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Problem statement

S={xeR":i=1,...,m} CR" - a set of data vectors
n(s) = {m,...,mx} - partition of the set S

m1,...,Tk — clusters
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Problem statement

S={xeR":i=1,...,m} CR" - a set of data vectors
n(s) = {m,...,mx} - partition of the set S

m1,...,Tk — clusters
Um_s (1)
mﬂm_w i #j (2)
T >1, j=1,...,k (3)

W(S, k) - the set of all partitions of the length k
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Problem statement

Objective function:

F:W(S, k) —[0,400),  F(N) = f(m)
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Problem statement

Objective function:

k
FW(S, k) = [0,400),  F(M) =2 f(m))
j=1
f:P(S) — [0, +00) convex or quasiconvex function defined

on the partitive set P(S)
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Problem statement

Objective function:

k
FW(S, k) = [0,400),  F(M) =2 f(m))
j=1
f:P(S) — [0, +00) convex or quasiconvex function defined

on the partitive set P(S)

Optimal partition M():

F(N@) = min F(N).
(M) = iy (M)
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Least Squares — optimal partition

f(m) = Ik — gl

Xi €T}

1
G = argerﬂréin Z I — all3 = = Z x; € R” (centroid of the cluster 7))
acRn J

X[ €T} X[ €T}
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Least Squares — optimal partition

f(m) = Ik — gl
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. N2 s Z () 2
min X a = min X a
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Least Squares — optimal partition

f(m) = Ik — gl

X €T;
: 1 :
¢j = argmin E Ix —all3 = — Z x; € R” (centroid of the cluster 7))
a€R” X[ €T} |7Tj| X[ €T}
n
. N2 s Z () 2
min X a = min X a
min i — a3 = min | Y ()~ a0)
X €T} X €T} s=1

n

:rg]iRp E g (xs(")—as)2 = En min E (xs(i)—as)2
2€RN
s=1

as€R
s=1 Xj €T} X €T}
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Least Squares — optimal partition

f(m) = Ik — gl
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Least Squares — optimal partition

f(m) = Ik — gl

Xi €T}
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Least Squares — optimal partition
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Least Absolute Deviations — optimal partition

F(m)= > IIxi = gll,

Xi €T}

T
G = argmm Z Ixi — alls = (med x( U ,med X,(,’)) e R,
R 1

XiETj
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Least Absolute Deviations — optimal partition

F(m)= > IIxi = gll,
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Least Absolute Deviations — optimal partition

F(m)= > IIxi = gll,

Xi €T}
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Least Absolute Deviations — optimal partition

F(m)= > IIxi = gll,

Xi €T}

T
G = argmm Z Ixi — alls = (med x( U ,med X,(,’)) e R,
R 1

XiETj
n
min E |Ixi — all1 = min E E X — a
acR" acR"
X €T} X €T} s=1
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= min E E XD — & | = E min E X — a4
acRn ENS
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Least Absolute Deviations — optimal partition

H. Spath, Clusterwise linear least absolute deviations regression, Computing
37(1986), 371-378

@ R.Cupec, R. Grbi¢, K. Sabo, R. Scitovski, Three points method for searching
the best least absolute deviations plane, Applied Mathematics and
Computation 215(2009), 983-994

@ K.Sabo, R.Scitovski, The best least absolute deviations line — properties
and two efficient methods, ANZIAM Journal 50(2008), 185-198

@ R.Cupec, R. Grbic, K. E. Nyarko, K. Sabo, and R. Scitovski, Detection of
planar surfaces based on RANSAC and LAD plane fitting, European
Conference on Mobile Robotics ECMR’09

. Scitovski (Tuzla, 2010) Bosansko-hercegovacki matematicki skup



Number of all partitions

The problem of finding an optimal partition is an NP-hard problem.
An exact and efficient method for finding an optimal partition does not exist.
The number of all partitions of the set S containing k clusters:

(S, k)| = kl!é(_l)k_j (f)fm

W(S,k)|| k=2 k=3 k=5 k=8 k=10

m =10 511 9330 42525 750 1
m = 50 10" 10% 10% 10 10"
m= 103 10300 10476 10697 10898 10993
m= 106 10301 029 10477 120 10698 968 10903 085 10106

The applications are important and very attractive (biology, medicine, robotics,
marketing, education,...).

Approaches: Algebraic and Combinatorial Optimization, Statistics, Graph Theory, Fuzzy
Clustering
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Historical remark

Fermat—Torricelli-Weber problem

Az
Az
A
3 3
C: > d3(A;, T(x,y)) — min M: > (A, T(x,y)) — min
i—1 Xy i=1 X
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Historical remark

Fermat—Torricelli-Weber problem

Az
Az
A
3 3
C: d3(Ai, T(x,y)) — min M: > (A, T(x,y)) — min
i—1 Xy i=1 X
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Historical remark

Fermat—Torricelli-Weber problem

Az
Az
A
3 3
C: d3(Ai, T(x,y)) — min M: > (A, T(x,y)) — min
i—1 Xy i=1 X
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Clusters on R

x| = |x], x€R, (normon R)
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Clusters on R

IIx|| =1|x], x€R, (normonR)
d(x,y) =|x—y| (distance function on R)
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Clusters on R

IIx|| =1|x], x€R, (normonR)
d(x,y) =|x—y| (distance function on R)
M={m,...,m«} (partition of theset S={x; eR:i=1,...,m})
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Clusters on R

IIx|| =1|x], x€R, (normonR)
d(x,y) =|x—y| (distance function on R)
M={m,...,m«} (partition of theset S={x; eR:i=1,...,m})

Centers ¢; and objective function on the clusters 7, j =1,..., k:

¢j = argmin Z |x;i — | = med x;, f(m;) = Z |x;i — med x;l,
o X[ €T X €T}

Xi €T} X ET;
LS - 2 1 LSy2
¢;” = argmin Z (xi — )= — Z Xi, fis(mj) = Z (xi —¢7)"
o |
X ET; X €Tj X €Tj
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Clusters on R

Each student is assigned the total number of points scored in the tests
throughout the semester. Students should be divided into 4 clusters according to
the number of points scored: grade (5), grade (4), grade (3) and grade (2).

x = {418,385,357,351,347,333,330, 323, 321, 318, 308, 308, 302, 302, 300,
204,293,290, 287, 286, 286, 277, 271, 271, 269, 268, 266, 260, 253, 250,
248,237,237, 233,232, 230, 228, 227, 226, 217, 214, 211, 208, 207, 187,
186,181,179, 175, 165, 161}
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Clusters on R

Five partitions are selected (ways of dividing students into groups based upon the
same grades):
My — defined by Mathematica function FindClusters with method "“Optimize",

M, — defined by Mathematica function FindClusters with method
“Agglomerate”,

M3, N4, M5 — by experience
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Clusters on R

Five partitions are selected (ways of dividing students into groups based upon the

same grades):

My — defined by Mathematica function FindClusters with method "“Optimize",

M, — defined by Mathematica function FindClusters with method
“Agglomerate”,

M3, M4, M5 — by experience

200 250 300 350 400
200 h 250 d e 0 350 400
200 h 250 i h 300 350 200
200 hd 250 i 300 350 00
200 hd 250 300 350 400
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Clusters on R

Five partitions are selected (ways of dividing students into groups based upon the

same grades):

My — defined by Mathematica function FindClusters with method "“Optimize",

M, — defined by Mathematica function FindClusters with method
“Agglomerate”,

M3, M4, M5 — by experience

200 d 250 et el 0 350 00

200 d 250 et el 300 350 400
Partition | excellent very good good sufficient FLAD FLs
My [318-418] (10) [266-308] (17) [214-260] (14) [161-211](10) | 718 17657
My [418-418] (1) [385-385] (1) [207-357] (42)  [161-187] (7) 1545 74369
Ms [347-418] (5)  [290-333](15) [226-290] (22) [161-217](12) | 936 22054
My [347-418] (5) [286-333] (18)  [207-277] (24) [161-187](7) 854 20348
Ms [318-418] (10)  [266-308] (17) [207-260] (17) [161-187](7) 701 17187
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Clusters on R?

IxIlp = (|x1|P + |X2|”)%7 X = (X17X2)T eR? pe [1,00) U{+x} (norm on Rz)
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Clusters on R?

IxIlp = (|x1|P + |X2|”)%7 X = (X17X2)T eR? pe [1,00) U{+x} (norm on Rz)

dp(x,y) = |Ix —yl, (distance function on R?)
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Clusters on R?

IxIlp = (|x1|P + |X2|”)%7 x = (x1,%)" €R? pec[l,00)U{+oo} (norm on R?)
dp(x,y) = |Ix —yl, (distance function on R?)

M= {m,...,7«} (partition)
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Clusters on R?

IxIlp = (|x1|P + |X2|")%7 x = (x1,%)" €R? pec[l,00)U{+oo} (norm on R?)
dp(x,y) = |Ix —yl, (distance function on R?)

M= {m,...,7«} (partition)

¢ —argmin 3 Ix—alp  flm) = 3 Ik — Ll
a€R?

X[ €T X €™;

. 1
¢f* =argmin Y |x—alf=1—=Y x  fis(m) =D Ilx—c[5.
a€R? |7Tj|

Xi €T} Xi €T} Xi €T
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Example: m = 15,

Objective function
Partition | -norm  h-norm  [,,-norm LS
My 420 326.89 278.0 9666.58
M, 376 284.42 241.5 8402.21
MNs 354 269.42 234.0 7268.14
My 308 248.53 215.5 5603.67

R. Scitovski (Tuzla, 2010)
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Least Squares optimality criterium and trace of symmetric matrix

5:{x,-:(x1(i),...,x,(,"))T eR":i=1,...,m}
7w;  —  cluster with m; = |mj| > 1 elements

1
G=— Z x; — center of the cluster 7;

J Xi€ETj

aeR”
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Least Squares optimality criterium and trace of symmetric matrix

5:{x,-:(x1(i),...,x,(,"))T eR":i=1,...,m}
7w;  —  cluster with m; = |mj| > 1 elements

1
G=— Z x; — center of the cluster 7;

J Xi€ETj

aeR”

Z (xi —a)(x; —a)" = Z (xi — ¢)(xi — )" + mj(c; — a)(¢; — a) 7,

X €™ X €T}
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because of

X €T

X[ €T} Xi €T}
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Z (xi—a)(xi—a)" = Z (xi — ) — )" +mi(g—a)(g—a)T

X €T Xi €T}
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Z (xi—a)(xi—a)" = Z (xi — ) — )" +mi(g—a)(g—a)T

X €T Xi €T}
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S i) a) =3 (- ) — ) +mig - a)g—a)T

X €T} X[ €ET;
1 m
QHC:*E Xi
m <
i=1
k
T _ T
E > =) —)T =) (xi = ¢)(xi — ¢) +§ m;(c G —¢)
j=1 x;€7; j=1 x;em;
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S i) a) =3 (- ) — ) +mig - a)g—a)T

Xi €T} Xi €T}
1 m
a< C= — ZX,‘
m
i=1
k k
3 Y - -7 =3 Y- a)lsi— ) + Y mle— e o)
Jj=1 x;em; j=1 xiem; j=1
m k k
Y i=li—)T =Y (- )i — )T+ milg—c)g—e)T
i=1 j=1 x;,€7; Jj=1
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Theorem 1

With previos notations the following holds:
T = w(n) + B(M), (4)
where T, W, B € R"™*",
m
T= Z(x,- —o)(x;— )7,
i=1
k
wm=>3 > (x-g)xi-q),
Jj=1 xiem;
k
B(M) =) _mi(q—c)(g—c),
j=1
are symmetric matrices, whereby W and B depend, and T does not depend on
the partition 1.
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LS—optimality criterion

By using:
tr(A+B)=trA+tr B, A BeR™"

(o) =xTx = |x|2, x€eR”
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LS—optimality criterion

By using:
tr(A+B)=tr A+tr B, A BeR™"
tr(xx")=x"x=|x||?, x€R"

r=wm+sMN) = Z:IIXI—CII2 ZZlX'_CJH2 ZmJ”CJ_CH2

j=1 x;em;
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LS—optimality criterion

By using:

tr(A+B)=tr A+tr B, A BeR™"

tr(xx")=x"x=|x||?, x€R"

T=WM+BMN) = > lk—c*= Z > k=gl + Z mjli; — c[]?
i=1

Jj=1 x;em;

Remark

Since

trW(ﬂ)—trZZ i~ ) — )T ZZIIXI—CJIF

j=1 x;€m; j=1 x;
LS—optimality criterion can be written:

F(N©®)= min F(M)=_min
New(s k) New(s,k)

Sy

tr W(n).

- F(N),
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ZIIX:—CII2 Z 2 ||X1_CJ||2+ZmJHCJ_C”2

Jj=1xiem;

If o, € C?(R), are such functions that ¢(x) + 1(x) = const, then it holds

xeER, ¢(x0)=0 & ¢"(x)>0 = ¢(0)=0 & ¥"(x)<0
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ZIIX:—CII2 Z 2 IIX:—9||2+Z

Jj=1xiem;

If o, € C?(R), are such functions that ¢(x) + 1(x) = const, then it holds

xeER, ¢(x0)=0 & ¢"(x)>0 = ¢(0)=0 & ¥"(x)<0
minp(x) =¢lo) = maxy(x) = (),
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ZIIX:—CII2 Z 2 ||X:-9||2+ZmJHCJ—CII2

Jj=1xiem;

RENETLS

If o, € C?(R), are such functions that ¢(x) + 1(x) = const, then it holds

x€ER, ¢(x)=0 & ¢"(x)>0 = Y'(0)=0 & ¢"(x)<0
minp(x) =¢lo) = maxy(x) = (), )
With previos notations the following holds (Spath, 1983, Zha, 2002):
argmln Z Z llxi — ¢il|* = argmax ijﬂcj —c|]? =: nt);
NeV(S.k) 127 sem
F(N®) = min ZZ i — g = an, ~ P max Zm,nc, ~ el
=1 X €7

R. Scitovski (Tuzla, 2010) Bosansko-hercegovacki matematicki skup
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Transformation of the data

Sz{x;:(xl(i),...,x,(?i))TER":i:l,...,m}
I'I:{7r1,...77rk}
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Transformation of the data

Sz{x;:(xl(i),...,x,(?i))TER":i:l,...,m}
I'I:{7r1,...77rk}

7; cluster with m; = |m;| > 1 and center ¢; = Z X

J X[ €T}
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Transformation of the data

Sz{x;:(xl(i),...,x,(?i))TER":i:l,...,m}
I'I:{7r1,...77rk}

7; cluster with m; = |m;| > 1 and center ¢; = Z X

Jx,€7rj
A:R"—R"
S ={yi €R":y; = Ax;,x; € S}

n ={ry,...,m},
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Transformation of the data

Sz{x;:(xl(i),...,x,(?i))TER":i:l,...,m}
I'I:{7r1,...77rk}

7; cluster with m; = |m;| > 1 and center ¢; = Z X

Jx,ew,
A:R" > R"
S ={yieR":y;= Ax;,x; € S}
n ={ry,...,m},

7rJ'- ={yi €S :y; = Ax;,x; € m;} with center cj’ Z Vi
yl€7r
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Transformation of the data

Sz{x;:(xl(i),...,x,(?i))TER":i:l,...,m}
I'I:{7r1,...77rk}

7; cluster with m; = |m;| > 1 and center ¢; = Z X

Jx,ew,
A:R" > R"
S ={yieR":y;= Ax;,x; € S}
n ={ry,...,m},

7rJ'- ={yi €S :y; = Ax;,x; € m;} with center cj’ Z Vi
yl€7r

_ _ ?2?7?
90 90 SIVERTEN 39 95 o SRR

j=1 y,eﬂ- =1 x;€™;
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Rotation and translation

Theorem

LS-optimality criterion is rotation and translation invariant. More precisely, let
Q € R"*" be an orthogonal matrix and b € R" some vector and

S={yieR":y=Q+b,i=1,...,m}

N ={n,....7}, m={vieS:xemn}, ¢= Zy,

J
y:€7r

Then ¢; = Qc; + b and

WD ID DIVEFTIS 3D pIFEE:
I'I/e\UES/ k) —lyeﬂ. Hyl ./H ne\UISk = ”X’ _/H

R. Scitovski (Tuzla, 2010) Bosansko-hercegovacki matematicki skup
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Rotation and translation

Theorem

LS-optimality criterion is rotation and translation invariant. More precisely, let
Q € R"*" be an orthogonal matrix and b € R" some vector and

S={yieR":y=Q+b,i=1,...,m}

n ={nrf,...,m} Wj:{y;eS’:x,-ewj}, C:[I Zy,

y:€7r

Then ¢; = Qc; + b and

WD ID DIVEFTIS 3D pIFEE:
I'I/e\UES/ k) —1yeﬂ. Hy/ ./H ne\UISk = ”X’ _/H

yleﬂ- Xi €T

Proof: ¢ = Zy,—mi Z(QX,-—&—b)—Q(nerx,-)—l—b—ch—Fb.
c J
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Homothety — scaling of the data

LS-optimality criterion is scale invariant y; = Hx;, H = diag (hy,

.., hy) if and
only if hy = £1, for every i = 1,...,n, i.e. there holds

. k
min SN Ivi—gliP=, min >3 k- gl
New(s, k) pos fopest New(s,k) =1 xen;
wherecjzm% > X, Cf:m% 2 i
Xi €T}

Yi€m]

R. Scitovski (Tuzla, 2010)
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Homothety — scaling of the data

LS-optimality criterion is scale invariant y; = Hx;, H = diag (hy, ..., h,) if and
only if hy = £1, for every i = 1,...,n, i.e. there holds

K
i, 5 - min > > k=gl
New(s.k) = e (S0 =
where ¢; = m% > X, - > Vi
X Em ™ yien!

YIE‘rrJ X[ €T} X[ €T

Proof: ¢/ = Z yi= mi Hx; = H (mlj > x,-) = Hg; and
Tj
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Homothety — scaling of the data

LS-optimality criterion is scale invariant y; = Hx;, H = diag (hy, ..., h,) if and
only if hy = £1, for every i = 1,...,n, i.e. there holds

K
i, 5 - min > > k=gl
New(s.k) = e (S0 =
where ¢; = m% > X, - > Vi
X Em ™ yien!

y,Efr X €m;

Dlvi=dlF =) IHG = )P =D (=) H H(xi — ¢)

y;€7rjf X €7

Proof: ¢/ = Z yi= mi Z = (mlj > x,-) = Hg; and
xiEm

X €™}
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Homothety — scaling of the data

LS-optimality criterion is scale invariant y; = Hx;, H = diag (hy, ..., h,) if and
only if hy = £1, for every i = 1,...,n, i.e. there holds

k

o k)Z > lyi- min k)Z > lIxi =gl

J=1 yiem] 5 j=1 x;Em;

1 :
where ¢; = o > X, - > Vi
Xi€Tj y,eﬂ

Proof: ¢/ = Z yi= mi Z (mlj > x,-) = Hg; and
xiEm

y,Efr X €m;

Dlvi=dlF =) IHG = )P =D (=) H H(xi — ¢)
Xj €™}

viem] X €m;

Z(x,fc, (x—¢g) & HH=I & h=1
X €™}
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Homothety — scaling of the data

Data Symmetryon the second axis
L] L]
L] ° ° L]
Symmetryon thefirst axis Central symmetry
L] L]
. .
. .
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k-means clustering

Substitution method
Spectral Relaxation

Agglomerative nesting

R. Scitovski (Tuzla, 2010)
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eans optimal partition (Minimaldistanzpartition)

Definition

A partition 1= {#1,..., 7} is called a k-means optimal partition if

L S

X/ETr

X,'€7/'I'J'<:>HX,'—CJ'|| :sT}nk||Xi_CS||’ G = ‘ |
=1 J
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Separating Theorem

Let [l = {#1,..., 7} be an k-means optimal partition. Then

@ conv (;) Nconv (7;) =0, V1<i#j<k,

@ the hyperplane separating two different clusters 7y, Ty with centers c,, cq is
given by

(cg—cp)" <x — %(cq + cp)> =0.
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Separating Theorem

Theorem

Let [l = {#1,..., 7} be an k-means optimal partition. Then
@ conv (;) Nconv (7;) =0, V1<i#j<k,

@ the hyperplane separating two different clusters 7y, Ty with centers c,, cq is
given by

(cg—cp)" <x — %(cq + cp)> =0.

v

The set of all points x € R” equally distant from the point ¢, € R" and the point
cq € R" is given by

H={xeR":[x—cll = lx = 6}
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Separating Theorem

Theorem

Let [l = {#1,..., 7} be an k-means optimal partition. Then
@ conv (;) Nconv (7;) =0, V1<i#j<k,

@ the hyperplane separating two different clusters 7y, Ty with centers c,, cq is
given by

(cg—cp)" <x — %(cq + cp)> =0.

v

The set of all points x € R” equally distant from the point ¢, € R" and the point
cq € R" is given by

H={xeR":[x—cll = lx = 6}

X[ + lleql® = 2¢4 x = lIxI* + llcp||* — 2¢; x,
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Separating Theorem

Theorem

Let [l = {#1,..., 7} be an k-means optimal partition. Then
@ conv (;) Nconv (7;) =0, V1<i#j<k,

@ the hyperplane separating two different clusters 7y, Ty with centers c,, cq is
given by

(cg—cp)" <x — %(cq + cp)> =0.

v

The set of all points x € R” equally distant from the point ¢, € R" and the point
cq € R" is given by

H={xeR":[x—cll = lx = 6}

X[ + lleql® = 2¢4 x = lIxI* + llcp||* — 2¢; x,

”CqH2 - ||Cp||2 = 2(Cq - CP)TXa
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Separating Theorem

Theorem

Let [l = {#1,..., 7} be an k-means optimal partition. Then
@ conv (;) Nconv (7;) =0, V1<i#j<k,

@ the hyperplane separating two different clusters 7y, Ty with centers c,, cq is
given by

(cg—cp)" <x — %(cq + cp)> =0.

v

The set of all points x € R” equally distant from the point ¢, € R" and the point
cq € R" is given by

H={xeR":||x — ¢l = [Ix = cl[}-
X[ + lleql® = 2¢4 x = lIxI* + llcp||* — 2¢; x,

llegll® = llepl® = 2(cq — )",

(cg— )T (cq + &) = 2(cg — 6) " x.

R. Scitovski (Tuzla, 2010) Bosansko-hercegovacki matematicki skup



k-means algorithm (Minimaldistanzverfahren)
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k-means algorithm (Minimaldistanzverfahren)

Step 1: Input 1 < k < m, itmax, (xi, i=1,...,m), set ,u =0, choose the initial partition

n) = {ﬂg‘u),... } and calculate m(“) |7r | forj=1,...,k and

W = L) Z xi,  F,=FNOW Z Z llxi — )2

(1) (1)

x,-€7'rj

x€7r
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k-means algorithm (Minimaldistanzverfahren)

Step 1: Input 1 < k < m, itmax, (xi, i=1,...,m), set ,u =0, choose the initial partition

n) = {ﬂg‘u),... } and calculate m(“) |7r | forj=1,...,k and

W = L) Z xi,  F,=FNOW Z Z llxi — )2

(1) (1)

x€7‘r X€7r

Step 2: Define a new partition M(#+1) = {7r§“+1), . ,7r,((“+1)}

wt D = g e St — M <l - 1=1,... k)

j—1
wt D = e s\ Jm Y s = N < = P =1,k =2,k
s=1
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k-means algorithm (Minimaldistanzverfahren)

Step 1: Input 1 < k < m, itmax, (xi, i=1,...,m), set ,u =0, choose the initial partition
(1) = |7r |f0rj:1,...,kand

W = L) Z xi,  F,=FNOW Z Z llxi — )2

(1) (1)

n) = {TI'E'U‘), . } and calculate m;

x€7‘r X€7r

Step 2: Define a new partition M(#+1) = {7r§“+1), . ,7r,((“+1)}
Y = (e S xi— M < i — M| 1 =1,k

j—1
wt D = e s\ Jm Y s = N < = P =1,k =2,k
s=1

Step 3: Calculate new centroids and a new value of the objective function;

(w1 _ 1 , (u+1)y _ u+1) 2,
G =—m D % Fun =AU = Z > I

J (u+1) =1, GW(MH)

X€7r

R. Scitovski (Tuzla, 2010) Bosansko-hercegovacki matematicki skup



k-means algorithm (Minimaldistanzverfahren)

Step 1: Input 1 < k < m, itmax, (xi, i=1,...,m), set ,u =0, choose the initial partition
(1) = |7r |f0rj:1,...,kand

W = L) Z xi,  F,=FNOW Z Z llxi — )2

J X €71_(;L) (1)

n) = {TI'E'U‘), . } and calculate m;

Xj €7r
Step 2: Define a new partition M(#+1) = {7r§“+1), . ,7r,((“+1)}
Y = (e S xi— M < i — M| 1 =1,k

j—1
wt D = e s\ Jm Y s = N < = P =1,k =2,k
s=1

Step 3: Calculate new centroids and a new value of the objective function;

(w1 _ 1 , (u+1)y _ u+1) 2,
G =—m D % Fun =AU = Z > I

J (u+1) =1, GW(MH)

X€7r

Step 4. If F41 < Fy and if g < itmax, set g := p+ 1 and GoTo Step 2; Else STOP
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k-means algorithm (Minimaldistanzverfahren)

R. Scitovski (Tuzla, Bosansko-hercego!



k-means algorithm — properties

The k-means algorithm does not increase the value of the objective function.
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k-means algorithm — properties

The k-means algorithm does not increase the value of the objective function.

Proof:

FO) =30 > k=g

k
J=l e
=
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k-means algorithm — properties

The k-means algorithm does not increase the value of the objective function.

Proof:
K
FY) =33 g — P2
Jj=1 X,Gﬂ(“)
K k
S Y mnl- Y Y -
j= lxeﬂ_(u) j= 1X€7|_(M+1)
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k-means algorithm — properties

The k-means algorithm does not increase the value of the objective function.

Proof:
k
FO®) =32 3 I—gIP
=1 xent
k

>Z >0 minlx—cMP=37 37 k- g
Jj= lxeﬂ_(u j= lxeﬂ_(uﬂ)

2> S b = R
j=1 Xeﬂ.(uﬂ)

R. Scitovski (Tuzla, 2010) Bosansko-hercegovacki matematicki skup



k-means algorithm — properties

@ In some cases, the k-means algorithm does not give an optimal partition:

$=1{0,2,3} - theset

M° = {{0,2},{3}} - initial partition

nk = {{0,2},{3}} - k-means optimal partition (F(ﬁk) =2)
= {{0},{2,3}} - optimal partition (F(1) = 0.5)
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k-means algorithm — properties

@ The k-means algorithm can reduce the number of clusters:
S={-7,-5,-4,4,57} - theset
N° = {{-7,-5},{-4,4},{5,7}} - initial partition (F(M°) = 36)
M= {{-7,-5—4},0,{4,5,7}} — k-means optimal partition (F(I1) = 9.33)

R. Scitovski (Tuzla, 2010) Bosansko-hercegovacki matematicki skup



Replacement of cluster elements

letc=1 f:x,- and a € R". Then
Z(Xi —a)(x—a) = Z((Xi —c)+(c—a)((xi—c)+(c—a)’
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Replacement of cluster elements

letc=1 f:x,- and a € R". Then
Z(Xi —a)(x—a) = Z((Xi —c)+(c—a)((xi—c)+(c—a)’
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Replacement of cluster elements

Let c == 5" x; and a € R". Then
i=1

1
m

.Z(X" —a)(xi—a)" .Z((X" —c)+(c—a)((xi—c)+(c—a)T

(xi —c)(x; —c)T 4+ m(c—a)(c—a),

e

i=1
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Replacement of cluster elements

Let c =21 3 x;and a € R". Then
i=1

.Z(X" —a)(xi—a)" .Z((X" —c)+(c—a)((xi—c)+(c—a)T

s

(xi —c)(x; —c)T 4+ m(c—a)(c—a),

i=1

m

because of Z(X,‘ —¢c)=0 and Z(x,- —c)c—a) = <Z(x,— - c)) (c—a)’ =0

i=1 i=1 i=1
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Replacement of cluster elements

Let c == 5" x; and a € R". Then
i=1

1
m

.Z(X" —a)(xi—a)" .Z((X" —c)+(c—a)((xi—c)+(c—a)T

(xi —c)(x; —c)T 4+ m(c—a)(c—a),

e

i=1
because of Z(X,‘ —¢c)=0 and Z(x,- —c)c—a) = <Z(x,— - c)) (c—a)’ =0
i=1 i=1 i=1
Therefore,
Slxi—alP =l —clP+mlla-cl|? VYacR" (5)
i=1 i=1
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ZH&—#z > s — el + mlla — |2

Va e R".

=il

Lemma

Let A={x1,...,xp} and B = {y1,...,yq} be two different sets in R". Then

(AU B) = F(A) + F(B) +plc(A) — ¢l +gl1<(B) — eI,
_%ZX,', C(B):lZyl’ C:C(AUB):Lc(A)

+ -1 _¢(B).
q = p+q p+q
Proof:
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ZH&—#z > s — el + mlla — |2

Va e R".

=il

Lemma

Let A={x1,...,xp} and B = {y1,...,yq} be two different sets in R". Then

f(AU B) = f(A) + f(B) + pllc(A) = c[” + gllc(B) — c|?,

Ly 1y 2 q

==Y x;, c(B) == y;, c=c(AUB)= ——c(A) + c(B).

o2 c(B)=23 (AUB) = L c(A) + —=—c(B)
Proof:

1 1<
c=c(AUB) = p+q<2 +Zy’>_p+qui Zyl

pP+qq*
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Z Ixi — al|* = Zl Ixi = <2
=

Va e R".

Lemma

Let A={x1,...,xp} and B = {y1,...,yq} be two different sets in R". Then

f(AU B) = f(A) + f(B) + pllc(A) = c[” + gllc(B) — c|?,

Ly 1y 2 q

==> x, cB)y==> yi, c=c(AUB)= ——c(A)+ c(B).

p e CBI=7) (AUB) = —“—c(A) + —-c(B)
Proof:

1 Ly
c=c(AUB) = p+q<2 +Zy’>_p+qui p+qqzy'

f(AUB) = Z lIxi = ¢l + Z ly: = cll?
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Z Ixi — al|* = Zl Ixi = <2
=

Va e R".

Lemma

Let A={x1,...,xp} and B = {y1,...,yq} be two different sets in R". Then

f(AU B) = f(A) + f(B) + pllc(A) = c[” + gllc(B) — c|?,

Ly 1y 2 q

==> x, cB)y==> yi, c=c(AUB)= ——c(A)+ c(B).

p e CBI=7) (AUB) = —“—c(A) + —-c(B)
Proof:

1 Ly
c=c(AUB) = p+q<2 +Zy’>_p+qui p+qqzy'

f(AUB) = Z lIxi = ¢l + Z ly: = cll?

:Z||Xi—C(A)||2+PHC ||2+Z||y,—c
i=1

)I? +glle = c(B)[*.
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Replacement of cluster elements

Lemma

Let A= {x1,...,xp} and B={y1,...,yq} be two different sets in R", y; € B,
AT =AU {y,'o}, B~ = B\{yfo}' Then

N p 2
FA) = F(A) + L le(A) — v, (6)
f(B7) = f(8) = Z1lle(B) - yil* (7)
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fF(AU B) = f(A) + f(B) + pl|c(A) — c||* + gllc(B) — c]?

Proof: Because of f({y;}) =0 and c(A") = ;£7c(A) + ﬁy,-o,
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fF(AU B) = f(A) + f(B) + pl|c(A) — c||* + gllc(B) — c]?

Proof: Because of f({y;}) =0 and c(A") = ;£7c(A) + ﬁy,-o,

F(AT) = F(AU{y})  =f(A) + pllc(A) = c(AT)|I> + 1 |lyi, — c(AT)|?
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fF(AU B) = f(A) + f(B) + pl|c(A) — c||* + gllc(B) — c]?

Proof: Because of f({y;}) =0 and c(A") = ;£7c(A) + ﬁy,-o,

F(AT) = F(AU{y})  =f(A) + pllc(A) = c(AT)|I> + 1 |lyi, — c(AT)|?

p? 2
(P + 1)2 ||C(A) 7yl'0||

_ P ie(A) v
_f(A)+ (p+1)2” (A) )/lo||2+
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fF(AU B) = f(A) + f(B) + pl|c(A) — c||* + gllc(B) — c]?

Proof: Because of f({y;}) =0 and c(A") = ;£7c(A) + ﬁy,-o,

F(AT) = F(AU{y})  =f(A) + pllc(A) = c(AT)|I> + 1 |lyi, — c(AT)|?

p? 2
(P + 1)2 ||C(A) 7yl'0||

_ P ie(A) v
_f(A) + (p + 1)2 || (A) )/lo||2 +

p
Cle(A) = il

=f(A)+ 2
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fF(AU B) = f(A) + f(B) + pl|c(A) — c||* + gllc(B) — c]?

Proof: Because of f({y;}) =0 and c(A") = ;£7c(A) + ﬁy,-o,

F(AT) = F(AU{y})  =f(A) + pllc(A) = c(AT)|I> + 1 |lyi, — c(AT)|?

p? 2
(P + 1)2 ||C(A) 7yl'0||

_ P ie(A) v
_f(A) + (p + 1)2 || (A) )/lo||2 +

p
Cle(A) = il

=f(A)+ 2

Because of ¢(B) = %IC(B_) + %y,-o and ¢(B7) = ;45¢(B) - ﬁy,-o,
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fF(AU B) = f(A) + f(B) + pl|c(A) — c||* + gllc(B) — c]?

Proof: Because of f({y;}) =0 and c(A") = ;£7c(A) + ﬁy,-o,

F(AT) = F(AU{y})  =f(A) + pllc(A) = c(AT)|I> + 1 |lyi, — c(AT)|?

p? 2
(P + 1)2 ||C(A) 7yl'0||

_ P ie(A) v
_f(A) + (p + 1)2 || (A) )/lo||2 +

p
Cle(A) = il

=f(A)+ 2

Because of ¢(B) = %IC(B_) + %y,-o and ¢(B7) = ;45¢(B) - ﬁy,-o,

f(B)=f(B~ U{yy}) =f(B7)+(q-1)c(B7)—c(B)I* + 1|y — c(B)II

R. Scitovski (Tuzla, 2010) Bosansko-hercegovacki matematicki skup



fF(AU B) = f(A) + f(B) + pl|c(A) — c||* + gllc(B) — c]?

Proof: Because of f({y;}) =0 and c(A") = ;£7c(A) + ﬁy,-o,

F(AT) = F(AU{y})  =f(A) + pllc(A) = c(AT)|I> + 1 |lyi, — c(AT)|?

p? 2
(P + 1)2 ||C(A) 7yl'0||

_ P ie(A) v
_f(A) + (p + 1)2 || (A) )/lo||2 +

p
Cle(A) = il

=f(A)+ 2

Because of ¢(B) = %IC(B_) + %y,-o and ¢(B7) = ;45¢(B) - ﬁy,-o,

f(B)=f(B~ U{yy}) =f(B7)+(q-1)c(B7)—c(B)I* + 1|y — c(B)II

~#(B7) + (I e(B) — v P + 1<(B) |
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fF(AU B) = f(A) + f(B) + pl|c(A) — c||* + gllc(B) — c]?

Proof: Because of f({y;}) =0 and c(A") = ;£7c(A) + ﬁy,-o,

F(AT) = F(AU{y})  =f(A) + pllc(A) = c(AT)|I> + 1 |lyi, — c(AT)|?

p? 2
(P + 1)2 ||C(A) 7yl'0||

_ P ie(A) v
_f(A) + (p + 1)2 || (A) )/lo||2 +

p
Cle(A) = il

=f(A)+ 2

Because of ¢(B) = %IC(B_) + %y,-o and ¢(B7) = ;45¢(B) - ﬁy,-o,

F(B)=f(B~ U{yy}) =f(B")+(a—1)[lc(B)—c(B)I?+1- ]y —c(B)|
_ q—- 1 2 2
=f(B7)+ WHC(B) —Yoll* + lc(B) — yil
=f(B-)+qi (B — il

1
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Let A={x1,...,xp} and B={y1,...,yq}, g > 1, be two different sets in R",

Yo € B, AT =AU{y,}, B- =B\ {yi}- Then

c(A) -y

F({A, B}) — F({AT,B7}) = qin c(B) - yil? -

1 p+1
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Let A={x1,...,xp} and B={y1,...,yq}, g > 1, be two different sets in R",

Yo € B, AT =AU{y,}, B- =B\ {yi}- Then

c(A) -y

F({A, B}) — F({AT,B7}) = qin c(B) - yil? -

1 p+1

Proof: Since

N p 2
FAT) = F(A) + 7 lle(A) =yl

F(B7) = (B) = 21 11e(B) ~ v
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Let A={x1,...,xp} and B={y1,...,yq}, g > 1, be two different sets in R",

Yo € B, AT =AU{y,}, B- =B\ {yi}- Then

F((A.BY) ~ FUAT, B7Y) = 2 le(B) — yill* = 27 le(A) — yal?
Proof: Since
FA) = FA) + T le(A) — vl
F(B7) = (B) = 21 11e(B) ~ v
FUABY — F({A*.B7))  =(f(A) +(B) — (F(A") + £(B7))
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Let A={x1,...,xp} and B={y1,...,yq}, g > 1, be two different sets in R",

Yo € B, AT =AU{y,}, B- =B\ {yi}- Then

F((A.BY) ~ FUAT, B7Y) = 2 le(B) — yill* = 27 le(A) — yal?
Proof: Since
FA) = FA) + T le(A) — vl
F(B7) = (B) = 21 11e(B) ~ v
FUABY — F({A*.B7))  =(f(A) +(B) — (F(A") + £(B7))
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First variation of a partition

Definition

Let M = {m,..., 7k} be some k-partition of the set S and let i,j € {1,..., k}.
Every partition " obtained by replacing only one vector 3 € w; € I into the
cluster m; € I is called a first variation of a partition I1.

(9)
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First variation of a partition

Definition

Let M = {m,..., 7k} be some k-partition of the set S and let i,j € {1,..., k}.
Every partition " obtained by replacing only one vector 3 € w; € I into the
cluster m; € I is called a first variation of a partition I1.

m;j
mj+1

mj ~
A= F(M) = F() = ——e(m) - 3]]° -

le(m) = &%, (8)

(9)
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First variation of a partition

Definition

Let M = {m,..., 7k} be some k-partition of the set S and let i,j € {1,..., k}.
Every partition " obtained by replacing only one vector 3 € w; € I into the
cluster m; € I is called a first variation of a partition I1.

m; m;
A= F(N) = F) = d ) —al? - J ) — 32
i FT) = A7) = el =312 = () 3, (6)
m; mj
Aji d ) — a2 J N — a2
>0 T ofm) - 3P > s e(m) - 3] ©
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Improved k-means algorithm

mj A m;j A
By = F() ~ F() = " e(m) = 3P = — ") - 3,
J

1

Aj = lle(m) = al* = |le(m;) — &>

N R 1 ) -
By =By = ——le(m) = 8IF + —llc(m) ~ 3P =0 = By Ay
J

1
m,'—l
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Improved k-means algorithm

m; 5 m; R
Ajj = F(M) = F(N') = le(m) = all* = ——— lle(m;) — 3|,

m; — 1 mj —+ 1
Aj = fe(m) = 8> = |le(m) — &>
. 1 o 1 o R
By~ By = llelm) <37+ llem) <3P 20 = Ay Ay

Improved k-means algorithm:

@ k-means algorithm

Step 5: If there exists a vector 3 € S from some cluster 7, |7;| > 1, such that
there exists a cluster 7, j # i, such that |c(m;) — 3> > ||c(7;) — 3], let
us then make the first variation of the partition I by replacing vector a
from cluster ; into cluster ;.
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LS-optimal partition and k-means optimal partition

Each LS-optimal partition is a k-means optimal partition.
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LS-optimal partition and k-means optimal partition

Each LS-optimal partition is a k-means optimal partition.

Proof: For m = k = 1 the assumption is obvious.
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LS-optimal partition and k-means optimal partition

Each LS-optimal partition is a k-means optimal partition.

Proof: For m = k = 1 the assumption is obvious.

Let 1 < k < m and let M(©) = {m¢,..., 7} be an LS-optimal partition.
Assume that M(°) is not a k-means optimal partition.
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LS-optimal partition and k-means optimal partition

Each LS-optimal partition is a k-means optimal partition.

Proof: For m = k = 1 the assumption is obvious.

Let 1 < k < m and let M(©) = {m¢,..., 7} be an LS-optimal partition.
Assume that M(°) is not a k-means optimal partition.
Then there exists & from some cluster 7w°(m; > 1), which is closer to the center

(), J #

le(x7) = all > lle(x7) — al|.
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LS-optimal partition and k-means optimal partition

Each LS-optimal partition is a k-means optimal partition.

Proof: For m = k = 1 the assumption is obvious.

Let 1 < k < m and let M(©) = {m¢,..., 7} be an LS-optimal partition.
Assume that M(°) is not a k-means optimal partition.
Then there exists & from some cluster 7w°(m; > 1), which is closer to the center

o(x9), j# 1,
le(r) — all > fle(x9) - all.

>1 and 0< <1,

mj m;
m;—1 J+1

c(x) — 3| > c(w)—3> = A;>0.

Since:
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LS-optimal partition and k-means optimal partition

Each LS-optimal partition is a k-means optimal partition.

Proof: For m = k = 1 the assumption is obvious.

Let 1 < k < m and let M(©) = {m¢,..., 7} be an LS-optimal partition.
Assume that M(°) is not a k-means optimal partition.
Then there exists & from some cluster 7w°(m; > 1), which is closer to the center

o(x9), j# 1,
le(r) — all > fle(x9) - all.

>1 and 0< <1,

mj m;
m;—1 J+1

c(x) — 3| > c(w)—3> = A;>0.

Since:

Hence, M) is not an LS-optimal partition.
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Monotonicity of an LS-optimal partition

Let 1 < k < m and let T and I be LS-optimal partitions of lengths k and k + 1,
respectively. Then it holds

F(M") < F(M).
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Monotonicity of an LS-optimal partition

Let 1 < k < m and let T and I be LS-optimal partitions of lengths k and k + 1,
respectively. Then it holds

F(M") < F(M).

Proof: Note first that for every partition F(IT) > 0.
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Monotonicity of an LS-optimal partition

Let 1 < k < m and let T and I be LS-optimal partitions of lengths k and k + 1,
respectively. Then it holds

F(M") < F(M).

Proof: Note first that for every partition F(IT) > 0.
Assume first that k +1 = m. In that case F(M") < F(M).
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Monotonicity of an LS-optimal partition

Let 1 < k < m and let T and I be LS-optimal partitions of lengths k and k + 1,
respectively. Then it holds

F(M") < F(M).

Proof: Note first that for every partition F(IT) > 0.
Assume first that k +1 = m. In that case F(M") < F(M).

Assume now that k+1 < m.
Let M = {m1,...,m} and M’ be optimal partitions of lengths k and k + 1, respectively.
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Monotonicity of an LS-optimal partition

Let 1 < k < m and let T and I be LS-optimal partitions of lengths k and k + 1,
respectively. Then it holds

F(M") < F(M).

Proof: Note first that for every partition F(IT) > 0.
Assume first that k +1 = m. In that case F(M") < F(M).

Assume now that k+1 < m.
Let M = {m1,...,m} and M’ be optimal partitions of lengths k and k + 1, respectively.
Because of k +1 < m, there exists 1 < jo < m, such that mj; = |m;,| > 1.
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Monotonicity of an LS-optimal partition

Let 1 < k < m and let T and I be LS-optimal partitions of lengths k and k + 1,
respectively. Then it holds

F(M") < F(M).

Proof: Note first that for every partition F(IT) > 0.
Assume first that k +1 = m. In that case F(M") < F(M).

Assume now that k+1 < m.

Let M = {m1,...,m} and M’ be optimal partitions of lengths k and k + 1, respectively.
Because of k +1 < m, there exists 1 < jo < m, such that mj; = |m;,| > 1.

Let 3 € Ty and let fl’jo = T}, \{é} #* 0.

A m‘ ~ A ~
f(ﬂjo) = f(ﬂ—jo) T m Ji 1 ||C(7rjo) - a||2 < f(7rj0) & f('frjo) = f(7rj0) < a= C(T(J'o)'
o
M ={m,...,Ty—1,Rjg, Tjp+1, .- -, Tk, {3} } a partition of the length k + 1.

k

FM) < FM) =Y f(r) <Y f(m) < F(N).

Jj=1
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Agglomerative Nesting

@ B.S.Everitt, S. Landau, M. Leese, Cluster analysis, Wiley, London, 2001.

@ G.Gan, CMa, J. Wu, Data clustering: theory, algorithms, and applications,
SIAM, Philadelphia, 2007.
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Agglomerative Nesting

@ B.S.Everitt, S. Landau, M. Leese, Cluster analysis, Wiley, London, 2001.

@ G.Gan, CMa, J. Wu, Data clustering: theory, algorithms, and applications,
SIAM, Philadelphia, 2007.

Dissimilarity criteria:

dmin(ﬂ-ia Trj) - xG‘iT)i(r)ETr' d(X7 XI)
i j

dmax(']ri, Trj) - xE;ni%ETr- d(X7 X/)
iy J

de(mi, m;) = d(ci, ¢j), ¢, ¢ centroids of clusters m;, 7;

1
davg(77h7rj): o E E d(X,X/)
(A

xem x' emn;
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Agglomerative Nesting

Algorithm

(Agglomerative Nesting - AGNES)
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Agglomerative Nesting

Algorithm

(Agglomerative Nesting - AGNES)

Step 1: Input 1 < k< m, (x;,i=1,...,m), and set u =0 and

Nm = {{x}, .o {xmb};
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Agglomerative Nesting

Algorithm
(Agglomerative Nesting - AGNES)

Step 1: Input 1 < k< m, (x;,i=1,...,m), and set u =0 and
Nm = {{x}, .o {xmb};

Step 2: Construct a dissimilarity matrix of the partition M(m—#),
R, € RUm=m)x(m=1) with elements r; = d(m;, 7;), where d(m;, ;)
represents dissimilarity of clusters 7; and ;.
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Agglomerative Nesting

Algorithm
(Agglomerative Nesting - AGNES)

Step 1: Input 1 < k< m, (x;,i=1,...,m), and set u =0 and
Nm = {{x}, .o {xmb};

Step 2: Construct a dissimilarity matrix of the partition M(m—#),
R, € RUm=m)x(m=1) with elements r; = d(m;, 7;), where d(m;, ;)
represents dissimilarity of clusters 7; and ;.

Step 3: Find the smallest element r7; of the matrix R,,, and form a partition
nim=s=1 — (n(m_u) \ {71','0, ﬂ-jo}) U{ﬂ-io Uﬂ-jo}'
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Agglomerative Nesting

Algorithm
(Agglomerative Nesting - AGNES)

Step 1: Input 1 < k< m, (x;,i=1,...,m), and set u =0 and
Nm = {{x}, .o {xmb};

Step 2: Construct a dissimilarity matrix of the partition M(m—#),
R, € RUm=m)x(m=1) with elements r; = d(m;, 7;), where d(m;, ;)
represents dissimilarity of clusters 7; and ;.

Step 3: Find the smallest element r7; of the matrix R,,, and form a partition
nim=s=1 — (n(m_u) \ {71','0, ﬂ-jo}) U{ﬂ-io Uﬂ-jo}'
Step 4: If yu < m—k, set u = p+ 1 and GoTo Step 2; Else STOP;
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Agglomerative Nesting

9 9 9
. . .
8 . 8 . 8 .
7 7 7
. . .

6 6 6
5 5 5
4| . 4 . 4 .
3 3 3
2 4 6 8 2 4 6 8 2 4 6 8

9 of

. .
8 . 8| .
7 7
. .

6 6|

5 H

4 . 4| .

3 3|

2 4 6 8 2 4 6 8
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Spectral Relaxation

S={xeR":i=1,...,m} CR" (a set of data vectors)

A=la1,...,am) € R™*™ c R™™ (the matrix)
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Spectral Relaxation

S={xeR":i=1,...,m} CR" (a set of data vectors)
A=la1,...,am) € R™*™ c R™™ (the matrix)
M(S) = {m,...,m} (partition of the set S)

NA) = [Ar,...,Ad, Aj=[a,....a0] (partition of the matrix A)
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Spectral Relaxation

S={xeR":i=1,...,m} CR" (a set of data vectors)
A=la1,...,am) € R™*™ c R™™ (the matrix)

M(S) = {m,...,m} (partition of the set S)

NA) = [Ar,...,Ad, Aj=[a,....a0] (partition of the matrix A)
M(A) = AE, E e R™™ (permutation matrix)

S1+-Sk=m
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01 0 0 O
1 0 0 0 O
A:[_g_g_j_gé], E=|0001 0],
0 01 00O
0 0 0 01
3 2 5 4 1
AE|:_5 -3 -2 4 0:|[A17A2]a
where
3 2 1) _(1
A1:[az,al]:[5 3]:{35),32)}, s =2,
5 4 1
A2 = [34,33,35] = |: 2 4 0 :| = [3(12)7*3&2)’352)} ) s =3.
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Spectral relaxation

1 ) 1
G == a,(") =—Aje, e=][1,...,1]T € R (center of the cluster A))
St S
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Spectral relaxation

1< 1
G =z a,(") = S—Aje7 e=[1,...,1]7 € RY (center of the cluster A;)
J =1 j
Si
f(A;)) = Z ||a,w —¢j||* (objective function on the cluster A;)
i=1
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Spectral relaxation

G=—>» a’ = ;Aje7 e=[1,...,1]7 € RY (center of the cluster A;)
f(A;)) = Z ||a,w —¢j||* (objective function on the cluster A;)

F(AE) = Z f(A;) (objective function on the partition AE = [Aq,. .., Aq])

j=t
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Spectral relaxation

1 ) 1
G == a,p) =—Aje, e=][1,...,1]T € R (center of the cluster A))
St S

f(A;)) = Z ||a§j) —¢j||* (objective function on the cluster A;)

F(AE) = Z f(A;) (objective function on the partition AE = [Aq,. .., Aq])

j=t

@ |.S.Dhilon, Y. Guan, B. Kulis, Kernel k-means, spectral clustering and
normalized cuts, 2004.

@ Stella X. Yu, Jianbo Shi, Multiclass Spectral Clustering, 2003.

@ Hongyuan Zha, Xiaofeng He, Chris Ding, Horst Simon, Ming Gu, Spectral
Relaxation for K-means Clustering, 2002.
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Objective function on the cluster A,

S

il ) ) ) 1 . 1
FA) =S a9 P =" )T —¢),  g==3a" = ZAe
i=1

i=1
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Objective function on the cluster A;

il . S . 13, . 1
() =3l — gl =3 - a)"(@ — ) g=_3 e = _Ae
i=1 i=1 Ji=1 J
Sj ) SJ
=> (@ - )@ - )" =tr Y (& - )" — )7
i=1 i=1

Bosansko-hercegovacki matemati¢ki skup
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Objective function on the cluster A,

% ) . 13, .
F(A) Z o — g2 =3 - )Y ~ ), ¢ = 5 S = pal
i=1 i=1
Sj . . 5j . .
=N @ - ) - ) =t Y (Y - )Y — )7
i=1 i=1
=tr <[agj)7cj,ag)fcj, a(f)fcj][a1 fcj,ag)fcj,...,ag)fcj]T>

Bosansko-hercegovacki matemati¢ki skup
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Objective function on the cluster A;

FA) =Y la? —ql? =
i=1

R. Scitovski (Tuzla, 2010)

S

i=1

Bosansko-hercegovacki matemati¢ki skup

S @Y - )Y - q),

Sj

)T =ty (3

i=1

ee”

j



Objective function on the cluster A;

: AW . .
Since (sj — %) is symmetric projector and (e’ e = s;),
J

T\ 2 T T \aT T
(,Sj_ee) (1, 2%y elee)e :<,Sj__ee),
SJ' Sj SJ SJ'
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Objective function on the cluster A,

: AW . .
Since (sj — %) is symmetric projector and (e’ e = s;),
J

T\ 2 T T \aT T
(,Sj_ee) (1, 2%y elee)e :<,Sj__ee),
SJ' Sj SJ SJ'

ee’
) = (-2 )

ee’ ee™\ ee”
=tr (Aj (Isj - 5j) (lsj - sj) Al | =tr (Aj (/sj - Sj) AJ.T)
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Objective function on the cluster A,

: AW . .
Since (sj — %) is symmetric projector and (e’ e = s;),
J

T\ 2 T T \aT T
(,Sj_ee) (1, 2%y elee)e :<,Sj__ee),
SJ' Sj SJ SJ'

ee’ ee™\ ee”
=tr (Aj (Isj - 5j) (lsj - sj) Al | =tr (Aj (/sj - Sj) AJ.T)
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Objective function on the partition AE = [A1, ..., A(]
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Objective function on the partition AE = [A1, ..., A(]

k
j=t

F(AE) f(A)

M-

eeT
o ((1-5) 4a)

tr ATA; — Ztr <A.TA-)

.
Il
-

I\Pl‘ﬁ»
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Objective function on the partition AE = [A1, ..., A(]

k k
ee
F(AE) = f(A) => tr <</sj ) AJTAJ>
j=1 j=1
k e
=D tr ATA = tr <AJTAJ)
j=1 j=1 5
k k eT e
=) trATA — tr< AT )
e e (s
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Objective function on the partition AE = [A1, ..., A(]

k k
ee
F(AE) = f(A) => tr <</sj ) AJTAJ>
j=1 j=1
k e
=D tr ATA = tr <SAJTAJ)
j=1 j=1 J
k k eT e
=) tr ATA - ) tr < AT )
i oy
k k eT e
=tr ATA —tr < T )
e n (5
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Optimization

Let e¥) =[1,...,1]7 € R¥ and

JREVING) e<k>> J—

XZdlag(\/a7\/5...,\/§

Therefore
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Optimization

Let e¥) =[1,...,1]7 € R¥ and

JREV NG R (' >

XZdlag(\/a7\/5...,\/§

Therefore

F(AE) =tr ATA—tr(XTATAX)
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Optimization

Let eV) =[1,...,1]" € R and

JREV NG R (' >

XZdlag(\/a7\/5...,\/§

Therefore
F(AE) =tr ATA—tr(XTATAX)

argmin F(AE) = argmax tr (X" AT AX)
E X
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Optimization

Let e¥) =11,..

Therefore

1] € R¥ and

JREV NG R (' >

XZdlag(\/a7\/5...,\/§

F(AE) =tr ATA—tr(XTATAX)

argmin F(AE) = argmax tr (X" AT AX)
E X

min F(AE) = tr ATA - max tr (XTATAX).
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Ky Fan theorem

Theorem

Let H € R"™" be a symmetric matrix with eigenvalues \y > --- > X\, and
corresponding eigenvectors U = [uy, ..., u,]. Then

M+ M= max tr (XTHX).
XTX=Ik

Moreover, the optimal X* is given by X* = [uy, ..., ux]Q with Q an arbitrary
orthogonal matrix.

min{m,n}
. > Ta_ TAT _ 20 A).
min F(AE) > tr ATA —maxtr (XTATAX) .;1 o?(A)
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Ky Fan theorem

Theorem

Let H € R"™" be a symmetric matrix with eigenvalues \y > --- > X\, and
corresponding eigenvectors U = [uy, ..., u,]. Then

M+ M= max tr (XTHX).
XTX=Ik

Moreover, the optimal X* is given by X* = [uy, ..., ux]Q with Q an arbitrary
orthogonal matrix.

min{m,n}
: T TAT _ 2
mEmF(AE)ztrA A—m)?xtr(X ATAX) = E oi (A).
i=k+1
An application using pivoted QR-decomposition:

H. Zha, X.He, C. Ding, H.Simon, M. Gu, Spectral Relaxation for k-means
Clustering, Advances in Neural Information Systems, 2002.
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A generalization

G € R™" - positive definite symmetric matrix
[-ll6 : R" = [0,+00),  [x]|&=x"Gx

dG:RHXRnH[Oa_’_OO% dG(Xay):(X_y)TG(X_y)

R. Scitovski (Tuzla, 2010) Bosansko-hercegovacki matematicki skup



A generalization

G € R™" - positive definite symmetric matrix
|- ll¢ : R" — [0, +00), [x|I% = xT Gx
de :R" xR" = [0,+00),  dg(x,y) = (x —y)"G(x —y)

Fe(a) = Z di(a,x;) = Z (x; —a)" G(x; — a)

Xi €T} Xi €T}
. 1
argmin Fg = ¢ = — E X;
m;j
X[ €T
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A generalization

G € R™" - positive definite symmetric matrix
|- ll¢ : R" — [0, +00), [x|I% = xT Gx
de :R" xR" = [0,+00),  dg(x,y) = (x —y)"G(x —y)

Fe(a) = Z di(a,x;) = Z (x; —a)" G(x; — a)

Xi €T} Xi €T}
. 1
argmin Fg = ¢ = — E X;
m;j
X[ €T

K
Fo(M=Y > (i—) 6~ q).

Jj=1 xiem;
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Spectral Relaxation

Other geometrical objects as centers of clusters:
line, line segment, plane, circle

J. Kogan, Introduction to Clustering Large and High-Dimensional Data,
Cambridge University Press, 2007.

H. Spath, Clusterwise linear least absolute deviations regression, Computing
37(1986)
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