defined as in 3.14, then 
(with h > r) 

~ <:;; h2 sin 8 
F 2(h - r} (h + r sin 8) 

{h' = h(h - 2r)}. 
2 (h - r) 

Proof. If r' is the in radius of the base of P', then the equalities 

imply 

F = nr(h cosec 8 + r), 

F' 
F 

2r' (h' + r') 
r (h cosec S + r) 

<:;; 2(h - r) sin 8 [~(h 
h2 (h + r sin 8) 2 

F' = 2nr' (h' + r'), 
r' h - h' =---
r h 

2(h r) sin 8(h _ h') (h' +~) <:;; 

h 2 (h + r sin S} h - r 

hr ]2 h' + h' + ---I 
h - r 

2(h r) (h + r sin S) 

with equality iff 

h h' = h' +~ 
h - r 

i.e. h' 
h(h - 2r) 
2 (h - r) 

Remark 1. Equality can occur only if h> 2r. 
Remark 2. Inequality 3.15 holds also for a cone of revolution and 

an inscribed cylinder of revolution. 
E. G. Togliatti [114]*. 

3.16. If P has a regular base A, then 

E3 3 
G2 n\3 

3n (2 n 2 a {P PRJ· -) sin - + 1 + -2- sin n} -
V n sin 2n n h sin - a n n 
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A. Procissi [94]. 

3.17. If R', R" are the radii of the circumscribed and inscribed sphere 
of a reqular n-angular pyramid P and if h' is the altitude of any 
lateral face of P, then 

~.~ 1 + sec TI 
R" n 

{R + r 

Proof. We have the equalities 

h' }. 

R" = r tan ~ 
2 

R 
TI 

r sec -
n 

h r tan S, 

and from (22) we get 

R' 
r 
2" tan S 

According to the identity 

tan2 S - /. tan S tan ~ 
2 

( 
2 tan ~ S) 

tan S 2 S - 2 tan 2" 
1 - tan 2" 

we finally obtain 

R' 
R" - 1 

with equality iff 

R 
sec 

r 

i.e. R = h' - r. 

2 tan 

1 -

3 S 
13 tan 2" 

2 S 
tan 2 

2 TI 
+ sec 

n 

2 tan Stan l? 
2 

2 2 S 

- 1 

2 213 2TI 
tan Stan 2" + sec n 

2 TI 
• sec 

2 tan S tan ~ 

2/tan Stan 2 
~ ______________ ~~------~n 

2 tan S tan ~ 
sec 

TI 
n 

TI 
n 

tan S tan ~ tan S • 1 - cos S 
sin S 

sec S - 1 

[128]; D. S. Mitrinovie, P. M. Vasie, R. Z. Djordjevic, and 
R. R. Janie [85 , p. 89-90] (n = 4); XVIII.2.51 (n = 3). 

h' 
r - 1, 

3.18. If P is a regular pyramid and if X is the angle between a lateral 
edge and the base of P, then 
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3.19. 

. 2 Q • 2 ~ 2 ~ 
s~n f.' - s~n X "" tan 2n {[3 + X 

Proof. Follows from XIX.4.2 (with ~ = ~ , W (3). 
n 

V. S. pokrovskij and R. P. U~akov [92]. 

E3 ~--------~ 
-- ~ 24/3842 + 1066113 
V 

CHAPTER XX 

with equality iff P = PR and the ratio of lengths of lateral and base 

edges of P equals (1I3 + 1):4. 
A. Procissi [94]. 

3.20. Let A = ABCD be a trapezoid and let M and N be the midpoints of its 
bases AB and CD. If Fl , F2 , Fm are the areas of the triangles OAD, OBC, 

OMN, respectively, then 

Proof. Follows by aoplying XIX.3.16 to the tetrahedron ABOE, 
where~ the common point of the lines AD, BC, MN, because (with 
AB > CD) we have AD:AE = BC:BE = MN:MC. If AB = CD, then 3.20 is a 
consequence of the obvious inequality 2 • OM' < OA' + OB', where A', B', 
M' are the points of intersection of the lines AD, BC, MN and the plane 
which contains the point 0 and is orthogonal to those three lines. 

J. Steiner [104]. 

3.21. Let the conditions of 3.20 be satisfied and let AB = a, CD = c. 
If Fl , F2 , F3 , F4 are the areas of the triangles OAB, OBC, OAD and of 

the trapezoid ABeD, respectively, then 

~6V2 (a - C)2F~ a2F~ 
;f~ 2 + ----~2---- + ------~2 

a a (a + c) 

with equality iff the plane OMN is orthogonal to the lines AB, CD. 
J. Steiner [103]*, [104]*. 

3.22. If P is a frustum of a regular n-angular pyramid inscribed into a 
sphere of radius R and circumscribed about a sphere of radius r, then 

2 'IT 
+ sec 

n 

with equality iff P is a regular n-angular prism circumscribed about a 
sphere. 
~. Let Rl and R2 be the circumradii and r l and r 2 the inradii 

of the two bases of P and let R1 ~ R2• Then 
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(24) (i = 1, 2). 

The altitude of P is h = 2r and the altitude of any lateral face of P is 
222 

r 1 + r 2 and we have the equality (r1 + r 2 ) - (r1 - r 2) 4r, i.e. 

(25) 

From the equality (the upper sign appears if the centre M of circumsphere 
of P is inside P and the lower sign appears if M is outside p) 

after two squarings and a straight-forward calculation we obtain 

~ 16r4 + 16 2 R r Rl 2 

i.e. by (24) and (25) finally 

2 2 2 TI R ~ r (1 + sec -) 
n 

Remark. For n ~ 00 we get an analogous result for a frustum of a 
cone of revolution circumscribed about a sphere: 

3.22' 

with equality only for a cylinder of revolution circumscribed about a 
sphere. 

3.23. Let the conditions of 3.22 be satisfied. If F' and F" are the 
surface areas of the circumsphere and the insphere of P, respectively, 
then 

F ~ ~(F' sin 2TI _ F" tan ~ cos 2TI) 
2TI n n n 

with equality iff P is a regular n-prism circumscribed about a sphere. 
Proof. With the notation from the proof of 3.22 we have the 

inequality 

2 2 422 2 
16r R ~ 16r + 8r (R1 + R2) 

i.e. by (24) the inequality 
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(26) 

The equalities 

2 'IT 
cos 

n 

F 
'IT 2 2 2 

2n tan ~(r1 + r 2 + r ), 

and (26) imply 

F ( 2n tan 2:.[2 (R 2 _ r2) cos 
n 

2n(R 
2 2 'IT 2 'IT 

sin r tan 
n n 

E-(F' 2 'IT 
- F I ' sin tan 

2 'IT n 

2 

'IT 
n 

F' 
2 

4'ITR , 

'IT + r2] 
n 

cos 2 'IT) 
n 

2 'IT ) 
h1 cos 

n 

CHAPTER XX 

F' , 

= r 2}· 

Remark 1. For n ~ 00 we get an analogous result for a frustum of a 
cone of revolution circumscribed about a sphere: 

3.23' F ( F' - F" 2" 

with equality only for a cylinder of revolution circumscribed about a 
sphere. 

Remark 2. By 3.22' we have 2F" ( F' and 3.23' implies the weaker 
inequality 

3.23 II F ( 2F' 5 F" 
2 

with equality only for a cylinder of revolution circumscribed about a 
sphere. 

Hr. Lesov [73]. 

3.24. Let the conditions of 3.22 be satisfied. If V' and V" are the 
volumes of the circumsphere and the insphere of P, respectively, then 

V ( n (V' 
2rf\ 

'IT 
sin 

2 'IT 
cos 

n n 

It 2 'IT 
+ cos 

- V" tan ~ cos ~'IT) 
n 

with equality iff P is a regular n-prism circumscribed about a sphere. 
Proof. According to (25) we have the equality 

(27) V 2n 2:.(r2 2 + r2)r. T tan n 1 + r 2 

Therefore, the equalities 
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(28) v' 
47T 3 
3 R, 

and inequalities (26) and 3.22 imply 

V( 
2n 

tan ~[2 (R 
2 r2) cos 

3 n 

2n 
tan ~(2R2r 2 7T 

cos 
3 n n 

2 7T 
2n 

cos 
n 

successively 

2 7T /Jr -+ 
n 

3 27T ) ( r cos 
n 

3 ( 
3 

7T ( 3 tan n 2R It 2 7T 
r 27T) cos ;-

+ sec 
n 

~ sin 
27T 

cos Mv' n n 7T 27T) 

/1 
2 - V" tan cos n 27T ~ n 

+ cos 
n 

with equality iff r 1 = r 2 · 

619 

Remark 1. For n 400 we get an analogous result for a frustum of a 
cone of revolution circumscribed about a sphere: 

3.24' 12 -.!.v" v ("2"" v' 2 

with equality only for a cylinder of revolution circumscribed about a 
sphere. 

Remark 2. By 3.22' we have 4V" ( I2v' and from 3.24' we obtain the 
weaker inequality 

3.24' , v ( /2V' - ~ V" 
2 

with equality only for a cylinder of revolution circumscribed about a 
sphere. 

Hr. Lesov [73]. 

3.25. With the conditions of 3.22-3.24 we have 

v 
VI' 
~ ;;, 3n tan 2:. 
F" 27T n 

with equality iff P is a regular n-prism circumscribed about a sphere. 
Proof. According to equalities (25), (27), (28) and the inequality 

we obtain 
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From equalities 3V = Fr, 3V" = F"r it follows V:V" 
Hr. Lesov [74]. 
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= F:F". 

Remark. For n ~ 00 we obtain an analogous result for a frustum of a 
cone of revolution circumscribed to a sphere: 

3.25' v =...!..... ~ ~ 
Vi' F" 2 

with equality only for a cylinder of revolution circumscribed about a 
sphere. 

Hr. Lesov [73]. 

4. Inequalities for Regular Convex Polyhedra and Polyhedra Isomorphic 
to Them 

Let TR, HR, OR' VR' IR be the signs for the following convex regular 

polyhedra: tetrahedron, hexahedron, octahedron, dodecahedron and 
icosahedron, respectively. In the inequalities 4.12-4.25 let P~ be a 

regular polyhedron contained in a regular polyhedron PR and let V and 

V' be the volumes of PR and P~, respectively. The sign {H = HR } means 

that an inequality becomes equality iff H is a cube, etc. 
In 4.7, 4.10 and 4.11 for every face of a regular polyhedron PR we 

consider a vector parallel to this face. Let ~ be the maximal angle of a 
pair of these vectors. 

4.1. If PR is a convex regular polyhedron with f faces and the total 

area F and if p' is the area of the orthogonal projection of PR onto any 
plane 0., then 

, ..;; /3 F 
F 4 

with equality iff PR = TR and 0. is parallel to two opposite edges of TR 
or PR HR or PR = OR and 0. is orthogonal to a diagonal of HR or OR· 

H. Vogler [118]. 

4.2. Let H be a polyhedron isomorphic to HR. If V is the volume and E 
the total edge length of H, then 

G. Sansone [97]. 
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4.3. If a is the length of the side of a square Q contained in a cube HR 
with edge length e, then 

3/2 
a';;; -4- e 

with equality iff Q and H are concentric and two adjacent vertices of Q 
R 3 

lie on two adjacent edges of HR at the equal distances 4 e from the 

common end point of these edges. 
M. Dedo [16]. 

4.4. If F is the area of a plane section of a cube HR with the edge 
length e, then 

with equality iff the considered plane contains two opposite edges of HR. 
E. Ehrhart [20]. 

4.5. If L is the perimeter of a plane section of a cube HR with the edge 
length e, then 

L';;; 2(/2 + l)e 

with equality iff the considered plane contains two opposite edges of fiR· 
E. Ehrhart and J. M. Faure [21]. 

4.6. A cube of a given edge length e can be perforated in such a way 
that a second cube of the edge length e' may pass through the hole. Then 

e' < 3/2 e ~ 1,06066 e. 
4 

J. H. van Swinden [112, p. 60B-610]; J. H. van Swinden and 
C. F. Jacobi [113, p. 542]; D. J. E. Schrek [99]. 

Remark. The connection between 4.3 and 4.6 is obvious. 

4.7. If PR 

H. T. Croft [14]. 

4.B. Let 0 be any polyhedron isomorphic to OR. If V is the volume and E 
the total edge length of 0, then 

A. Procissi [94]; G. Sansone [97]. 
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4.9. Let the conditions of 4.8 be satisfied and let R be the radius of 
a minimal sphere containing O. Then 

B. Drachmann [19] . 

4.10. If P = V 
R R' 

then 

cjJ ;;, arccos 
5 - 2/5 

10 

H. T. Croft [14]. 

4.11. If PR = I R, then 

9 - rs 
cjJ ;;, arccos ---1-2--

H. T. Croft [14]. 

4.12. If PR = TR, P~ = HR, then 

~ ~ __ 1 __ (216 + 171/2 + 153/3 + 10616) ~ 4.54852. 
v' 216 

Let 6 be a triangle with the side length 

1 
d = 167(122 - 4212 + 7213 - 3316)e ~ 0.63759 e, 

whose vertices lie on three edges of TR with one common end point and 

have the distance d from this end point, where e is the edge length of 

TR • 
Equality in 4.12 occurs iff a face of HR is a square with side length 

1~7(66 - 7212 + 2813 + 1516)e ~ 0.29591 e 

inscribed in 6 (such that two vertices of the square lie on a side of 6 
and the other two vertices of the square lie on other two sides of 6) 
and the opposite face of HR lies on the face of TR parallel to the plane 

of 6. There are 12 extremal cubes inscribed in TR• 

C. s. Ogilvy and D. P. Robbins [88]; J. H. Croft [15]. 

~~ 3 
V· 
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with equality iff the vertices of TR are four vertices of HR , any two of 
which are non-adjacent. 

H. T. Croft [15]. 

4.14. If PR = TR, P~ = OR' then 

~~ 2 
V' 

with equality iff the vertices of OR are the midpoints of the edges of TR . 
H. T. Croft [15]. 

~~ 4 
V' 

with equality iff OR and TR have a common face and the fourth vertex of 

TR is the centre of the opposite face of OR. 
H. T. Croft [15]. 

with equality iff HR and OR are concentric and the vertices of a face of 

OR lie on three edges of HR with one common end point and have the 

distance i e from this end point, where e is the edge length of HR. 

H. T. Croft [15]. 
Remark. The connection between 4.3 and 4.16 is obvious. 

~ ~..!.(7 + 512) 
V' 6 

with equality iff OR and HR are concentric and the vertices of a face of 

HR lie on four edges of OR with common end point and have the distance 

(2 - 12)e from this end point, where e is the edge length of OR. 
H. T. Croft [15]. 
Remark. Inequality 4.17 is valid also if V'is the volume of any 

parallelepiped pI contained in OR and equality occurs iff PI is the 
extremal cube HR from 4.17. 

4.18. If PR V pI = T then 
R' R R' 
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~ ~ 2(5 + 15) 
v' 4 

with equality iff the vertices of T are four of the vertices of V such 
R R 

that any two vertices of TR are connected by a path composed of three 

edges of VR which are not in a same plane. 

H. T. Croft [15J. 

~~ .!..(5 + /S) 
V' 4 

with equality iff the vertices of HR are eight of the vertices of VR such 

that any edge of HR is a diagonal of a face of VR. 
H. T. Croft [15J. 

~, ~ 3~45(1755 + 1755/2 + 621/5 + 675/10) ~ 2.12897. 

Equality occurs iff HR and VR have in a certain coordinate system the 

following vertices (here always hold all upper or all lower signs): 

(+ .!.. 1 + 1) (+ .!.. 1 - 1 , ±- ±- + 2)' - 2 2 
, -2' - 2 , 

2 
, 

1 - 1 + 1) (+ .!.. - 1 - 1 (+ - +- , +- + 2) - 2 2 -2' - 2 , 
2 

, 

respectively 

where 

(±a, ±a, ±a), (±b, ±b, ±c), (±b, ±c, ±b), 

(±c, ±b, ±b), (±d, ±e, 
1 

(±e, ±d, ± 2) ,(± 2 I ±d, ±e), 

1 
(± 2 ' ±e, ±d), 

1 
(±e, ± 2 ' ±d), 

1 
(±d, ± 2 ' ±e), 

a = .!..(4 - /2 - 215 + 11c)), 
4 

c 

e 

b = .!..(-4 + 3/2 + 215 - !iO), 
4 
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In this extremal case every face of HR contains an edge of VR and a 

diagonal of this face is the perpendicular bisector of that edge. More­
over, two vertices of V lie on a diagonal of H and the polyhedra H 

R R R 
and VR are concentric. The edge length of HR is 1 and the edge length 

of DR is 

~(-7 + 3/2 + 3/5 - 110) ~ 0.39428. 
2 

The distance of midpoints of two opposite edges of VR is 

i(-3 + 212 + 15) ~ 1.03225. 

H. T. Croft [15]. 

4.21. If P = V , PI 
R R R OR' then 

~;;;, 2(315 - 5) 
V' 2 

with equality iff the vertices of OR are midpoints of six edges of VR 

such that any two of these edges are either parallel or orthogonal. 
H. T. Croft [15]. 

4.22. If PR T , pI 
R R 

with equality iff the vertices of lR lie on the edges of an OR' whose 

vertices are the midpoints of the edges of TR , so that the vertices of 

lR divide the edges on any face of OR in the same ratio (3 - 15):(/5 - 1) 

and in the same cyclical order. 
H. T. Croft [15]. 

4.23. If P = H , pI 
R R R 

with equality iff every face of HR contains an edge of lR so that any two 

of these six edges are either parallel or orthogonal and any of these 
edges is either parallel or orthogonal to particular face of HR. 

H. T. Croft [15]. 
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~;;, ~(7 + 315) 
v' 10 

CHAPTER XX 

with equality iff the vertices of I lie on the edges of ° (one vertex 
R R 

on every edge) so that the vertices of IR divide the edges on any face 

of OR in the same ratio (3 - 15):(/5 - 1) and in the same cyclical order. 

H. T. Croft [15]. 

° , then 
R 

~ ;;, ~(19 + 1512 - 3/5 - /10) R1 2.80951 
V' 54 

with equality iff IR and OR are concentric and three adjacent vertices of 

OR divide the edges AB, CD, EF of IR in the same ratio 1: (/2 - 1), 

where AB, AC, AD, AE, AF are (in this cyclical order) the edges of IR 
with a common vertex A. 

H. T. Croft [15]. 

5. Inequalities for Quadric Surfaces 

Let us remind the reader of the previously stated inequalities 3.8', 
3.9',3.10',3.11,3.12',3.13',3.14, 3.15 for a circular cone, 3.20', 
3.21',3.21",3.22',3.22",3.23' for a frustum of a cone of 
revolution and 2.7',2.8',2.19',2.20' for a cylinder of revolution. 

Let C be a cone of revolution with radius r, altitude h, length of 
a generator g, volume V, total area F and lateral area L. If S is the 
sphere circumscribed about C and R the radius, V' the volume and F' the 
surface area of S, then we have the following equalities: 

(1) L rrrg, 

(2) F rrr(g + r), 

~ 2 
(3) V = 

3 
r h, 

(4) 
2 

= h 2 2 
g + r , 

(5) F' 4rrR 
2 , 

(6) V' 
4rr 3 

= 3"" R , 

(7) 2Rh 
2 

g . 

5.l. V ,;:: 2rr!3 3 
{r /2h}. 

'" 27 
g 
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Proof. From (3) and (4) we obtain 

2 2 
r r 
2'2' 

with equality iff 

5.2. 

2 
r 
2 

2 
g 

2 
r i.e. r = I2h. 

F. G.-!1. [125, p. 995,997]; T. J. Fletcher [41]. 

L3 ~ 27/3'IT 
2 2 

V 

Proof. From (1), (3) and (4) we get 

3 3(2 3 'IT r g 

627 

with equality iff g = /3 r or equivalently iff h = 12 r because of (4). 
[127]; I. Dimovski [lB]. 

5.3. {g 3r}. 

Proof. From (2)-(4) we obtain 

2 
lB'ITV 

2 
F • 2'ITr (F :;;; F • 

with equality iff 2'ITr2 = F - 2'ITr2, i.e. g = 3r according to (2). 

5.4. 

(B) 

F ~ 107 + 51/17 
F' '" 512 

{g 117 -
2 

Proof. From (4) and (7) we obtain 

4 
4 R 2 = -,;-g,,----,;-

2 2 
g - r 

d. 

Therefore, according to (2) and (5) we have 
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1 

4(1 + 1I7) (5 + lI7)g4 

• (1 + 1'f7)r • (2g + 2r)2 • (5 + /f7) (g - r) < 

~ 1 [(1 + !17)r + 2(2g + 2r) + (5 + 1I7) (g - r)]4 

8 (11 + 3m)g4 4 

1 [(9 + /i7)g]4 

8(11 + 3/I7)g4 4 

with equality iff 

107 + 51117 
512 

(1 + 117)r 2g + 2r (5 + /17) (g - r), 

Le. 

2g = (117 - l)r. 

Remark. D. Matei [82] has a weaker inequality 

8F < 313 F' • 

5.5. ~, ~ 2~ {g = fir}. 

Proof. From (1), (5) and (8) we obtain 

L r(g2 _ r2) 1 
- -. 2r • (/3 + 1) (g - r) • (13 - 1) (g + r) ~ 

F' - l - 4g3 

< __ 1 __ [2r + (13 + 1) (g - r) + (13 - 1) (g + r)]3 

4g3 3 

= __ 1_(2I3g ) 3 213 
4g3 3 = --9--

with equality iff 

2r = (13 + l)(g - r) = (13 - l)(g + r), i.e. g I3r. 

R. Sturm [110]. A. Kiefer [65]. 

5.6. Let a be any plane parallel to the plane of the base of C such that 
a intersects C and S. If d is the distance of a from the vertex of C and 
if Sand S' are the areas of the circles ~ n C and ~ n S, respectively, 
then 

S' - S ~ ~ Rh 
2 
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Proof. If x and yare the radii of the circles a n S and a n c, 
respectively, then the equalities 

imply 

2 
r = h(2R - h), 

2 
x 

r 
y = h d, 

S' - S 

S' 
2 

x 'IT, 

2 2 
'IT(x - y ) 

with equality iff d = h - d. 

d(2R - d), 

S 
2 

Y 'IT 

F. G.-M. L125, p. 1007-1008]. 

629 

5.7. If S is the angle between a generator and the base of C and if the 
centre of the base is the centre of a hemisphere of volume V" inscribed 
in C, then 

/3.; 
{S = arccos 3}. 

Proof. If R' is the radius of the hemisphere, then from the equality 
(3) and the equalities 

we obtain 

R' 
r = ---

sinS 

v' , 
V 

2R,3 2 
= -2-- = 2 sin S cos S, 

r h 

and 5.7 is a consequence of the inequality 

2 Q Q ::::: 2/3 sin ~ cos ,,~ 9 {S arccos 

proved in the proof of 3.9. 

/3.;} 
3 • 

5.8. Let 0 be the vertex, C the centre of the base of C and S the area 
of the section of C by a plane a. If r ~ h, then 

S ~ rh 

with equality iff a contains the axis OC. If r > h, then 
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with equality iff a contains the vertex 0 and intersects the lateral 
surface of C at two generators making the angle 

arccos(- h~). 
r 

E. G. Gotman [51]. 

5.9. If V is the volume, h the altitude of a frustum C of a cone of 
revolution and r the radius of its midcircle, then 

~r2h ~ V 4n 2 " ''':;;"3 r h. 

The first equality occurs only in the case of a cylinder of revolution 
and the second equality occurs only in the case of a cone of revolution. 

Proof. If r l , r 2 are the radii of the bases (r l ~ r 2), then 

r l + r 2 = 2r and therefore 

- ~ • 4r1r 2h = nh(r2 + r r + r2) V 
12 3 1 1 2 2 

4n 2 
"3 r h 

M. Petrovi~ [90]; B. Marti~ [81]. 

o} • 

5.10. With the notation from 5.9 let V· be the volume of the intersection 
of two cones, where any of these two cones has one base of C as the base 
and the centre of the other base of C as the vertex. Then 

Proof. The intersection of the two cones considered is the sum of 
two other cones having as common base a circle of radius 

r = 

and with the altitudes hl and h2 such that hl + h2 h. Therefore 
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and the inequality r 1 ~ r 2 implies successively 

2 2 2 2 2 
r 2 r 2 'ITh( 2 2 r 2 2 ,,; 

4'IThr 1r 2 
2"V 2"3 r 1 

+ r 1r 2 + r 2 ) ,,; 2" 'IThr 1 2 12v' 
r 1 r 1 r 1 (r1 + r 2 ) 

2 2 2 2 
4'IThr 1r 2 r 1 2 

r 
2 

2 ";2" 'IThr2 
,,; -.-!.. 'ITh(r2 + r 1r 2 + r 2) 

231 
(r1 + r 2 ) r 2 r 2 

C. Ciotlo!j: [12]. 

5.11. Let C be a cylinder of revolution with radius r and altitude h 
inscribed in a sphere S. If F and F' are the surface areas of C and S, 
respectively, then 

E:.....";.!.(IS + 1) 
F' 4 

{h = (IS - 1)r}. 

Proof. If R is the radius of S, then the equalities 

= 2'ITr(r + h), F' 4'ITR 
2 4R2 = 4r2 + h 2 F , 

imply 

F 2r(r + h) ,,; .!.(IS 1) {h (/5 - l)r}. pT= 2 2 
+ 

4r + h 4 

because the last inequality is equivalent to 

2 
[h - (/5 - l)r] ~ o. 

F. G.-M. [125, p. 1004]. 
Remark. Inequality 5.11 was known already to P. Fermat. 

5.12. Let S be a sphere with radius R and let a be any plane which 
intersects S. The circle ~ n S is a base of a cylinder of revolution C 
and the second base of C lies in a tangential plane of S parallel to a. 
If V and V' are the volumes of C and S, respectively, and if h is the 
altitude of C, then 
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imply 

{h = ! R}. 
3 

Proof. Let r be the radius of C. The equalities 

v 2 
71hr , 

V 3 h 
VI = R3 2" 

V' - 47T R3 
- 3 ' 

2 
r h(2R - h) 

h 3 lh h 3 
-2 • (2R - h) ~ -[-(- + - + 2R - h)] 

R3 3 2 2 

I ' l' ff ~ 2R h' h 4 R with equa 1ty 2 = -, 1.e. = 3 . 
F. G.-M. [125, p. 998-999]. 

CHAPTER XX 

8 
9 

5.13. An axial section of a cylinder of revolution is a rectangle ABCD, 
where AB is a diameter of a base. If I is the length of the arc AC of a 
geodesic on the lateral surface of the cylinder and if ~ = ~ BAC, then 

implies 

7T2 _ 4 
~ ~ arctan --8-

M. M. Sebar§in [100]. 

5.14. Into a sphere S with the radius R we inscribe a truncated elliptic 
cylinder C, whose bases are two congruent circles with radii rand lieing 
in planes symmetric with respect to a diametral plane 0 of S so that 2~ 
is the angle between these two planes. If V and V' are the volumes of C 
and S, respectively, then 

V ~ 13 cos ~ 
VI "" 3 

16 
{r = '3 R}. 

Proof. 
Then 2d cos 

Let d be the distance of the base of C from the centre of S. 
~ is the length of the axis of C and the area of the ellipse 

2 15 n C equals 7Tr cos~. Therefore 

V = 27Tdr2 cos ~, V' 

Moreover, we have the equality 

(9) 
2 

R • 

So, we obtain successively 
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2 2 cp d 2 r 4 9 
2 cp 2 

2 2 
V 9 cos cos' r r . d 2~ 
v,2 4 -6- 6 "2 

R R 

2 
CP[t(d2 + 

r2, r2 r 2 
~ 9 cos -+-) cos cP 

'" 6 2 2 -3--
R 

with equality iff r2 
of (9). 

2d2 and this is equivalent to r RIG/3, because 

F. G.-M. [125, p. 209]. 
Remark. 5.14 with cP = 0 implies 2.19'. 

5.15. If L is the area of a spherical cap and V the volume of the 
corresponding spherical segment, then 

with equality only for a hemisphere. 
Proof. If R is the radius of the sphere and h the altitude of the 

spherical cap, then the equalities L = 2TIRh and 

(10) 
TI 2 

V = "3 h (3R - h) 

imply 

2 
V • 2h(3R _ h)2 ~ _1 __ [2h + 2(3R - h)]3 

L 3 144TIR3 144TIR3 3 

18TI 

F. G.-M. [125, p. 1013]*. 

5.16. If V is the volume and F the total surface area of a spherical 
segment (of one base), then 

with equality only in the case of the whole sphere. 
Proof. If R is the radius of the sphere, h the altitude of the 

segment and r the radius of its base, then the equalities (10) and 

F 

imply 

2 
2TIhR + TIr , 

2 
r h(2R - h) 
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V2 2 h 2 
3" h)3 

. (3R - h) .:;; 
2 

F 9'Tf(4R -

.:;; 2 
h) 3{M~ + 2 (3R - h) ]}3 2 (4R - h)3 

3 2 36'Tf 
9'Tf(4R - 9'Tf(4R-h) 

with equality iff~ 
2 

3R - h, Le. h 2R. 

5.17. If 2¢ is the central angle of a spherical sector, R the radius of 
the corresponding sphere, r the radius and L the lateral area of a 
cylinder of revolution inscribed into that sector such that the cylinder 
and the sector have their axes in common, then 

L .:;; 'Tf tan :£. • R2 
2 

{r = R sin 

Proof. If h is the altitude of the cylinder, then L 

(h + r cotan ¢)2 + r2 R2 we obtain 

(11) 

Therefore 

h 2 + 2rh cotan ¢ + r2 cosec2 ¢ 
2 

R • 

2'Tfrh and from 

R2 _ ~ cotan :£. 
'Tf 2 

h 2 + 2rh cotan ¢ + r2 cosec2 ¢ - 2rh cotan % 

2 
(h - r cosec ¢) ~ 0 

according to the identity 

cotan ¢ - cotan % - cosec ¢. 

Equality occurs iff h r cosec ¢, i.e. according to (11) iff 

2 2r2 2 2 
¢ ¢ R cosec ¢ + 2r cot an cosec 

2 2 + cos ¢) 
2 2 

¢ 
2 ¢ 

2r cosec ¢ (1 = 4r cosec cos "2 
2 2 ¢ r cosec "2 

F. G.-M. [125, p. 1004]. 

5.18. Let P be a segment of a paraboloid of revolution determined by a 
plane orthogonal to the axis of this paraboloid and let C be a cylinder 
of revolution inscribed in P. If V is the volume and h the altitude of P 
and if V'is the volume and h' the altitude of C, then 
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~~ 2 
V' 

2h I}. 

Proof. If rand r' are the radii of the bases of P and C, respective­
ly, then 

V 
1T 2 
"2 r h, V' 

2 2 
If x + Y 2pz is the equation of the paraboloid, then 

2 
2ph, 

,2 
2p(h - h'). r = r = 

Therefore, we obtain 

V' 2r ,2h ' 2h ' (h - h' ) ~~(h' + h - h' 2 
V -2-.-

h 2 2 2 
) 

r h h 
2 

{h' h - h'}. 

F. G.-M. [125, p. 206] • 

5.19. Let E1, E2, E3 denote three ellipsoids, E1 and E3 being polar 

reciprocals of each other with respect to E2 • Between the volumes V1 , V2 

V3 of these ellipsoids the following inequality holds 

Equality occurs iff E , E , E are concentric. 
1 2 3 

Proof. It may be assumed (because of an affinity) that E2 is the 

unit sphere with its centre at the origin, and that the coordinate axes 
are parallel to the principal axes 2a, 2b, 2c of E1 , respectively. Let 

(~, n, s) be the centre of E1 • Since the ellipsoid E1 is carried by 

polarity with respect to E2 into an ellipsoid, it follows that E1 con­

tains the centre of E2 , i.e. I~I < a, I~I < b, I~I < c. The polarity 

ux + vy - 1 = 0 ~ (u, v) 

applied to the tangent planes x = ~ ± a of E1 at the endpoints (~ ± a, 

0) of the axis of length 2a, yields two points 

1 
(~ ± a ' 0) 

of E3 lying on the x-axis, the distance of which is given by 
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1 1 
I;+a-~ 

2a 2-
--;::=-". ~-
a 2 1;2 a 

If 2a, 2S, 2y are the diameters of E3 parallel to coordinate axes, then 

2~ ~ 2/a and analogously 2~ ~ 2/b, 2y ~ 2/c. If V is the volume of the 
octahedron 0 with diameters 2a, 2S, 2y, then 

S 2 ;:;, 4 
V = 6" • 2a • 2 • Y r 3abc • 

Let us replace 2a by the diameter 2a' of E3 conjugate with respect to 

E3 to the diametral plane Sy. Similarly, let us replace 2S by the 

diameter 2S' conjugate to the diametral plane a'y. The volume of 0 has 
been increased by both steps. The diameters 2a', 2S', 2y of the new 
octahedron 0' (with volume V') are pair by pair conjugate with respect 
to E3 and thus a'S'y = aSY, where 2a, 2S, 2Y denote the principal axes 

of E3 • Since 

4--- 4 3" a S y = 3" a' S'y 

we have 

V' ~ V ~ _4_ 
3 abc 

47T 47T - - - 47T 2 
V V = - abc • - a B y ~ (-) 
13333 

Equality holds iff I; = n = S = o. 
L. Fejes T6th [26], [29], [33, p. 4-5]. 

6. Inequalities for Spherical Triangles 

Let T = ABC be a spherical triangle (on a unit sphere S with the centre 
0) with the sides a = BC, b = CA, c = AB and angles a, S, y at the 
vertices A, B, C, respectively. Let 2s = a + b + c, 20 = a + S + Y and 
let E: = 20 - 7T be the spherical excess of T. If AA', BB', CC' are the 
diameters of S, then let R, Ra' ~, Rc be the circumradii and r, r a , r b , 

r the inradii of the triangles T, A'BC, AB'C, ABC', respectively. The 
c 

sign TR means a = b = c. 

6.1. The relations a ~ b are equivalent to the corresponding relations 

a ~ S (analogously for the other pairs of sides and angles). 
E. Rouche and Ch. de Comberousse [95, p. 36]; F. G.-M. [125, 

p. 867-868]. 

6.2. 7T < 20 < 37T. 

Proof. Follows by applying the inequalities 0 < 2s < 27T to the 
polar~ngle (with the sides 7T - a, 7T - S, 7T - y) of T. 
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E. Rouch~ and Ch. de Comberousse [95, p. 42]; F. G.-M. [125, 
p. 869]. 

Remark. Inequality 6.2 can be written in the equivalent form 
o < E<2Tf:"" 

6.3. 'IT + B > y + ('I., 'IT + y > ('I. + S. 
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Proof. Follows by applying of the inequalities b + c > a, c + a > 
b, a ~ c to the polar triangle of T. 

E. Rouch~ and Ch. de Comberousse [95, p. 42]; .F. G.-M. [125, 
p. 869]. 

Remark 1. Inequalities 6.3 can be written in the equivalent form 
E < min (2a, 2S, 2y). 

Remark 2. Inequalities 6.2 and 6.3 are necessary and sufficient 
conditions for the existence of a spherical triangle with angles a, S, 
y. 

E. Rouch~ and ch. de Comberousse [95, p. 42-43]; F. G.-M. [125, 
p. 869-870]. 

6.5. 

6.6. 

Proof. Follows from 6.2 using the inequalities 

1 2 2 2 2 2 
3(a + S + y) :( a + S + y :( (a + S + y) • 

M. Petrovic [90]. 

cos a + cos b + cos C > _ 3 
2 

R. Sturm [109, p. 67-68]. 

. a . b . c '- . ( ). ( ). ( ) Sln 2 Sln 2 Sln 2 9 sln s - a Sln s - b sln s - c 

Proof. With x 
inequality 

s - a, y s - b, z s - c we must prove the 

y+z z+x x+y~ 
sin ---2-- sin ---2-- sin 2 ~ sin x sin y sin z {x = y = z}. 

But this inequality follows by multiplication of three inequalities, the 
first of which is 

(1 ) 
. 2 y + z 

Sln ---2--
1 

cos(y + z)] ~ 2[cos(y - z) - cos (y + z)] 

sin y sin z {y z}. 

M. s. Klamkin [67]. 
Remark. Inequality (1) means that x ~ log sin x is a concave function 

on (O~ 
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6.7. 

(2) 

(3) 

6.8. 

tan R ;;;. 2 tan r 

Proof. Follows from 6.6 according to the equalities 

tan R 

tan r 

2 
vsin s sin(s - a)sin(s - b)sin(s - c) 

~sin(s - a)sin(s - b)sin(s - c) 
sin s 

M. s. Klamkin [67]. 

tan R tan r ~ ___ 2 __ sin3 s 
sin s 3 

CHAPTER XX 

sin ~ sin b sin c 
2 2 "2' 

Proof. Follows from the concavity of the function x ~ log sin x for 
o < x~according to the equality 

tan R tan r 
2 a. b c 

sin s sin 2 Sln "2 sin 2 ' 

which is a consequence of (2) and (3). 

6.9. 

6.10. 

M. S. Klamkin [67]. 

tan 2 r ~ ___ 1 ___ sin3 s 
sin s 3 

Proof. Follows from 6.7 and 6.8. 
M:-S:'" Klamkin [67]. 

s - a s - b s - c ~ tan3 ~ 
tan ---2-- tan ---2-- tan ---2-- '" 6 

Proof. For every x, y ;;;. 0, x + y ~ ~ we have the inequality 

(4) tan x tan y ~ tan2 x + y ---2- {x 

Indeed, this inequality is equivalent to 

Le. to 

cos(x + y) ~ sin x sin y 
1 + cos(x + y) 7 cos x cos y 

[1 - cos(x - y)] cos(x + y) ;;;. 0 

According to (4) we obtain successively 

y}. 

{x 

s - a s - b s - c ~ ~ 
tan ---2-- tan ---2-- tan ---2-- tan 6 ~ 

y}. 
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~ t 2 ~ t 2 2a + 2b - c ~ tan4 s 
an 4 an 12 6 ' 

since 

1 s - a s - b 
2(-2- +-2-) 

c 
4 ' 

2a + 2b - c 
12 

l.(~ + 2a + 2b - c) ~ 
2 4 12 6 

Equality holds iff 

i.e. 

6.11. 

6.12. 

(5) 

s - a s - b, s - c 

a = b = c. 

M. S. Klamkin [67]. 

~ 
3 ' 

c = 
2a + 2b - c 

3 

Proof. Follows by 6.10 from Lhuilier's formula 

tan2 £ = tan Stan s - a s - b s - c 4 2 --2- tan --2- tan --2-

J. Steiner [104]*; M. S. Klamkin [67]. 

sin 
s 

sin 
3 ~ 

2 £~ 2 6 
{TR }· sin 

3 4 ~ cos 
6 

Proof. According to 6.11 and the identity 

cos 3x cos 3 x + sin x = cos3 2x. 

we obtain 

sin 
2 E 

~ 
4 2 E 1 

s 3 s 
1 + cotan + cotan 2" cotan 

4 6 

s 
sin 3 ~ s 

2 sin 
6 sin 2 sin 

s 3 s s 3 s 3 s sin 2" sin + cos 2" cos 
6 cos 6 3 

3 s 
6 

639 
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6.13. 

6.14. 

6.15. 

6.16. 

(6) 

cos 
2 .f:. ~ cos 

4 

Proof. According 

2 £ 
cos 4 

cos 

~ 
2 

cos 

to 

s 
2 

3 s 
cos 

6 
3 ~ 

3 

6.11 and 

s 
cos '2 

3 s 
cos '6 + 

{TR}· 

(5) we obtain 

3 ~ cos 
6 
s 3 ~ sin '2 sin 

6 

, 3 s 
Sl.n '6 
---~ 

3 s 
cos 3' 

s - a s - b s - c 
sin --2- sin --2-- sin --2--

abc 
cos '2 cos '2 cos '2 

s 
cos 

2 

cos 

Proof. Follows from 6.12 according to the equality 

,2£ s-a 
Sl.n - sin --2-
___ 4 = 

s - b s - c 
sin --2- sin --2-

, s 
Sl.n '2 

abc 
cos '2 cos '2 cos '2 

M. S. Klamkin [67]. 

3 s 
cos 6 
---~ 

3 s 
cos 3' 

s - a s - b s - c 
cos --2-- cos --2- cos --2-

abc 
cos '2 cos '2 cos '2 

Proof. Follows from 6.13 according to the equality 

2 £ 
cos '4 

s 
cos '2 

s - a 
cos --2-- cos 

s - b 
2 

cos 

abc 
cos '2 cos '2 cos '2 

M. S. Klamkin [67]. 

s - c 
2 

(J 
tan r + tan r + tan r ~ sin stan -3 
abc 

Proof. Follows by adding of the equalities 

3 
cos 

3 ~ 
3 

tan r sin s 
CJ. 

tan '2 tan rb sin s tan §. 
2 a 

tan r sin s tan r. 
c 2 

CHAPTER XX 

s 
6 
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according to the convexity of the function x ~ tan x. 
M. S. Klamkin [68]. 

6.17. 
2 222 

tan r a + tan rb + tan r c ~ sin s 

Proof. Follows from (6) according the inequality of GI 2.35 

2a 28 2y 
;:an "2 + tan "2 + tan "2 ~ 1, 

which holds in the case when a + 8 + y 
a + 8 + y > TI, too. 

TI and therefore in the case 

6.18. 

M. S. Klamkin [68]. 

~ 4 sin stan r sin3 2TI - £ . a . b . c 
£ ---6--- s~n "2 s~n "2 s~n "2 

sin "2 

Proof. Follows from 6.29 according to the equality 

M. S. Klamkin [68]. 

2 sin s 
tan R 

. a . b . c 
s~n "2 s~n "2 s~n "2 
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The 'colunar' transformation maps the elements of the triangle T 
onto the corresponding elements of the triangle A'BC: 

a -+ a, b ~ TI - b, c ~ TI - c, s ~ TI - (s - a), 

s - b 4+ S - c, C't ~ C't, f3 ~ TI - f3, y ~ TI - y, 0 ~ TI - (0 - a), 

£ ~ 2a - £, R4+R. 
a 

Using this transformation, from 6.6-6.18 we obtain the inequalities 
6.19-6.31 with equalities iff TI - a = b = c. 

6.19. sin 
a b cos ;: ~ sin sin(s - b) sin(s - c). 
2 

cos "2 2 
s 

6.20. tan R ~ 2 tan r . 
a a 

6.21. tan tan r ~ 
2 3 TI + a - s R 

sin(s a) sin 
3 a a -

M. S. Klamkin [68]. 

6.22. 
2 

~ 
1 3 TI + a - s tan r sin(s a) sin 

3 a -
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6.23. 

6.24. 

6.25. 

6.26. 

6.27. 

6.28. 

6.29. 

6.30. 

6.31. 

M. S. Klamkin [68]. 

cotan ~ tan ~ tan ~ ~ tan 3 7f + a - s 
2 2 2 6 

M. S. Klamkin [68]. 

2 2a - E ~ S - a 3 7f + a - s 
tan ---4--- ~ cotan ---2-- tan 6 

s - a sin3 7f + a - s 
tan 2 2a - E ~ _c_o_s_ -__ - _-2:~ ______ ==~~~6~~~~ 

4 3 7f + a - s 
cos 

3 

s - a 3 7f + a - s 
2 2a - E ~ sin ---2-- cos 6 

cos ---4-- r 3 7f + a - s 
cos 3 

sin 
3 7T + a - s s s - b s - c 

sin sin 
6 

~ 
cos '2 -2- -2-

3 7T + a - s a b c 
cos 

3 cos '2 sin '2 sin '2 

M. S. Klamkin [68]. 

3 
cos 

7T + a - s . s s - b s - c 
6 s~n '2 cos ---2-- cos --2-

--~~~~---~ ----~------~~-----~--3 7f + a - sa. b . c 
cos 3 cos '2 s~n '2 s~n 2 

M. s. Klamkin [68]. 

iT + a - a 
tan r + tan rb + tan rc ~ sin(s - a) tan 3 

M. S. Klamkin [68]. 

tan2 r + 2 2 ~ 2 tan rb + tan rc r sin (s - a). 

M. S. Klamkin [68]. 

tan r tan rb tan rc ~ 

CHAPTER XX 

4 sin(s - a)tan r 2iT _ 2a b 
~ a s<n3 + E • a c 

2a - E ~ 6 s~n '2 cos '2 cos '2 . 
sin --2---

M. S. Klamkin [68]. 
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Using the polar transformation 

a -. 'IT - a, b -. 'IT - 13, c -. 'IT - y, 

1T 

£ -. 2'IT - 2s, 

£ a--
2 ' 

S - b -.~ + Q a Q £ 2 ~ - = ~ - 2 ' S - c ~2 + y - a 

a -. 'IT - a, 13 -. 'IT - b, y ~ 'IT - c, 
3 'IT 

a ~ 2" - s, 

'IT 'IT 'IT 
r-'-- R, r -. - - Ra' rb ~- - ~, 2 a 2 2 

'IT R R~~- R 
'IT 

r -.-- c' r, ~-- r 
a' c 2 2 a 2 

643 

from the inequalities 6.6, 6.8-6.19, 6.21-6.31 we obtain the inequalities 
6.32-6.55. In 6.44-6.55 equalities hold iff 'IT - a = 13 = y. 

6.32. 

6.34. 

6.35. 

6.36. 

6.37 

cos ~ cos ~ cos y ~ costa - a) cos(S - a) cos(y - a) 
222 

. £ 
s~n 2 

tan R tan r ~ ----~~~---
2 . 3 2'IT - £ 

s~n --6--

M. S. Klamkin [68]. 

. £ 

tan2 R ~ ___ s~~_n~-_2 __ __ 
. 3 2'IT - £ 

s~n --6--

M. S. Klamkin [68]. 

tan 2a - £ tan 213 - £ tan 2y - £ ~ 3 2'IT - £ 
4 4 4 tan -1-2-

M. S. Klamkin [68]. 

tan2 ~ ~ £ 3 2'IT - £ 2 tan 4 cotan --1-2--

£ . 3 2'IT - £ 
2 s cos 4 s~n --1-2-­

cos - ~ ---=--::--:::----==--2 3 2'IT - £ 
cos --6--
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6.38. 

6.39. 

6.40. 

6.41. 

6.42. 

6.43. 

6.44. 

6.45. 

. e: 327T-e: 
Sln 4 cos ---1-2--

327T-e: 
cos -6--

. 3 27T - e: . 20'. - e: . 28 - e: . zY - e: 
Sln -1-2- Sln -4-- Sln ---4--- Sln 4 

3 27T - e: ~ ------~-.--O'.--S-i-n~~~S-i-n~r~--~--
cos -6-- Sln "2 2 2 

M. S. Klamkin [68]. 

3 27T - e: 
cos -1-2-
--....."..-=~'-:::-~ 3 27T - e: 
cos -6--

M. S. Klamkin [68]. 

20'. - e: 28 - e: 2y - e: 
cos ---4--- cos 4 cos ---4---

. a. . 8 . y 
Sln "2 Sln "2 Sln "2 

CHAPTER XX 

. e: 5 { } cotan Ra + cotan Rb + cotan RC ~ Sln"2 cotan 3 TR • 

M. s. Klamkin [68]. 

cotan2 Ra + cotan2 R + cotan2 Rc ~ sin2 e: 
b "2 

M. S. Klamkin [68]. 

cotan Ra cotan Ib cotan Rc ~ 

e: 
4 sin "2 cotan R . 3 5 a. 8 y 

~ ------51-:-· n--s----- Sln 3 cos "2 cos "2 cos "2 

M. s. Klamkin [68]. 

a. . 8 51. n r ~ . e: . (D _ £) e:) cos "2 Sln "2 2 r sln"2 Sln IJ 2 sin (y - "2 • 

tan R 
a 

sin (a. - £) 
tan r ~ __ -:;--;::-_-,;2~ __ 

a 2 sin3 27T - 20'. + e: • 
6 

M. S. Klamkin [68]. 

6.46. 
sin(O'. - £) 

tan2 R ~ __ ~~ __ ~~2~_ 
a . 3 27T - 20'. + e: 

Sln 6 

M. S. Klamkin [68]. 
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6.47. tan £ tan 213 - E tan 2y - E ~ tan 3 2'IT - 2a + E 
4 4 4 12 

M. S. Klamkin [68]. 

6.48. 2_s-a;::::: 2a-E 32'IT-2a+E 
tan 2 ~ cotan ---4--- tan 12 

6.49. 

2a - E . 3 2'IT - 2a + E 
2 cos ---4--- s~n 12 

sin ~~ ------~~~--~----~-----2 3 2'IT - 2a + E 
cos 6 

. 2a - E 3 2'IT - 2a + E 

6.50. cos 2 ~ ~ _s_~_n __ -_-..,;-4;:::;-;::-c_o_s---;::--...,......:1.:2,--__ _ 
2 3 2'IT - 2a + E 

cos 6 

sin 3 2'IT - 2a + E . E . 213 - E . 2y - E 
12 s~n 4' s~n ---4--- s~n ---4---

6.51. 3 2'IT - 2a + E ~ sin £ cos ~ cos y cos 6 222 

M. S. Klamkin [68]. 

3 2'IT - 2a + E E 213 - E 2y - t cos 
12 cos 2 cos ---4--- cos ---4---

6.52. ~ 3 2'IT - 2a + E 
sin % cos ~ cos y cos 

6 2 

t4. S. Klamkin [68]. 

6.53. cotan R + cotan ~ sin(a - ~) tan 
'IT - 2a + 2s 

~+ cotan R 6 c 2 

6.54. 
2 2 2 

~ 
2 E cotan R + cotan ~+ cotan R sin (a - 2)· c 

M. s. Klamkin [68]. 

6.55. cotan R cotan ~ cotan R ~ 
c 

4 sin(a - ~) cotan R 3 + a a. 13 
~ 

2 a sin 'IT - s y 
sin(s - a) 3 cos 2 s~n 2 sin '2 • 

Let P be an internal point of a spherical triangle ABC and D, E, F 
the intersections of the cevians AP, BP, CP with the sides BC, CA, AB, 
respectively. Let R1 = PA, R2 = PB, R3 = PC, ri = PD, r 2 = PE, r) = PF. 

Let r 1 , r 2 , r3 be the distances of P from BC, CA, AB and w1 ' w2 ' w3 the 

distances of P from BC, CA, AB measured along the internal bisectors of 
the angles ~ BPC, ~ CPA, ~ APB. Obviously ri ~ r i , wi ~ r i (i = 1, 2, 3). 
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All indices are modulo 3 from the set {1, 2, 3}. 
If we project the triangle ABC from 0 onto the tangent plane of S 

at the point P, then we obtain a plane triangle ABC and if R" r" r~, 
~ ~ ~ 

w, 
~ 

(i = 1,2,3) are the corresponding distances in the triangle AB C, 
then obviously 

R, tan R, , r, tan r, , r~ tan r' , , 
~ ~ ~ ~ ~ ~ 

w, tan w, 
~ ~ 

(i = 1, 2, 3) . 

Therefore, a great number of inequalities for Ri , r i , ri' 

3) from XVIII.2 (for n = 2) and from GI 17. have immediate 
the spherical triangle ABC. For example, from GI 12.37 we 

w, (i = 1, 2, 
~ 

analogues for 
obtain: 

d R 'R <.:r:. (; 1 2 3) th an i' 1\ i i 2 ~ = , , , en 

3 
L: 

i=1 
tan A,R, ;;, 2 

~ ~ 

3 cotan Ri _ 1 + cotan Ri +1 
L: cotan A R + cotan A R tan Wi 

i=1 i-1 i-1 i+1 i+1 

with equality iff ( BPC = ~ CPA = ~ APB 
A. OppenheiQ [89]. 
Remark. In 6.56 Wi can be replaced by rio 

6.57. With the same hypothesis as in 6.56 we have 

3 3 cotan Ri _ 1 + cotan Ri +1 
L: A,R, ;;, 2 L: 

1 
i=1 1. ~ 

i=1 
A, 1R , 1 + A, 1R 
~- ~- 1.+ i+1 

tan w, • 
~ 

and 
Proof. Follows by substituting A 0 for Ai in 6.56, dividing by 0 

letting r; .... O. i 
A. Oppenheim [89]. 

6.58. sin R1 + sin R2 + sin R3 ;;, 2(sin w1 cos % + sin w2 cos % + 

c 
+ sin w3 cos 2'). 

Equality holds only in one of the following four cases: (i) a = b = c, 
R1 = R2 = R3 ; (ii) 0 < IT - R1 = R2 = R3 < 'IT (and then w2 = w3 ; the 

other ends of w1 ' w2 ' w3 are the midpoints of BC, CA, AB); (iii) 0 < R1 

=TI-R =R <'IT' (iv) O<R1 ' 2 3 ' 
A. Oppenheim [89]. 
Remark. In 6.58 Wi can be replaced by rio 



OTHER INEQUALITIES IN En 647 

Let ai' bi , c i denote the sides of n spherical triangles AiBiCi 

(i = 1, 2, ••• , n) on unit sphere S and let A1, A2 , 
that Ai + A2 + ••• + An = 1. Then 

A € R+ such ••• , n 

n 

a = l: Aiai , 
i=l 

b 
n 
l: 

i=l 
A ,b" 
~ ~ 

c = 
n 
L 

i=l 
A,c, 
~ ~ 

are the sides of a new spherical triangle ABC on the same sphere S. Let 
the indices 1, 2, ••• , n denote the elements of the triangles AiBiCi 

(i = 1, 2, ••• , n). {I } denotes that equality holds iff the n triangles 
n are isometric. 

6.59. {I }. 
n 

M. S. Klamkin [68]. 

6.60. 
2 n 2 \ 

tan r sin s ~ IT (tan r i sin si) {r }. 
i=l 

M. S. Klamkin [68]. 

6.61. tan R tan r sin s ~ 

M. S. Klamkin [68]. 

7. Other Inequalities in E3 

n 

n Ai 
IT (tan Ri tan r i sin si) 

i=l 
{r }. 

n 

Let Q be a convex polyhedral angle with the vertex O. If Y is any plane 
such that Q n y is a convex polygon By' then let By be the area of By. 

If P is the pyramid with the base B and the vertex 0, then let V , L , 
Y Y Y Y 

Fy and hy be the volume, the lateral area, the total area and the 

altitude of P , respectively. Let H be the foot of the perpendicular 
y y 

from 0 onto y and Gy the centroid of By. 

7.1. For a given point P inside Q there is one and only one plane a such 
that Ga P. If S is any plane through P, then 

V ~ V S a 
{S = a}. 

J. Steiner [104]; R. Sturm [109, p. 130-131]. 
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V E 
+ 

There is one and only one plane a such that V and 7.2. Let R • V 
H If S is any plane such that Vs = V, then 

a 
G . a a 

BS ;;;. Ba {S = a}. 

J. Steiner [104]; R. Sturm [109, p. 131]. 

7.3. Let B E R+. There is one and only one plane a such that B Band 
G If S is any plane such that BS = B, then 

a 
Hex a' 

V ,,;; V 
S a 

{S a}. 

J. Steiner [104]; R. Sturm [109, p. 131] • 

7.4. Let h E R+. There is one and only one plane a such that h hand 
H Ga' If S is any plane such that hS = h, then a 

a 

V ;;;. V 
S a 

{S = a}. 

R. Sturm [l09, p. 131-132] • 

7.5. Let ~ be circumscribed to a cone of revolution and let V E R+. There 
is one and only one plane a such that Va = V and such that Ha lies on the 

axis of the cone. If S is any plane such that Vs = V, then 

L ;;;. L S a 
{S = a}. 

J. Steiner [104]; R. Sturm [109, p. 132-133]. 

7.6. Let Q be circumscribed to a cone of revolution and let V E R+. There 
is one and only one plane a such that Va = V and such that Ga is the 

point of contact of a with the inscribed sphere of Pa . If S is any plane 
such that Vs V, then 

F ;;;. F S a 
{S = a}. 

J. Steiner [104]; R. Sturm [109, p. 133]. 

7.7. Let p and p' be two skew lines, d = ppl the distance between these 
two lines, B, C points of p and A, 0 points of p' such that BC = a, 
AD = a ' • If FA' FO are the areas of the triangles BCD, ABC, respectively, 
then 

{ApI plO}. 
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Proof. If AP' = X, DP' = y, then 

= i:.(~2 + 2 10.2 + /). FA + F x + 
D 2 

Using Minkowski's inequality we obtain 

{x = y}. 

If A and D are on the same side of p' (or A = p' or D = P'), then x + y 
~ a' and x I y and if A and D are on the different sides of p', then 
x + y = a'. Therefore, we obtain 7.7 in both cases. 

7.8. If in a skew quadrangle ABCD we have AB ~ BC, CD ~ DA, ~1 

~ (AB, CD), 02 = ~ (BC, DA), then 

cos" .;;; BD 
'i'i AC (i=1,2) 

with equality only for a plane quadrangle. 
Proof. Let E be the fourth vertex of the rectangle ABCE. Then ~1 = 

{ DCE, AC = BE. The points B, D, E lie on the sphere with a diameter AC. 
Since BE is another diameter of this sphere ~, so BD i DE. Let R be the 
radius of Sand r the radius of the circle a n ~, where a is the plane 
CDE. Then r .;;; R with equality iff the plane a contains the centre of S, 
i.e. iff the point D lies in the plane ABC. NOW, we have 

sin ~ DBE sin ~ DCE 

and therefore cos ~ DBE ~ cos ~ DCE. Finally, we obtain 

cos ~1 = cos ~ DCE .;;; cos ~ DBE 

Ju. Nesterenko [87]. 

BD 
=-

BE 
BD 
AC 

7.9. If V is the volume and F the total area of a polyhedron isomorphic 
to an-angular bipyramid, then 

with equality only for a regular n-angular pyramid with the angle 
/3 

arccos ~ between the base and any of its 2n lateral faces. 

J. Steiner [104]*; R. Sturm [109, p. 125-128, 137-138]*. 

7.10. Let AIBiA2B; ••• AnB~ be a regular 2n-gon (n ~ 2) inscribed in a 

circle with the radius r in a plane a. A translation by a vector of 
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length h orthogonal to the plane a maps the regular n-gon BiB; ... B~ onto 

a regular n-gon B1B2 Bn. The regular n-gons A1A2 ... An and B1B2 ••• 

Bn are the bases and the 2n congruent isosceles triangles A1B1A2 , B1A2B2 , 

A2B2A3 , ••• , AnBnA1' BnA1B1 are the lateral faces of a regular n-angular 

antiprism P with the altitude h and the circumradius r of its bases. If 
V is the volume and F the total area of P, then 

where 

F3 n 
2;;;: nn sin n 
V 

u cos 
n 
n 

v 

3 
v 

2 2 
(2u + 1) (v - 2uv + 2u - 1) 

2u + ~u2 - 6u + 3. 

{~ /v2 _ 2uv + 
r + 2u - 1}, 

Proof. Let a be the side length and p the inradius of a base and h' 
the altitude of a lateral face of P. Then 

p 

h' 

F 

r cos 
n 
n 

/(r_p)2 

na(p + h') 

a = 2r sin n 
n 

+ h 
2 1r2 (1 - cos 2.1:./ 2 

+ h , 
n 

2n 
n 

r(r cos 
n !r2 (1 sin . -+ 

n n 
~)2 2 

- cos + h ). 
n 

The symmetral plane of P, parallel to a, intersects P alongside a regular 

2n-gon with the side lenqth % and the area 

a 
2n • 4 

a n 
4 cotan 2n 

2 
na n 
-8- cotan-

2n 

According to the well-known prismoidal formula we have 

V 

Therefore 

1:: (2 
6 

cotan ~) 
2n 

1::(nr2 sin n cos ~ + n~2 sin2 n cotan ~) 
3 n n n 2n 

2 
nr h sin ~(cos n + 2 cos2 ~) 
--3- n n 2n 

nr2h sin ~(1 + 2 cos ~). --3-- n n 
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Let 

(1) 

Then 

(E.) 2 
r 

and therefore 

F3 
2"= 
V 

72n 
• 'IT 

Sl.n -
n 

(1 + 2 

72n 
• 'IT 

s~n - • 
n 

2 
(x - u) -

72n 
'IT sin - • 
n 

(1 

(1 

(r cos 2:. + Jr,2 (1 
n 

x. 

2 
- u) x 

2 2 
+ 2u) (x 

2 

3 
x 

2 
rh 

- 2ux + 2u - 1 

- 2ux + 2u - 1) 

h 
From (1) follows that x monotonically increases from 1 to +00, when r 

651 

increases from 0 to +00. We must determine the minimum of the function 

f' (x) 

for 1 < x < +00. 

f(x) 

x 2 (x 2 - 4ux + 6u - 3) 
2 1)2 (x - 2ux + 2u -

Since 

X2 (x2 _ 4ux + 6u - 3) 

(x2 _ 2ux + 2u _ 1)2 

2 
from x - 4ux + 6u - 3 = 0 it follows 

x = 2u + ~u2 - 6u + 3. 
1,2 

But u < 1 implies 

xl = 2u + ~u2 - 6u + 3 > 1, 14u2 < x 2 = 2u - v' - 6u + 3 1 

and therefore only the first solution xl remains. NOw, we have 
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fll (X) = 

2 3 
8u X 

CHAPTER XX 

(x2 _ 2ux + 2u _ 1)3 

(8u2 _ 4u + 2) (x - 1)2 + 6(x - 1)2 + 12(1 - u) (x - 1) +8(1 - u)2 

(x - 1)3(x - 2u + 1)3 

and f" (Xl) > 0, according to the inequalities 1 - u> 0, xl xl - 1 > 0, 
232 

8u - 4u + 2 > 0, x - 2u + 1 > O. Therefore, F Iv is minimal for x 
v. 
E. Steinitz [107]. 

7.11. If a 1 , a 2 , ••. , an are the side lengths and p = a 1 + a 2 + ••• + an 

the perimeter of a convex spherical n-gon A on an unit sphere with the 
centre 0 (i.e. the polyhedral angle with the vertex 0, determined by A, 
is convex), then 

2a. < p < 271 
l 

(i = 1, 2, ••• , n). 

E. Rouche and Ch. de Comberousse [95, p. 35-37]. 
Remark. Inequalities 7.11 (with n = 3) are necessary and sufficient 

conditions for the existence of a spherical triangle with the side 
lengths a 1 , a 2 , a 3 • 

E. Rouche and Ch. de Comberousse [95, p. 37-38]; F. G.-M. [125, 
p. 868-869]. 

7.12. If Fn is the area of a convex spherical n-gon, all of whose side 

lengths are equal to a and all of whose diagonals have lengths at least 
a, then 

{n = 3}. 

W. Habicht and B. L. van der Waerden [57]; J. r10lnar [86]. 

7.13. If 0 is the sum of all angles of a convex spherical n-gon, then 

CT > (n - 2)71. 

A. Pinciu [91]. 

7.14. Let L1 , L2 , ... , L be q linear complexes of lines in a three-
q 

dimensional projective space and let 

(i) (i) + (i) + ti) + (i) 
x 12 P34 + x 13 P42 x 14 P23 x 34 P12 x 42 P13 + 

o (i 1, 2, ..• , q) 
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be the equations of these q linear complexes, where Pjk are the Plucker 

coordinates of any line. For any i, j E {1, 2, ••. , q} let 

and let C(L1 , L2 , ••• , Lq) = det(\j) (i, j = 1,2, ••• , q). For six 

linear complexes L1, L2 , ••• , L6 we have 

with equality iff these six linear complexes are linearly dependent. 
O. Bottema [8]. 

7.15. with the notation of 7.14 let L1 , L2 , L3 , L4 be four linearly 

independent linear complexes. A pair of lines, which is the intersection 
of these linear complexes, consists of two real different lines, of two 
identical lines or of two imaginary lines iff we have the first, the 
second or the third sign in 

O. Bottema [8]. 

8. Inequalities for Convex Polytopes in En (n ~ 2) 

Let P be a convex polytope in En (n ~ 2) with v vertices A1 , A2 , ••• , Av 

and f 'faces' P1 , P2 , ••• , Pf • Let G be the centroid and V the volume of 

P, further let I, 0 be the centres and r, R the radii of the maximal 
hypersphere a contained in P and of the minimal hyper sphere L containing 
P, respectively. Let F1 , F2 , ••• , Ff be the (n - l)-contents of Pl , P2 , 

••• , Pf and F = Fl + F2 + •• , + Ff the 'total surface area' of P. By E 

we denote the total edge length of P. 
Let P be any point inside P. For any i E {1, 2, ••• , f} let r i be 

the distance from the ~oint P to the hyperplane of P,. Obviously 
~ 

f 
(1 ) L F,r, nV. 

i=l ~ ~ 

8.1. ~< r ~ nV 
F F 

with equality iff P is circumscribed about a hyper sphere . 
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Proof. The second inequality is obvious. On every 'face' p. (on the 
~ 

inner side) we construct a 'prism' with the altitude h = v/F. The 
'prisms' on two adjacent 'faces' have common interior pOints and the sum 
of all 'prisms' has its volume smaller than Fh = V. Therefore, there is 
an inner point P of P which is not contained in any of the 'prisms', 
i.e. we have ri> h (i = 1, 2, ••• , f). If r' = min (r1 , r 2 , ••• , r f ), 

then r' > h = v/F and a hypersphere with the centre P and the radius r' 
is contained in P. 

A. Kelarev [64]. 

8.2. If P' is a convex polytope contained in P and if V' and F' are the 
volume and the 'total surface area' of P', respectively, then 

V V' 
n->­

F F' 

Proof. Let r' be the radius of the maximal hypersphere contained in 
P'. According to 8.1 we have successively 

nV ~ r> r' > ~ 
F F' 

A. Kelarev [64]. 
Remark. The constant n in 8.2 cannot be decreased. Indeed, it 

suffices-t0 consider (for n = 2, but we can make an analogous consider­
ation for n > 2) a narrow long rectangle inside an isosceles triangle 
with a short base and a long altitude. 

8.3. Let P' be a polytope with the 'faces' parallel to the corresponding 
'faces' of P and let P' be circumscribed about a unit hypersphere. If V' 
is the volume of P', then 

with equality iff P and PI are homothetic. 
H. Minkowski [84]; LindelOf [76] (n = 3); S. A. J. Lhuilier [75] 

(n = 2). 

8.4. If 

if X is ~ auxiliary function defined by x(a) 
functioh !l' ... -rca) is defined by 

T 

f n-2 sin (J. d(J. a 
(n - 1)Wn _ 1 ' 

o 

W tann- 1 T and if the 
n-l 
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then 

Fn 
--;;:. 

n-l 
V 

f n-l (nJJn) 
n X -f- . 

H. Hadwiger [58]; M. Goldberg [50] (n 3). 

+ 
8.5. If Ai' A2 , .•• , Af E R , 

f 

L \, 
i=l 

d 
F,r, 

l. l. 
max --

i \ 

655 

and if g:(O, d) ~ R is a convex, respectively concave function, then 

If g is strictly convex, respectively concave function, then equality 
holds iff 

Proof. Follows from (1) using Jensen's inequality. 
1. Tomescu [115] (A, = 1 or A, F, for i = 1,2, ••• , 

l. l. l. 

pER, n E {2, 3}); XVIII.2.30 (f = n + 1, A = A 
11 2 

log x); XVIII.2.32 (f = n + 1; A, = (X,F~)p+l for i 
l. 1 1 ~ 

1, 2, 

g(x) =x-P ; p>O); 

g(x) = x 2 ) . 

J. tJeuberg [129] (n = 3; A, =F~ for i=l, 
l. l. 

8.6. 
f 
L 

i, j=l 
i<j 

Proof. Using (1) we obtain 

(2) 

On the 

(3) 

f 
L 

i, j=l 
i<j 

other hand, 

f 
2 2 

L F,r, 
i=l 

l. l. 

8.5 (with A 
1 

2 2 
'), n V 
'~-f-

A2 

f 
L 

i=l 

{p 

Af , g(x) x 2 ) 

f; g(x) = xP 

Af 1, g(x) 

f; 

2, ... , f; 

implies 
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with equality iff Fir l = F2r 2 = 
and (3) inequality 8.6 follows. 

CHAPTER XX 

G. But, from (2) 

8.7. If P is circumscribed about a hypersphere and if p> 0, then 

-E.... 
Proof. Using 8.5 (with A, 

x -p), we get ~ 
F~+l for i 
~ 

1, 2, ••• , f and g(x} 

(4) 

P 
f 1 --!:::P( f p+ I )P+ 1 
E -~ E F 

i=1 r~ (nV}p i=1 i 
~ 

On the other hand, there holds Petrovi~'s inequality 

f ~ f ) E g(x,} > 2g 2 E x, 
i=1 ~ i=l ~ 

for concave functions g:[O, a} ~ R with g(O} o and 

For x, 
~ 

(S) 

f 
O~x ~.!. E 

j 2 i=1 xi 
(j 1,2, ••• , f). 

-E.... 
F, (i 
~ 

1, 2, ••• , f) and g(x} xp +1 we obtain 

But, (4), (S) and equality rF = nV imply 8.7. 

8.8. Let P be a polytope isomorphic to a regular polytope P . If R is 
o 0 

the radius of the minimal hypersphere containing P and r the radius 
of the maximal hypersphere contained in P ,then 0 0 

R R 
- ~-.£ 
r r 

o 

o 

with equality iff the polytopes P and P are similar. 
o 

L. Fejes T6th [34], [35], [38, p. 292]. 
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Remark. If P is a hypercube or a cross-polytope, then R /r In, 
------ 0 0 0 

and if P is a regular simplex, then R /r = n (XVIII. 2.51). 
000 

8.9. Let n = 4 and Po be the regular polytope circumscribed about a 

hypersphere with the radius R and bounded by the regular tetrahedra or 
octahedra, and let P be a polytope isomorphic to P and circumscribed 

o 
about the same hypersphere. If V is the volume of P , then 

o 0 

V ~ V 
o 

with equality iff the polytopes P and P are congruent. 
L. Fejes T6th [34]. . 0 

8.10. with the same conditions as in 8.9 let F 
Then 

F~F 
o 

o 
be the total area of P • 

o 

with equality iff the polytopes P and P are congruent. 
L. Fejes T~th [34]. 0 

8.11. If n = 4, then 

2 
F> 67.5r • 

L. Fejes T6th [37]. 

8.12. If n = 4 and P has tetrahedral cells only, then 

F> 110.4r2 • 

L. Fejes T6th [37]. 

8.13. If n = 4 and P has octahedral cells only, then 

F > 81.6r2. 

L. Fejes T6th [37]. 

8.14. If P is a parallelotope, then 

with equality iff P is a hypercube. 
Proof. Follows from XVIII.3.20' (with k = 1). 
D. O. ~kljarskij, N. N. ~encov, and I. M. Jaglom [102, p. 262] 

(n = 3). 
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8.15. Let P be a set of 2m points (m ~ 2) labelled as if they were the 
vertices of an m-parallelotope. Let Q be the sum of the squares of the 

m-1 m-1 
2 m 'edges' and D the sum of the squares of the 2 'diagonals'. Then 

D :( Q 

with equality iff P is the vertex set of an m-parallelotope. 
L. Gerber [48]. 

8.16. Let P be a parallelotope that contains the or~g~n 0 in its 
interior. Let P' be the cross-polytope polar reciprocal to P with 
respect to the unit sphere I centered at O. If V' is the volume of P', 
then 

with equality iff 0 is the centre of P. 
Proof. Let the 'faces' of P be denoted by P1' P2 , ••• , Pn and p~, P;, 

••. , P', where p, II P~ (i = 1, 2, ••• , n). By a suitable choice of 
n ~ ~ 

orthogonal coordinate axes we can suppose that the foot of the perpen­
dicular from 0 to Pi has coordinates (ail' •.. , a ii , 0, ... ,0). Then 

the foot of the perpendicular from 0 to P: has coordinates (-k 1a'l' ... , - ~ ~ 

-kiaii , 0, ... , 

form 

0), where k, > O. The equations of P and P~ have the 
~ i ~ 

2 
ail + ••• 

and we have 

2 a~, ) n (1 + k i ) (ail + ... + 
V' II ~~ 

la" I i=l ~~ 

The poles P, , p' of Pi' ~ i 
P~ 
~ 

with respect to I have coordinates 

(2 ail 
a 0) ii 0, 

2 , ... , 2 2 , -.. , 
ail + + a, , ail + ... + a, , 

~~ ~~ 

and 

( 2 

-ail -a 0) ii 

+ a~,) 
I •• • , 2 a~, ) 

, 0, ... , 
k i (ail + .. . k i (ail + ... + 

~~ ~~ 
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respectively. So we have 

n 
V' n! II 2 2 

i=l (ail + ••• + aii) 

and therefore 

W' 
n (1+k.)2 
II _......,..._.::;~_ ~ ~ 4n 

n! i=l k i n! 

with equality iff kl = k2 = ••• 

R. P. Bambah [3]. 

k 
n 

9. Other Inequalities in En (n ~ 2) 

1. 

659 

Let P = {A1 , A2 , ••• , Am} be a set of m points in En. For any i, j € 

{i, 2, ••• , m} (i -I j) let a .. = A.A .• Let a and R be the centre and the 
~J ~ J 

radius of the minimal hypersphere ~ containing P. For any point X let 
->-

X = OX. Let G be the centroid of P and for any i € {1, 2, ... , m} let 
G. be the centroid of the set P, {A.}. 
~ ~ 

In some inequalities the cyclic order of the elements of P is given, 

i.e. P is an m-gon in En. In this case all indices are taken modulo m 
from the set {1, 2, ••• , m} and the sign {P = P } respectively {P = P } 

R AR 
means that equality holds iff P is a regular respectively an affine­
regular plane m-gon. 

For any points A1, A2 , ••• , Am in En let 

0 

0 
2 2 2 

a 12 a 1 ,m_l a 1m 

2 
0 

2 2 
1 a 12 a 2 ,m_l a Zm 

2 2 
0 

2 
a 1 ,m_l a 2 ,m-l a m-l,m 

2 2 2 
0 a lm a 2m am_ l ,m 

Let Al , A2 , ••• , Am be the centres of m hyperspheres ~l' ~2' ••• , ~m with 
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the radii r 1 , r 2 , ••• , rm. For any i, j E {1, 2, ••• , m} let Pii = 
222 

a.. - r - r be the mutual potency of two hyperspheres 1:. and l:. and 
1.J 2 i 2 j _ 2 1. J 

let t .. = a .. - (r. + r.) be the square of the length of the common 
1.J 1.J 1. J 

tangent of two oriented hyperspheres I: i and 

or the lower sign if the orientations of I: i 
respectively. Let 

I: j , where we take the upper 

and 1:. are equal or opposite, 
J 

P (I: 1 ' 1: 2 , ... , I: ) (_1)m+1 det(p .. ) (i, j 1, 2, ...... , m) , 
m 1.J 

T (I: l' ) 
m 2 

1: 2 , ...... , I: (-1) det(t .. ) (i, j = 1, 2, ...... , m) . 
m 1.J 

9.1. Let the points A1 , A2 , ••. , A be collinear (in this order) and let 
+ m 

a 1 , a 2 , am E R • If there is k E {1, 2, ••• , m} such that 

then let 

then let 

k-1 
<.!. 

m 
I: a. I: 

i=1 1. 2 
i=1 

P = Ak , and if 

k-1 
I: 

i=l 

P be 

m 
a. <.!. I: 

1. 2 i=1 

any point 

ai' 

there 

of the 

k 
>.!. 

m 
I: a. I: a. , 

i=1 
1. 2 

i=l 
1. 

is k E {i, 2, ..... , m} 

k 
I: 

i=1 

1 m 
a i = '2 I: 

i=1 

---
segment AkAk +1 • For 

such that 

any point Q of 
space we have 

9.2. 

9.3 

p E 

m m 
I: a. . A.Q ~ I: a . A.P {Q p}. 

i=l 1. 1. 
i=1 i 1. 

A. Engel [22] ; H. J. Claus [13] ; A. Fricke [47] • 

m 
I: 2 :;;; 4 2 'IT 

a i ,i+2 cos 
i=1 m 

L. Gerber [49] ; J. C. Fisher, 

m 2 

I: a i ,i+1 
i=1 

D. Ruoff, 

If a 12 = a 23 = '" = a = a, m~ 4, k E 
ml 

[_00, 2], then 

M[P] (a. . ):;;; __ a_ sin 'ITk 
m 1.,1.+k sin ~ m 

{P 

m 

(m ~ 4) 

and J. Shiletto 

{2, oo"" , m - 2} 

[40] • 

and 

the 

R. Alexander [2] (p = 1; m even, k 
[122] (p = 2). 

m/2); L. Yang and J. Zh. Zhang 
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Remark. The inequality 9.3 for p 
for any p € [_00, 2]. 

2 implies the same inequality 

9.4. With the same hypothesis as in 9.3 we have 

m m-1 'lTk 
I < rna 

I a, , sin -
i,j=l ~] 2 sin ~ k=l m 

i<j 
m 

Proof. Follows from 9.3 (with p 1). 
R. Alexander [2]. 

9.5. Let the closed polygonal curve 

c •.• r = r (s) 

{P PR}· 

be parametrized by arc length s € [0, L]. There is a plane closed 
polygonal curve 

parametrized by the same arc length so that for every sl' s2 € [0, L] 

661 

Moreover, if C is not plane and convex and E(sl)' E(s2) are not on the 
same edge of C, then 

9.6. 

9.7. 

G. T. Sallee [96]. 

m 
I 

i=l 

G. KalajdlUc [63] 

m 2 
I a, , < 

i,j=l ~] 

i<j 

Proof. We have 

m 
2 

I a, , 

(n 

2 
m R 

2 

2 
OG 

= 3) ; XVIII.2.26 (m 

{P c I, G O}. 

m 
2 

m 
I (A, - A,) < I 

i,j=l ~] 
=2' 

i, j=l -~ -] 
i,j=l 

i<j 

n + 

(R 
2 

A G }. 
mm 

1) • 

- A,A,) 
-~-] 
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with equality iff 

IA,I R (i 
-l. 

1, 2, ••• , m), 
m 
L A, 

i=l -l. 

CHAPTER XX 

+ 
O. 

v. Devid~ [17]; E. Hille [60]; J. H. McKay [83] (ProblemA-4); 
G. D. Chakerian and M. S. Klamkin [11]; V. Prasolov [93]. 

9.8. ~ ,,;: /m(m - 1) R 
i,j=l aij ~ 2 m • 

i<j 

Equality holds iff m ~ n + 1 and AIA2 
m+l 

E 

... Am is a regular simplex in 

inscribed in a hypersphere with the radius R. 
G. D. Chakerian and M. S. Klamkin [11]. 

9.9. If A1, A2 , ••• , Am are on the hypersphere L with the radius Rand 

a a a E R+ such that l' 2' .•• , m 

(1 ) 

m 
L 

i=l 

then for any point P 

m 
L 

i=l 

+ 
0, 

m 

L 
i=l 

a, 
l. 

{p o} • 

Proof. Let R 1, P ~ O. By symmetry 

1 
A P = lA, - pi = IpA, - -p _pi, 

i -l. - -l. 

where p = OP ~ O. Therefore 

m 
L 

i=l 
a, • A P 

l. i 

M. S. Klamkin [66]. 

m 

L 
i=l 

a,lpA, -..!..pl;;' 
l. -l. p-

m a, 
L 2. P) I 

i=l P -

m 

L a,. 
i=l - l. 

9.10. If P is on L with the radius R and if the convex closure of P 
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contains 0, then 

m 
L: A, I ~ (m - 2) R 

i=l -l 

663 

with equality iff there are k, 1 E {1, 

~k + ~1 = 0 and Ai = ••• = Ak _ 1 = ~+1 
2, ... , m} (k < 1) such that 

Al _1 = Al +1 = ••• = Am· 

Proof. Let R = 1. There are numbers a 1 , a 2 , ••• , am such that 

a i ~ 0 (i = 1, 2, ••• , m), a 1 + a 2 + + am 1 and such that the 

equality (1) holds. Assume that a 1 > 1/2. Then 

a 

.!.> 1 
2 

contradiction. 

m 
L: 

i=2 
a, 

l 

m 
- a 1 L: a, 

i=2 
l 

Therefore a 1 

m 
L: 

i=2 
a,A, I, 
l-l 

m 
>.!. ~ L: a,A,1 l-al~ll a 1 

i=2 
l.-l 2 ' 

~ 1/2 and a 1 1/2 iff 

i.e., because of (1), iff ~k = -~1 for every k E {2, ... , m} for which 

a k ~ O. We have analogous considerations for a 2 , ••• , am. Therefore, 

there are only three possibilities: 
1° there are k, 1 E {1, 2, ••• , m} (k < 1) such that a k = a l = 1/2, 

.... 
a 1 = ••• = a k _ 1 = a k +1 = ••• = a l _ 1 = a l +1 = ••• = am = 0, ~k + ~l = 0; 

2° there is k E {1, 2, ••• , m} such that a = 1/2; a 2 , ••• , a < 1/2 
k m 

and ~l = -~ for every 1 E {1, 2, ••• , m} , {k} for which a l ~ 0; 

3° a l , a 2 , ••• , am < 1/2. 
Finally 

m 
L: A,I 

i=l -l 

m 
L: 

i=l 
(1 - 2a,) A, I ~ 

l -l 

Equality holds in the case 1° iff ~1 = 

m 
L: 

i=l 
(1 - 2a,) 

l 
m - 2. 

A = 
-1+1 = ~, and in the case 2° iff ~l 

= ~-1 = ~k+l = ... = ~1-1 = 
= ••• = ~k-l = ~+1 = ... = 

~. In the case 3° equality cannot hold, because of the equalities ~1 = 

~2 = ••• = ~ are impossible according to (1). 

H. S. Klamkin and D. J. Newman [69]. 
Remark. Inequality 9.10 can be extended for the case of radius 

vectors of different lengths, i.e. we have 
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9.10 I 
m m 
L A,I ~ L 

i=l -~ i=l 
IA,I - 2 
-~ 

min 
i 

lA, I. 
-~ 

M. S. Klamkin and D. J. Newman [69]. 

9.11. With the same hypothesis as in 9.10 we have 

a~, ) 4(m - 1)R2 
~J 

with the same conditions for equality as in 9.10. 
Proof. From the proof of 9.7 we have the equality 

m 
L 

i,j=l 
i<j 

2 
a, , 
~J 

2 2 
m R 

and 9.11 is a consequence of 9.10. 
G. D. Chakerian and M. S. Klamkin [11]. 

9.12. With the same hypothesis as in 9.10 we have 

m 
L a iJ,) 2(m - l)R 

i, j=l 
i<j 

CHAPTER XX 

with equality iff there is k E {1, 2, ... , m} such that ~1 = , .. = ~k-l 

-~k = ~k+l = '" =;. 

Proof. Follows from 9.11 because of a" ~ 2R (i, j 
~J 

i < j) and equality holds iff a" f. 0 implies a, ' = 2R. 
~J ~J 

1, 2, ••• , m; 

G. D. Chakerian and M. S. Klamkin [11]; D. Wolfe [120]. 

9.13. If P is on L and if P is any point on L, then 

m 
2mR(R - OG) ~ L 

i=l 

2 
A,P ~ 2mR(R + OG) 
~ 

with equality iff P = P1 respectively P = P2 , where P1 and P2 are the 

intersection points of the line OG and the hypersphere L (the points G 
and P1 on the same side of 0). 

Proof. Follows by -1 ~ cos ~ POG ~ from the equality 

m 

L 
i=l 

2 
A,P 

l. 

m 

L 
i=l 

2P • 
m 
L A, 

i=l -l. 
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= 2mR2 _ 2mP • G = 2mR2 - 2mR • OG • cos ~ POGo 

T. P. Grigorjeva [54] (n = m 3) • 

9.14. If the extensions of A,G (i 
1 

1, 2, ••• , m) intersect L at A~, 
then 

m 
L 

i=l 
GA' ); 

i 

m 
L GAi 

i=l 

Proof. Same as in XVIII.2.57 (with a 
n + 1-)-.--

P. Boente [7]. 

9.15. If m = n + 1, then 

... , A )); 0 
n+1 

A G }. 
mm 

1 and with m instead of 

with equality iff the points A1 , A2 , ... , An+1 lie on a hyperplane. 

J. Haantjes [56]; O. Bottema [8]. 
Remark 1. A set of N pOints A1 , A2 , ••• , AN of a metric space is 
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congruent to a set of N points of En if for any mE {2, ... , N} and any 
subset {i 1 , i 2 , .•• , i m} of the set NN = {1, 2, .•• , N} we have 

R(A, , A, , ... , A, ) ); 0 and if n + 1 is the maximal value of m for which 
11 12 1m 

there is a subset {i1 , i 2 , ••• , i } =NN such that R(A, , A, , ••• , A, ) 
> O. m 11 12 1m 

J. Haantjes [56]. 
Remark 2. If A1A2 A is a simplex in En and if V is its' • • • n+1 

volume, then 

n 2 2 
IR(A1 , A2 , ••• , An +1 ) 1= 2 (n!) V . 

Remark 3. For an elliptic 
have the analogous facts as in 
R(A1 , A2 , ••• , Am) by det(cosh 

1, 2, ... , m) • 

J. Haantjes [56]. 

9.16. If m = n + 2, then 

(-1)n+2det(a~,) < 0 
1J 

respectively for a hl~erbolic space we 
9.15 and in Remark 1, but we must replace 
a, ,)respectively by det(cosh a, ,) (i, j = 

1J 1J 

(i, j 1, 2, ... , n + 2) 

with equality iff the points A1 , A2 , ... , An+2 lie on a hypersphere. 
O. Bottema [8]. 
Remark. For n = 2, we obtain the Mobius-Neuberq inequality. 



666 CHAPTER XX 

+ 9.17. Let m ~ n + 1 and a 1 , a 2 , ••• , am E R • Denote by V. . the 
~1···~k+1 

k-dimensional content of the k-simplex A. • •• A. for every k E {1, 
~1 ~k+1 

2, ••• , n} and every i 1, ••• , i k+l E {1, 2, ••• , m} such that 1 ~ i1 < 
... < i k+1 ~ m. Put 

m 
l: a. 

2 
a. V. . (k E {1, 7., ••• , JTl}). 
~k+l ~1···~k+1 

IfM 
o 

i 1 , ••• ,ik+1=1 ~1 

i 1<·· .<ik +l 

a l + a 2 + .•• + am and k, 1 E {1, 2, .•• , n} (k < 1), then 

[In - 1)!(l!)3]k (n!M )l-k 

[(n _ k)! (k!)3]l 0 

with equality iff the inertial ellipsoid of the points A1 , A2 , ... , Am 
with masses a 1 , a 2 , ••• , am is a hypersphere. 

Proof. Let G be the centroid of the points Al , A2 , ••• , Am with 

masses a 1 , a2 , 

any hyperplane 
the points A1 , 

am' respectively, and let G be the origin. Let H be 

(2) 

Define a 

Let A. 
-~ 

matrix Q 

i.e. the 

with the unit normal vector n. The moment of inertia of 
A2 , ••• , Am with respect to R is given by 

I 

m 
l: 

i=1 

vector x 

E. 
x Tr 

(ail ' a i2 , 

a. (n • A.) 2. 
1 - -~ 

(Xl' x2 ' ... , 

~ 
Le. !! TXT 

. . . , a . ) (i 
~n 

= (qij) with qij = /a.a .. 
J J~ 

X ) by 
n 

1, 2, 

(i 

j-th column of Q is the vector 

... , m) and define an n x m 

1, 2, ... , n; j = 1, 2, ... , m) , 

la.A .• Since 
]-J 

(2) can be rewritten as 

(3) 
T T 

nOO n _._'- I 
1 

~' 
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where OT and nT are the transposes of matrices Q and n. Therefore, x = 
Ixln a~d (3) imply 

(4) 
T T 

~~ 1. 

Note that QQT is an n x n symmetric, positive semi-definite matrix 
(Gram matrix of the row-vectors of Q). Hence it diagonalizes in an 
orthonormal basis (principal axes of inertia) and has non-negative 
eigenvalues. Therefore, in the non-degenerate case, (4) represents the 
inertial ellipsoid of Ai' A2 , ••• , A (in general it is an 'ellipsoid 

T m T 
cylinder'). NOW, P = Q Q has the same non-zero eigenvalues as QQ , since 

(5) 
T m~ T 

det(Q Q - AI ) = (-A) det(QQ - AI ). m n 

We have 

MO ••••••••••••• 0 
o 

d ( J!: ') = L . et a.a.A.A. - U<J.A 
l. J-l.-J • MO . 

ra-
m 

where i, j = 1, 2, ••• , m. By adding the -~ times of the i-th row 
~ 

(i = 1, 2, ••• , m) to the first row and using the fact that al~l + a~2 + 
.... 

••• + a~ = 0, we get 

o ~ •••••••• ~ 

P(A) (i, j 1, 2, ..• , m) • 

ra-
m 

By multiplying the first row (respectively column) by -~A~/2 
2 ~-l. 

(respectively by -~A./2) and adding it to the i-th row (respectively 
rJ . 

to the j-th column), for all i, j = 1, 2, ••• , m, we obtain 

P(A) 

o ~ •••••••••• ~ 

ra; 

ra-
m 

(i, j 1, 2, ••• , m), 
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2 
since (A. - A.) 

-~ -J 

2 
V. . 
~1 ···~k+l 

we obtain 

0 

~ 
~k+l 

CHAPTER XX 

0). By the well-known formula 

(_l)k+l 
R(A. 

2k(k!) 2 ~1 

;a:- ;a:--
~1 ~k+l 

1 2 
- -2 ;a:-a:-a. . 

~ ~ ~ ~ 
p q p q 

, A. 
~2 

-a 
il 

A. ) 
~k+l 

2 I 2 a. V. . (k.), 
~k+l ~l···~k+l 

where p, q = 1, 2, ••• , k + 1. Therefore, from (5), the equation P(A) 
o is equivalent to 

Suppose that QQT is positive. Then P(A) = 0 has (in view of (5)) n 
positive roots A1 , A2 , An. Hence they satisfy 

(6) o. 

Let ek (k E {1, 2, ••• , n}) be the k-th elementary symmetric function of 

A1, A2 , ••• , An· Then (6) implies 

(7) e = 
k 

(k 1,2, ••• , n). 

From AI 2.15.1 (Theorem 4) we get for any k, 1 E {1, 2, ••• , n} (k < 1) 

i.e. the inequality 9.17, because of (7). Equality holds iff Al = A2 
= A , i.e. iff the inertial ellipsoid is a hypersphere. 

n 
J. Zh. Zhang and L. Yang [124]; L. Yang and J. Zh. Zhang [121] 

(a 1 = a 2 = ••• = am = 1); XVIII.3.11 (m = n + 1; a 1 = a 2 = ••• = a n+1 

1) • 
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9.18. with the same hypothesis as in 9.17 and with k E {1, 2, ••• , m} we 
have 

with the same condition for equality as in 9.17. 
Proof. From AI 2.15.1 (Theorem 2) we obtain for k E {1, 2, ••• , m} 

Therefore, (7) implies 9.18. 
J. Zh. Zhang and L. Yang [124]; L. Yang and J. Zh. Zhang [121] 

(a 1 = a 2 = am = 1); XVIII.3.12 (m = n + 1; a 1 = a 2 = •.. = a n +1 
1) • 

9.19. For any kEN let 

(8) 

(9) 

where gi 

2 
m 

k 
Nk m(m - 1 ) 

L: a ij , 
i,j=l 
i<j 

2 
m 

2 2 
L 

m(m - 1 ) 
L: (gi gj) , 

i ,j=l 
i<j 

GA. (i = 1, 2, ... , m). Then 
~ 

N4~~~N2+L 
m n 2 

with equality iff the inertial ellipsoid of P is a hypersphere. 
Proof. By a straight-forward calculation we can prove the identity 

(10) 
4(j=1 

i<j 

--+ 
Let 5[i = GAi (i 

implies 

2 )2 2 
m 

4 
m r m 2 2 12 

a .. = m L: a .. - L: L: (aij a ik ) J + 
~J 

i,j=l ~J j ,k=l li=l 
i<j j<k 

+ m 

.... 
1, 2, ••• , m). The equality ~1 + 5[2 + ••• + ~ 0 
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m 2 2 
m 

2 2 
L (aij a ik ) L [(!Ii - g.) - (!Ii - g ) ] 

i=1 -J -k 
i=1 

2 2 
- 2( ~ g.)(q. - 5l.k ) m(gj - gk) 

i=l -~ -J 

and by (9) we obtain 

m r ~ 2 
2 r 1 3 

(11 ) L 
li=l 

(aij - aik) = 2" m (m - 1) L. 
j ,k=l 

j<k 

With the notation from 9.17 let a 1 a 
m 

1. Then Mo m, 

m 
2 = 2. m(m ( 12) M1 L a .. - 1 )N2 , 

i,j=1 ~J 2 

i<j 

m 
2 2 2 2 2 2 4 4 

(13) 16M2 L (2a .. a. k + 2a .. a. k + 2aika jk - a ij - a ik -
i,j,k=l ~J ~ ~J J 

i<j<k 

and the inequality 9.18 (with k 1) has the form 

i.e. according to (12): 

(14) 

4 a jk ) 

Applying (8) (with k = 2 and k = 4), (11) and (13), identity (10) can be 
written in the form 

(15) 
2 22 13 13 

m (m - 1) N2 = 2" m (m - 1)N4 - 2" m (m - l)L + 16mM2 · 

If we eliminate 16mM2 from (14) and (15) we obtain 9.19. 

L. Yang and J. Zh. Zhang [123]. 
Remark. From 9.19 (with L = 0) we obtain 

9.19' 

with equality iff all points of P lie on a hypersphere with the centre G 
and the inertial ellipsoid of P is a hypersphere. 

L. yang and J. Zh. Zhang [123]. 
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9.20. If m = n + 2, then 

PO:l' L2 , L 2) > 0 n+ 

671 

with equality iff there is a hypersphere orthogonal to the hyperspheres 

L1 , L2 , ••• , Ln+2' 

O. Bottema [8]. 
Remark. If r 1 = r 2 = rn+2 0, then 9.20 implies 9.16. 

9.21. If m = n + 1, then 

o 

(_1)n+l. 

1 

with equality iff the points AI' A2 , 
O. Bottema [8]. 

> 0 

Pn+l,n+l 

An+l lie on a hyperplane. 

Remark. If r 1 = r 2 = •.• = rn+l = 0, then 9.21 implies 9.15. 

9.22. Let m E {2, ••• , n}. The intersection of given linearly independent 
hyperspheres L1 , L2 , ••• , Lm is an (n - m + I)-sphere or a point or 

empty iff we have the first, the second or the third sign in 

O. Bottema [8]. 

9.23. Let m = n + 1. The common orthogonal hypersphere of given linearly 
independent hyperspheres L1 , L2 , ••• , Ln+1 has positive radius, zero 

radius or imaginary radius iff we have the first, the second or the third 
sign in 

O. Bottema [8]. 

9.24. Let m E {3, ••• , n + 2}. The given linearly independent oriented 
hyperspheres L1 , L2 , ••• , Lm define an elliptic, a special or a hyper-

bolic linear (m - 2)-complex of hyper spheres iff we have the first, the 
second or the third sign in 
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O. Bottema [8]. 

9.25. Let m = n + 3. For the given oriented hyperspheres ~1' ~2' •.• , 
~n+3 we have 

with equality iff these hyperspheres are linearly dependent. 
o. Bottema [8]. 
Remark. For m> n + 3 we have always T(~l' ~2' ••• , ~m) o. 
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APPENDIX 

1. Comments, Additions and Corrections for GI 

Here follows a list of comments, additions and corrections received 
from the friends-mathematicians of the authors of the book GI, quoted 
in numerous places of this book, AGI. We want to express our gratitude 
to all who have shown their interest in the subject for the nice way 
they have formulated their criticism. We thank, in particular, 
Professor O. Bottema, one of the co-authors of GI, who kindly formulated, 
several years ago, the following text, not yet published. 

Comments, additions and corrections are arranged according to the 
numbering in the book GI and the name of the correspondent concerned is 
mentioned. 

Suggestions, comments, additions and corrections for improvements 
of AGI in a new edition will also be welcomed. 

The authors of AGI consider that a new edition of GI is desirable 
since this book had been sold out a long time ago. Finally, GI and AGI 
represent a whole, i.e. AGI is in fact a continuation of GI. 

1.3 (A. Bager). Here follows another proof. In view of Heron's formula 
and of F = rs, 4RF = abc, we obtain by means of 5.1 

8(s - a) (s - b) (s _ c) = 8F2 = 2rabc ~ abc. 
s R 

1.12 (A. Bager). The inequality is equivalent to 2.1 and to 5.3. 

1.15 (A. Bager). As ra + rb + rc r + 4R we obtain in view of 5.1 

and if we divide both sides by F we have the given inequality. It follows 
-1 -1 -1 

also immediately from (x + y + z) (x + y + z ) ~ 9, keeping in mind 
that (s - a) + (s - b) + (s - c) = s. 

2.0. As remarked in the preface of GI the references do not claim to be 
complete. This yields especially for some well-known trigonometric in­
equalities which have been proved again and again in the course of the 
years. We add here as reference a paper of R. Marcolongo, Boll. Matematica 
14 (1915-1916), 182-184, in which 2.12,2.16,2.21 and 2.23 are proved in 
a simple manner with the remark that they appear already in P. Franchini, 
Trattato algebrico de massimi e minimi (Lucca, 1823). 

A systematic determination of the maxima and minima (or the upper 
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a a and lower bounds) of the 24 functions Ef(a), Ef(Z)' ITf(a) and ITf(2)' in 

which f stands for one of the six elementary goniometric functions, may 
be found in F. pignataro, Giorn. rmtematiche, 68 (1929), 18-33; this 
paper contains moreover a list of other inequaTIties for the triangle. 
~. a, ~, yare the angles A, B, C of the triangle ABC. 

2.25 (A. Bager). The statement may be generalized: if no angle is TI/2 
the three numbers Icos aI, Icos SI, and sin yare sides of a triangle. 
Proof: if D is diametrically opposite C on the circumcircle the sides of 
ABD are 

AD = 2R I cos a I , BD 2R Icos SI, AB = 2R sin y. 

2.28 (Several readers). In the third inequality % 13 must be replaced by 

i(12 + 1). The equivalent in 2.2 was given correctly. 

2.36 (A. Bager). The inequality may be generalized to 

- .!.(n-2) 
tan n a + tan n S + tan n 1. >.: 3 2 

2 2 2 . 

n being a natural number. It follows from 2.65. 

2.41. The inequality may be generalized to 

1 
n ex S y 2(n+2) 

cotan 2 + cotann 2 + cotann 2 ~ 3 

for integer n. 
v. G. Zvezdin, Matematika v ~kole 1968, 65. 
2.41 is the case n = 1; for n = 2 we-have 2.43. 

2.45 (A. Bager). This inequality is only valid for acute triangles. Same 
remark holds for 2.47, the first inequality in 2.55 and 2.63. 

I. Paasche, Praxis Math. 28 (1986),376 and 379. 

3.11. Another proof has been given by". G. Greening, Amer. Math. Monthly 
75 (1968), 197. 

4.2. This inequality is equivalent to 5.11. 

4.10. This is a special case (\ = 4) of 4.21. 

4.15. Add x + Y + z ~ o. 

5.6. The inequality given by A. Emmerich, 'Problem 10656', Math. 
Questions 54 (1891), 100: 
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a 
cotan 0J ~ E tan 2" ' 

w being Brocard's angle, and the inequality 

E cotan a ~ ~ 
3r 

679 

of V. Petrov, Matematika (Sofija), 7 (1968), No.4, 30, are equivalent 
to the left-hand side of 5.6 in vie~ of 

cotan W = E cotan a, 

E cotan a 
2 

s - r(4R + r) 
2rs 

1 
5.6 (A. Bager). On p. 50, second line, read 6 Q for Q. 

2 2 
5.8 (Several readers). In (4), p. 51, the last term should be ~ 9 OH . 

5.10. These inequalities are equivalent to 7.11. 

5.13 (A. Bager). If we multiply 3.14 by 2R, we obtain 

which is stronger than the inequality given. 

5.18 (A. Bager). The chain may be enlarged to 

222 
36r ~ 4FIJi~ 18Rr ~ 4r(5R - r) ~ Ebc ~ 4(R + r) ~ 9R . 

5.37. A proof of this inequality has been given by R. W. Frucht, Amer. 
Math. Monthly 75 (1968),299; it is even valid for an arbitrary triangle. 

5.38 (A. Bager). This follows immediately from 5.43. 

5.47 (A. Bager) • The 
3 

constant 2" may be improved to 12. Proof: 

E/a(s - a) = hE!.!. a(s 
2 

- a) ~ I2E .!.(.!. a 
2 2 

+ s - a) I2s. 

6'.7. This implies the more elegant inequality 
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z. Mitrovic, 'Problem 176', Mat. Vesnik g (21) (1969),469. 

6.10 (I. Paasche). In the fourth term r must be replaced by R. 

6.14 (A. Bager). The first inequality is trivial and the last one is a 
consequence of ra + rb + rc = 4R + rand R ~ 2r. The remaining one may 

be proved as follows: 

w 
a 

2bc cos ~ ~ ~ cos a 
b + C 2 2 

using 5.17, 2.29 and the Cauchy-Schwarz inequality we get 

and therefore 

LW ~ 3 (R + r). 
a 

6.17 (A. Bager). The following inequality holds 

Ih + Ih + Ih ~ hl3s, a -b c 

9 
4 

which is stronger than the given one in view of 5.3. The proof follows 
from 6.1 and IX + IY + IZ ~ h (x + y + z) . 

7.3 (Several readers). The sign at the right-hand side should be +. In­
equality in 7.4 is correct. 

7.6 (A. Bager). The inequality is stricti_equality does not hold in any 
(non-degenerated) triangle. 

7.7 (A. Bager). From the identity 

and the first part of 5.8 it follows 

La 3 ~ 4F(5R - 4r), 

which is stronger than the given inequality. 

7.8 (A. Bager). There are some errors in the formula, which should read 

4R(R _ !F)3 ~ (s2 + F~ _ 2R2 _ 10:R)2 

s 

If we put F rs it is the equivalent of 5.10. 
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7.11 (P. J. van Albada and A. Bager). On the left-hand (right-hand) side 

equality holds if ABC is isosceles and the vertex angle ~ ~/3 (~~/3). 
There is equality on both sides if and only if the triangle is equi­
lateral. Analogous remarks hold for 5.15 and 5.19. 

8.2. The proof does not hold for an obtuse triangle. For this case see 
F. Leuenberger, Elem. Math. 16 (1961), 127-129. 

8.3. As an older reference should be mentioned F. Leuenberger, Elem. Math. 
13 (1958), 121-126. 

8.5 (A. Bager). In the three cases the second ~ sign should be <. 

8.8. The second inequality is not correct. A counter-example is a c, 
cos ex > 9/10. 

8.17. In the proof the reference to 5.6 should be to 5.11. 

10.4 (G. R. Veldkamp). The theorem comes to this: if P is inside the 
equilateral triangle ABC and Fl is the area of its pedal triangle, then 

Fl ~ iF. This may be generalized as follows. If P is in the plane of 

the arbitrary triangle ABC, then according to a formula of Gergonne 

Hence Fl ~ i F for all points P inside ABC and even for all P inside or 

on the circle with centre 0 and radius R~ 
O. Bottema, Hoofdstukken uit de elementaire wiskunde (1944),22. 

10.8 (A. Oppenheim). The inequality is essentially equivalent to 10.12, 
3° and to 14.1. The latter may also be written 

For :\ ~ )l = 'J we have 4.2. 

11.2 (A. Bager). All inequalities but the first hold in any triangle. 

12.6 (G. R. Veldkamp). The following proof is much simpler. If a > b > c, 
then b > AD > c, a > BE > c, a > CF > b and therefore AD < a, BE < a, 
CF < a. Hence 

PD + PE + PF > PD + PE + PF 
AD BE CF a 

12.18 (A. Oppenheim). The inequality is a special case of 
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sin e. > 0, 
~ 
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2 Ct 2 13 
13.5 (A. Oppenheim). The triangle A'B'C' with sides cos 2' cos 2' 
cos2 f is similar to that with the sides rb + r c ' rc + r a , ra + r b • The 

repetition of the process leads to a triangle similar to ABC. 

13.8.The author's name should be P. Sondat. The inequality is equivalent 
with 5.10. 

16.12. These inequalities are the best possible. 

2. Supplements to Chapters I-XX of AGI 

The scope of the following text is the quotation of some geometric in­
equalities found in the course of corrections bf proofs. 

2.1. The problem stated in 1.3.39 has been solved meanwhile by W. Janous 
as follows (see Crux Math. 13 (1987), 333-338): 

(ii) If ].1 = -1, then A = o. 
< < log 2 ~ ~ log 2 

If -1 ].1 1, then (log«2].1 + 2)/(].1 + 3» "" A"" log(2/(].1 + 1»· 
If].1 1, then A is arbitrary. 

> log 2 ~ , ~ log 2 
If].1 1, then 1 "" 1\ - ) 1 ) . log(2 (].1 + 1» log( (2].1 + 2 (].1 + 3) 

For (i) we get from (ii) via ].1 = 0: 

-1.7 RJ 
log 2 _ <:;; 

log (2/3) 
A <:;;1. 

b 3 3 3 
+ c - a <:;; Lbc. 2.2. L b + c - a 

Gh. Morghescu, 'Problem E 8769*', Gaz. Mat. (Bucharest) 91 (1986), 
21. 

2.3. Let u, v, w be three positive numbers. Then 

L--U-~~La. 
v+ws-a 

s. Bilcev and E. Velikova, 'Problem 1212', Crux Math. 13 (1987), 
52. 

2.4. Conjecture: 

B - C 1 A 
L cos --2- <:;; 73(L sin A + L cos 2) . 

J. Garfunkel, 'Problem 1292*', Crux Math. 13 (1987),320. 
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2.5. 
2 2 

(I tan A) ) I(sec A + 1) • 

C. Cooper, 'Problem 1210' , Crux Math. 13 (1987) , 16. 

C' if 

n ~ 1, 

2.6. I I sin n (B - C) I < 3/3/2 ifn 2, 

,;;; 3/3/2 if n) 3. 

W. Janous, 'Problem 1254' , Crux Math. 13 (1987) , 179. 

2.7. If k E [0, 1], then 

2 k7f k7f k7f 
cos 4 + 2 cos ~ ,;;; I cos kA cos kB ,;;; 1 + 2 cos ~ (6) . 

This is Klamkin's generalization of a problem given in X.5.52. (see 
Crux Math. 13 (1987), 181-183). 

2.8. Let 0 < A ,;;; 1/2. Then 

\ / \ A / ,3 A7f 3 A7f cos ~7f ~ IT cos ~A + IT sl'n A ~ Sln + cos ~ 3 ~ 

M. S. Klamkin, G. Tsintsifas, and W. Janous, 'Problem 1096', Crux 
Math. 11 (1985),325 and 13 (1987), 154-156. 

2.9. I cotan ~ ,;;; l I cosec 2A 
2 2 

(6 ). 
a 

J. Garfunkel and B. Prielipp, 'Problem 1125*', Crux Math. 12 (1986), 
51 and 13 (1987), 200-201. 

2.10. For triangles of Bager's type I, 

f I sin A }3 ~ ,A 
II cOS(A/2) 7 8IT Sln 2 . 

J. Garfunkel and V. N. Murthy, 'Problem 1093*', Crux Math. 11 (1985), 
325 and 13 (1987), 132-133. 

2.11. 

2.12. 

Ia cos A ,;;; ~ Im sin A ,;;; s 
3 a 

N. Bejlegard, 'Problem 1237*', Crux Math. 13 (1987), 119. 

Ia(s - a) ,;;; 9Rr 

S. G. Guba, 'Problem 317', Mat. v ~kole 1966, No.6, 67. 
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3 A B - C 9/3 {E}, 2.13. 1 0 L cos - cos -- .;;;; --2 2 8 

2 0 L(:a)n ~ 31-3n/2(~)n ~ 3, n ~ 2/3, {E}, 
a 

3 0 
4137R - 2r ~ L a .;;;; IE {E}, 

3 9R - 2r '" ~ + h 2r 
C 

D. M. Milo§evic, I Some Inequalities for the Triangle I, Elem.·Math. 
42 (1987), 122-132. 

2.14. 10 LaAw .;;;; (abc(l + ~)La2(A-1»1/2 
a R 

(A E (_00, +00», 

20 

3 0 

La2 
2 

tan ~ tan .£ ~ 4F {E}, 
2 2 r(4R + r) 

LW2 .;;;; s 2 1 - R) {E}. + "2 r (2r a 

s. Arslanagic and D. Milo§evic, Neki problemi i napomene 0 nejedna­
kostima trougla. To appear. 

2.15. The following inequality for the Nagel cevians is given by 
R. H. Eddy: 

(1) Ln ~ 14R - 19r. 
a 

D. M. Milosevic proved the following improvement of (1) 

(2) Ln ~ lOR - llr. 
a 

If we write 

(3) Ln ~ 9r + L(R - 2r), 
a 

then we have (1) for L = 14 and (2) for L = 10. 
W. Janous proved that the minimal L for (3) satisfies 

6.258998 .•. .;;;; L . .;;;; 6.478487 .•• 
m~n 

The lower bound is sup{F(x), x> 1} where 

F(x): = 2~{(2x + 2)~x - 2)2(x + 1) + 4(x - 1) + 
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2 2 
+ (x - 8x);x-:-T1/x(x - 2) ; 

the upper bound is root of 2x3 - 3x2 - 144x + 515 = O. 
R. H. Eddy, 'An Upper Bound for a Sequence of Cevian Inequalities', 

Elem. Math. 41 (1986), 128-130. 
D. M. Milorevic, 'A Suppl~ment to Eddy's Paper', Ibid. 42 (1987), 

104-105. 
w. Janous, A Further Remark Concerning Nagel Cevians. To appear. 

2.16. Let ABC be a triangle, I the incentre, and A', B', C' the inter­
section of AI, BI, CI with the circumcircle. Then 

LIA' - LIA ~ 2(R - 2r). 

G. Tsintsifas, 'Problem 1282', Crux Math. 13 (1987), 289. 

2.17. Let A1A2A3 be an acute triangle with circumcentre 0. Let Pl , Ql 

(Ql f A1) denote the intersection of A10 with A2A3 and with the circum­

circle, respectively, and define P2 , Q2' P3 , Q3 analogously. Then 

2.18. 

J. T. Groenman, 'Problem 1305', Crux Math. 14 (1988),12. 

1 
(La) (L R) > 2(3 + 212); 

1 

5 if max(A, B, C) ~ 120°, 
(L~) (LR1) >{4'+ 

2/~3, otherwise. 

All bounds cannot be improved. 
W. Gmiiner and W. Janous, A Pair of General Triangle Inequalities. 

To appear. 

2.19. Let A1A2A3 be a triangle with sides ai' a 2 , a 3 and let P be a 

point in or out of the plane of the triangle. If R1 , R2 , R3 are the 

distances from P to the respective vertices Ai' A2 , A3 , then 

i = 1, 2, 3, 

which is stronger than the Mobius-Pompeiu theorem: La 1R1 ~ 2a i Ri , 
i=1,2,3. 

M. S. Klamkin, 'Problem 1131', Crux Math. 12 (1986),77 and 13 
(1987), 223-224. 

2.20. 
n .-' n-2 Lar1 ~ (2R) ITa (n ~ 1). 
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M. S. Klamkin, 'Problem 1296', Crux Math. 13 {19B7}, 321. 

2.21. Let ABC be a triangle and M an interior point with barycentric 
coordinates {A l , A2 , A3}. The distances of M from the vertices A, B, C 

are Xl' x2 ' x3 and the circumradii of the triangles MBC, MCA, MAB, ABC 

are Rt , R2 , R3 , R. Then 

G. Tsintsifas, 'Problem 1243', Crux l4ath. 13 (19B7), 149. 

2.22. Let ABC be a triangle, M an interior point, and A'B'C' its pedal 
triangle. Denote the sides of the two triangles by a, b, c and a', b', 
c', respectively. Then 

G. Tsintsifas, 'Problem 1273', Crux Math. 13 (19B7), 256. 

2.23. Let ABC be a triangle and M an interior point with barycentric 
coordinates A1 , A2 , A3 . We denote the pedal triangle and the cevian 

triangle of M by DEF and A'B'C', respectively. Then 

where s is the semiperimeter and R the circumradius of ABC, and [X] 
denotes the area of figure X. 

G. Tsintsifas, 'Problem 1252', Crux Math. ~ (19B7), 179. 

2.24. Let ABC be a triangle with circumcentre 0 and inc entre I, and let 
DEF be the pedal triangle of interior point M of triangle ABC {with D 
on BC, etc.}. Then 

OM ~ 01 ~ r' ~ E. 
2 

where rand r' are the inradii of triangles ABC and DEF, respectively. 
G. T. Tsintsifas and M. S. Klamkin, 'Problem 1075', Crux Math. 11 

(1985), 249 and 13 (1987), 60-61. -

M. S. Klamkin, 'Problem 1271', Crux Math. 13 (19B7), 256. 

2.26. For any two triangles with angles A, B, C and At' Bl , C1 , 
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cos Al 
L ------ ~ L cotan A. 

sin A 

687 

R. P. Ushakov, 'Problem M 1024*', Kvant 1987, No.1, 16, and 1987, 
No.5, 26. 

2.27. Let ABC and AI BI Cl be two triangles with sides a, b, c and a l , b l , 

c l and inradii rand r l , and let P be an interior point of ABC. Set 

AP = x, BP = y, CP = z. Then 

G. Tsintsifas, 'Problem 1303', Crux Math. ~ (1988), 12. 

2.28. Denote by K the intersection of three convex closed cones 
p 

1 In lip p 
x ~ (y '- + z ), etc. So K is also a convex closed cone. 

p 
If A(a, b, c) is the area of a triangle of sides a, b, c (degeneracy 

allowed), then, for 1 < p ~ 4, the function 

F (x, y, z) 
p 

2p (lip lip 1/p)p/2 A x , Y , z 

is strictly concave (as positively defined function) on K . 
P 

As a consequence of this result we have Theorem P from XII.3.6. 
C. T~n~sescu, A Simple Proof to Oppenheim's Inequality on Mixed 

Areas. To appear. 

2.29. AIA2A3 is a triangle with circumcircle ~. Let x l< Xl be the radii 

of the two circles tangent to AI A2 , AIA3 and arc A2A3 of 0,. Let x 2 , X2 , 

x 3 ' X3 be defined analogously. Then 

and 

where r is the inradius of A1A2A3 . 

G. TSintsifas, 'Problem 1224', Crux Math. 13 (1987), 86. 

2.30. Let AIA2A3 be a triangle with inscribed circle I of radius r. Let 

11 and J l of radii A1 and V1 be the two circles tangent to I and the 

lines AIA2 and A2A3 , Analogously define circles 12 , J 2 , 1 3 , J 3 of radii 

A2 , v 2 ' A3 , v 3 ' respectively. Then 

2 
r and 
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J. T. Groenman, 'Problem 1267', Crux Math. !l (1987),216. 
2.31. Let ABC be a triangle with medians AD;-BE, CD and median point G. 
We denote ~AGF = ~1' ~BGF = ~2' ~BGD = ~3' ~CGD = ~4' ~CGE = ~5' 
~AGE = ~6' and let Ri and r i denote the circumradius and inradius of ~i 

(i = 1,2, ••• ,6). Then 

(ii ) ~ < .!.- + .!.- + .!.- = .!.- + .!.- + .!.- < 2. , 
2r r 1 r3 r5 r 2 r 4 r6 r 

where r is the inradius of ~BC. 
J. T. Groenman, 'Problem 1315', Crux Math. 14 (1988), 45. 

2.32. For i = 1, 2, 3 Let Ci be the centre and r i the radius of the 

Malfatti circles nearest Ai in triangle A1A2A3 , and let rand r' be the 

inradii of triangles A1A2A3 and C1C2C3 respectively. Then 

and r " (1 + v'3)r'. 

J. Garfunkel, 'Problem 1077*', Crux Math. 11 (1985),249. 
J. Garfunkel, 'Problem 1243*', Crux Math. Tj (1987), 119. 

2.33. Let 0 be the intersection of diaJonals of a quadrilateral ABCD. 
Then 

AB + CD + BC + AD " OA + OC + OB + OD 
CD AB AD BC OC OA OD OB 

F. Nazarov, 'Problem 12', Kvant~, No. 12, 56. 

2.34. Let ABCD be a convex quadrilateral with diameter d. Then 

(a) F ABCD " d/2 

with equality for a square; 

(b) L " d(2 + sin 'lT12 ) ABCD 

with equality for quadrilateral with AD = AB = AC = BD = d, CD = CB. 
S. Golikov, 'Problem 2', Fiz. Mat. Spisanie 29 (62) (1987), 187. 

2.35. Let AlA2A3A4 be a cyclic quadrilateral with A1A2 = a l , A2A3 = a 2 , 

A3A4 = a 3 , A4A1 = a4 . Let r 1 be the radius of the circle outside the 

quadrilateral, tangent to the segment A1A2 and the extended lines A2A3 

and A4A1 • Define r 2 , r 3 , r 4 analogously. Then 
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J. T. Groenman, 'Problem 1284', Crux Math. 13 (1987),290. 

2.36. A quadrilateral inscribed in a circle of radius R and circumscribed 
around a circle of radius r has consecutive sides a, b, c, d, semiperi­
meter s and area F. Then 

(a) 

(b) 6F ~ ab + ac + ad + bc + bd + cd ~ 4r2 + 4R2 + 4r~2 + 4R2, 

.(c) 

(d) 

M. N. Naydenov, 'Problem 1203', Crux Math. 13 (1987), 14-15. 

2.37. The pairwise distances between six points of the plane are no 
greater than 1. Then there are three points among them whose pairwise 
distances are strictly less than 1. 

S. G. Salnikov, 'Problem M 1066', Kvant 1987, No. 10, 25. 

2.38. Let Ai ... An be a polygon circumscribed around a circle of area 

Fo' Let Fi be the area of a figure formed by this circle and the sides 

Ai _1Ai and AiAi+l (i = 1, .•. , n, Ao An' An+1 = A). Then 

2 
F ~ _____ n __ TI~ ___ (L ~)-1 

o n tan TI TI Fi 
n 

with equality for equilateral n-gon. 
(For n = 3 see Problems 70.6 and 70.H Math. \~z. 71 (1987),148-

149) • 

2.39. ~t any point P of an ellipse with semi-axes a and b (a > b), draw 
a normal line and let Q be the other meeting point. Let N be the least 
value of length PQ. Then 

~ 2b2 . 

M. S. Klamkin gave a generalization of this Fukagawa's problem for 
n-dimensional ellipsoid. 

H. Fukagawa and M. S. Klamkin, 'Problem 1986', CrUx Math. 12 (1986), 
140 and 13 (1987), 269-272. 
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n 
2.40. Let A = A A2 ... A 1 be a simplex in E and let P be any interior 

1 n+ 
point of A whose barycentric coordinates are Al , A2 , ... , An +l . For any 

i E {1, 2, n + 1} let r. be the distance of P to the hyperplane 
1. 

A1 .•. Ai - 1Ai +l An +1 · Then 

n+l 
2: 

i=l 

where m > 0 and r is the inradius of A. 
G. Tsintsifas and M. S. Klamkin, 'Problem 1102', Crux Math. 12 

(1986), 11 and 13 (1987), 162-163. 

2.41. Let P be a point which is inside the simplex A = AIA2 ... An+l and 

is also in the closed ball with diameter OG, where 0 is the circumcentre 
and G the centroid of A. For any i E {1, 2, ... , n + 1} let A' denote 

i 
the intersection of AiP with the circumsphere. Then 

n+l 
2: 

i=1 
A.P ~ 

1. 

M. S. Klamkin and G. Tsintsifas, 'Problem 1086', Crux Math. 11 
(1985), 289 and 13 (1987), 100-102. 

n 
2.42. Let A = A1A2 '" An+l be a regular 

length a. For any i E {1, 2, ... , n + 1} 

simplex in E with the edge 

plane Al '" Ai _ 1Ai +l An +l . Then 
let Bi be a point on the hyper-

G. Tsintsifas, 'Problem 1085', Crux Math. 11 (1985),289 and 13 
(1987), 98-99. 

2.43. Let A = A1A2 ... An +l , A' = AiA2 ... A~+1 be two simplexes in En 

and P an interior point of A. For any i E {1, 2, ... , n + 1} let R. 
1. 

AiP and let Fi be the (n - 1)-dimensional content of the (n - 1)-simplex 

Ai ... Ai_1Ai+1 '" A~+l' If V and V' are the volumes of A and A', 
respectively, then 
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G. Tsintsifas, 'A Generalization of a Two Triangle Inequality', 
Elem. Math. 42 (1987), 150-153. 

691 

2.44. Let L be the perimeter of a pentagon in E3 whose convex hull has 
the volume V. Then 

M. Ko~andrlova, 'The Isoperimetric Inequality for a Pentagon in E3 

and I·ts Generalization in E Space', ~as. p~st. mat. 107 (1982), 
167-174. n --

3 2.45. Let L be the perimeter of a hexagon in E , whose convex hull has 
six vertices and the volume V. Then 

M. Ko~andrlova, 'Isoperimetrische Ungleichung fur geschlossene 
Raumsechsecke', Cas. p~st. mat. 108 (1983),248-257. 

2.46. Let P = Al , A2 , ... , An+l be a point set of diameter d in En, i.e. 

d = max A,A, (i, j E {1, 2, •.• , n + 1}, i < j). Then P can be contained 
~ J 

in a closed connected region bounded by two parallel hyperplanes with 
the distance w between these hyperplanes, where 

w :( -.;;;===2,;,;d=;j' 
hn + 2 

(n odd), 

d/ 2(n + 1) w :( 
n(n + 2) 

(n even). 

G. Tsintsifas, 'Problem 1162', Crux Math. 12 (1986), 178 and 13 
(1987), 301-302. 

2.47. Let L be the perimeter of an (n + 1)-gon in En, whose convex hull 
is a simplex A with the volume V. Then 

with equality iff A is a regular simplex. 
B. Misek, '0 (n + l)-uhelniku v En s maximalnim objemem konvexniho 

obalu', Cas. p~st. mat. 84 (1959),99-103. 

2.48. Let L be an N-gon in E2m (N ~ 2m + 1) with the perimeter L. If V 
is the volume of the convex hull of L, then 
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2m 
V";; L 

(2m)! (2mN)rn 

TI' 
n cotan NJ 

j=l 

m 

APPENDIX 

with equality if and only if L is congruent to the N-gon with the 
vertices (u1 (k), u2 (k), ... , u2m (k» (k = 0, 1, ... , N - 1), where 

(k) = L ~ cos(2TIjk/N) 
u2j - 1 2NTm sin (TIj/N) , 

(k) = L • sin (2TIjk/N) 
u 2j 2NIm sin (TIj/N) 

(j = 1, 2, ... , m) 

A. A. Nudeljman, 'Izoperimetriceskie zadaci dlja vipuklih obolocek 
lomanih i krivih v mnogomernih prostranstvah', Mat. Sbornik 96 (136) 
(1975), 294-313. 

2.49. Let L be a broken line of N sides in En (N ~ n), let L be the 
length of L and V the volume of the convex hull of L. If n 2m + 1, then 

TI' 
n cotan NJ 

j =1 

m 

with equality iff L is congruent to the broken line with the vertices 
(u1 (k), u2 (k), ... , u2m+1 (k» (k 0, 1, ... , N), where 

u 2j _1 (k) L • cos (2TIjk/N) 
Nv'2(2m + 1) sin (TIj/N) 

L 
u 2j (k) = N/2(2m + 1) 

kL 
u 2m+1 (k) Nv'2m + 1 • 

If n 2m, then 

L 2m 
V,,;;-----

(2m)! (2mN)m 

m 
n 

j=l 

sin (2TIjk/N) 
sin (TIj/N) 

(2'-1)7T 
cotan -,-,,-J -N--'--

(j 1, 2, ... , m), 

with equality iff L is congruent to the broken line with the vertices 
(u1 (k), u2 (k), ... , u2m (k» (k = 0, 1, ..• , N), where 

L cos «2j - 1) TIk/N) 
u2j _1 (k) = 2NIm • sin «2j - 1) TI/2N) , 

L sin «2j - 1) TIk/N) 
u2j (k) = 2NIm' sin«2j - 1)TI/2N) (j 1, 2, •.. , m). 
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A. A. Nudeljman, 'Isoperimetri~eskie zada~i dlja vipuklih obolo~ek 
lomanih i krivih v mnogomernih prostranstvah', Mat. Sbornik 96 (136) 
(1975), 294-313. 

. 2m+l '-2.50. Let L be a broken l~ne of N sides in E (N ~ 2m + 1), let L be 
the length of L and V the volume of the convex hull of L. If the end 
points of L have the given distance d, then 

d(L2 _ d2 )m 
V ~ --~~--~~---

(2m + 1)! (2mN)m 

m 7T. 
II cotan NJ 

j=l 

with equality iff L is congruent to the broken line with the vertices 
(u1 (k), u2 (k), ••• , u2m+1 (k» (k 0, 1, ... , N), where 

u2j _1 (k) o cos (27Tjk/N) 
2N sin(7Tj/N) 

o sin(27Tjk/N) 
2N sin(7Tj/N) 

u k _ kd 
2m+l ( ) - N ' 

(j 1, 2, ••. , m), 

m 

A. A. Nudeljman, 'Izoperimetri~eskie zada~i dlja vipuklih obolo~ek 
lomanih i krivih v mnogomernih prostranstvah', Mat. Sbornik 96 (136) 
(1975),294-313. --

2.51. For any m-gon P 

where the indexes are taken modulo m and x is the cross product. This 
vector is independent of the choice of the origin and 

with equality if and only if P is a regular plane m-gon. 
L. Bo~ek, 'Isoperimetrische Ungleichungen fUr r~umliche Kurven und 

Polygone', Cas. p~st. mat. 104 (1979),86-92. 
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2.52.0. Mu~karov and H. Lesov considered the inequalities 

(1) g (R, r) <; pn.;; G (R, r),(p = 2s). 
n n 

where gn(x, y) and Gn(x, y) are homogeneous polynomials of degree n. 

They obtained a general result wherefrom one can obtain Gerretsen's in­
equalities as well as: 

The following result is a consequence of the last inequality: 

and the following of the first: 

o. Mu~karov and H. Lesov, 'Tocni polinomialni ocenki za stepenite 
na poluperimet'ra na tri'g'lnik', Mat. i Matem obrazovanie (Sofija) 
1988, pp. 574-578. 

2.53.a) sin A sin B sin + C ~ 2~ 

with equality for A B 

b) 
1 1 (-5 + 2/13)/22 + 2m 

sin 2 A sin 2 B sin C <; 54 

with equality for A B 

c) 1 1.. B 1 -14 + 5/10 
sin 4 A sin 4 sin 2 C .;; 54 

with equality for A = B = 61°16', C = 57°28'. 
For a more general result see IX.2.2.32. 
K. P. Williams, 'Note Concerning Some Trigonometric Inequalities', 

Amer. Math. Monthly 44 (1937), 579-583. 
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